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The main aim of this paper is to present the multiscalar field components as candidates for the dark
energy of the Universe and their observational constraints. We start with the canonical quintessence and
phantom fields with quadratic potentials and show that a more complex model should satisfy current
cosmological observations. Then, we present some implications for a combination of two fields, called
quintom models. We consider two types of models: one as the sum of the quintessence and phantom
potentials, and one including an interacting term between fields. We find that adding one extra degree of
freedom, via the interacting term, enriches the dynamics considerably and could lead to an improvement in
the fit of —2In AL, = 5.19 compared to ACDM. The resultant effective equation of state is now able to
cross the phantom divide line and in several cases presents an oscillatory or discontinuous behavior,
depending on the interaction value. The parameter constraints of the scalar field models (quintessence,
phantom, quintom, and interacting quintom) are performed using cosmic chronometer, type la supernovae,
and baryon acoustic oscillation data, and the log-Bayes factors are computed to compare the performance
of the models. We show that single scalar fields may face serious trouble and hence more complex models,

L§

i.e., multiple fields are necessary.
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I. INTRODUCTION

The current accelerated cosmic expansion is supported
by multiple observations such as type Ia supernovae, the
distribution of large-scale structure, the cosmic microwave
background anisotropies (CMB), and the baryon acoustic
oscillation (BAO) peaks; see [1,2] and references therein.
These measurements may be an indication of a negative-
pressure contribution to the total energy density of the
Universe as being responsible for the accelerated expan-
sion, commonly known as dark energy. Among numerous
candidates that play the role of dark energy, the simplest
and most well known is the cosmological constant term (A)
introduced into the Einstein field equations, whose main
features are that it has a constant energy density in time and
is uniformly distributed in space. The cosmological
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constant, along with cold dark matter, are the key elements
that constitute the standard cosmological model or ACDM.
Some of the essential properties to understand the nature of
dark energy are encapsulated in its equation of state (EoS);
for a barotropic perfect fluid, it is defined as the ratio of the
pressure over its energy density, w = p/p. In particular, the
ACDM model, having a dark energy EoS w= -1,
describes most of the observational data very accurately;
however, in recent studies it has seemed to display a
tendency in favor of a time-evolving dark energy EoS
w(z) [3-8]. Therefore, several dark energy models with
departures from the basic standard model have been
introduced to take into account the evolution of w(z), in
addition to other properties [9]; for instance, single scalar
fields have already been considered in cosmology to
explain different phenomena, such as inflation, dark matter,
and modified gravity, and they are also excellent candidates
for modeling the variable dark energy EoS [3,10,11]. Two
well-known single scalar fields (one degree of freedom)
that have been extensively investigated for modeling dark
energy are quintessence [12] and phantom dark energy
[13]. Their Lagrangians have both a kinetic term and an
associated potential, but the key distinction lies in the sign

© 2024 American Physical Society
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of their kinetic terms. The kinetic energy density for
quintessence is positive, while that for phantom dark
energy is negative. This slight difference results in distinct
branches of values for their associated EoS parameter, i.e.,
for phantom dark energy w < —1 and for quintessence
—1 < w < 1. Furthermore, the phantom divide line (PDL),
defined as w(z) = —1, separates the phantom-energy-like
behavior with w < —1 from the quintessence-like behavior
with w > —1, and the existence of a no-go theorem shows
that in order to cross the PDL at least two degrees of
freedom are required for models (in four dimensions)
involving ideal gases or scalar fields,' and this is where
simple scalar fields may fail [15]. It is important to note that
by using model-independent techniques or nonparametric
approaches, i.e., artificial neural networks, Gaussian proc-
esses, or nodal reconstructions, multiple studies have
shown a preference for a crossing of the PDL in the dark
energy EoS parameter [4,6,16-19], which could also
alleviate the Hubble tension and some inconsistencies
among data sets, i.e., Ly-a and galaxy BAO data [20].
Following this line of research, different groups recon-
structed the general form of w(z) and converged on similar
shapes [4,19,21]. If this trend continues in forthcoming
experiments, single canonical scalar field models may
face serious trouble and hence more complex theories or
more than a single field would be needed to explain this
important feature.

In order to model the richness of the evolution of w(z),
we need more than the usual quintessence/phantom dark
energy and thus invoke more elaborate models. In [22] the
authors constructed an EoS that crosses the PDL based on a
two-field model. Within the scalar field scenario, a scalar
field dark energy model with an EoS parameter that
traverses the PDL during its evolution was first advocated
and named quintom dark energy in [23]. Quintom dark
energy is the next natural step for quintessence/phantom
dark energy. This is a model that joins the quintessence and
phantom fields (the reason behind its name) by considering
both the positive and negative kinetic terms along with the
potentials. Given that the null energy condition (NEC) is
violated by the phantom degree of freedom [15], a quintom
scenario is primarily designed for models with an NEC
violation. The NEC-violating degree of freedom leads
to a quantum instability and thus the fundamental origin
of the quintom field poses a challenge for theoreticians.
Nevertheless, if viewed just as an effective (classical)
cosmological field, quintom models represent an interesting
setup for PDL-crossing dark energy models. Quintom dark
energy [24] has been studied from various perspectives,
including theoretical aspects [25], observational constraints
[26], dynamical systems approaches [20,27-29], nonmini-
mal coupling [30], and quantum cosmology [31,32].

'Bear in mind that for extra-dimensional models of dark
energy, a single scalar field is able to cross the PDL [14].

Quintom models encompass interesting features of both
quintessence and phantom dark energy: phantom dark
energy has to be more fine-tuned than quintessence in
the early Universe to serve as dark energy today, since its
energy density increases with the expansion of the
Universe; meanwhile, the quintom model mitigates the
need for excessive fine-tuning by preserving—before
the phantom domination—the tracking behavior of
quintessence. Other research areas have also included
similar ideas where two or more fields are present, such
as two scalar fields or one field and its excited states as dark
matter [33-36], a combination of the inflaton and scalar
field dark matter [37], the presence of the inflaton and the
curvaton field [38], two scalar fields to account for inflation
[39,40], interactions between dark energy and dark matter
[41], and the axiverse model [42-44] (see also [45]).

On the other hand, many investigations of model-
independent techniques, along with current cosmological
observations, have obtained a dynamical dark energy EoS
and some of these results present wavering behaviors for
the EoS, starting at z = 0 with w < —1, crossing the PDL,
and then presenting a maximum and crossing back over the
PDL, even multiple times. This type of model-independent
behavior suggests the necessity to include two or more
fields or to consider more complex potentials or even the
coupling between these fields. A quintom model with an
oscillating EoS was considered first in [46], starting from
the idea of a wavering behavior. In this paper, we extend the
work of single fields in [33] to multiple fields and revisit the
quintom model with the addition of an interacting term,
which may produce the oscillatory behavior and for some
particular types of potentials can be justified by a sym-
metry group.

The paper is organized as follows. In Sec. I we
summarize the main characteristics of the multiscalar field
dark energy models. In Sec. III a novel quintom model with
an interacting term is presented and we describe its main
characteristics. In Sec. IV we present the data sets and
statistical techniques used to constrain the cosmological
parameters associated with the model. In Sec. V we present
the main results. Finally, in Sec. VI we summarize our
results and provide some comments and conclusions.

II. MULTISCALAR FIELD
DARK ENERGY MODEL

In the context of four-dimensional spacetime, it is not
feasible for a single scalar field to serve as a viable dark
energy candidate for modeling the crossing of the phantom
barrier. Therefore, it is necessary to introduce extra degrees
of freedom, introduce nonminimal couplings, or modify
Einstein’s gravity. Adding extra degrees of freedom to the
single scalar field dark energy requires the simultaneous
consideration of more fields, as in the constructed quintom
model which contains one canonical quintessence ¢; and
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one phantom ¢,, and therefore the dark energy is attributed
to their combination. The action of a cosmological model
that incorporates multiple real scalar fields ¢; is given by

S = /d“x\/:_Q [% +%Z€iay¢iatz¢i —V(g) + EM} ’
(1)

where k? = 87G is the gravitational coupling and the term
Ly accounts for the remaining cosmological components
of the Universe (dark matter, baryons, radiation, etc.). The
index i represents the number of fields with a total

associated potential V((;S) =V(di,....¢;), and the ¢;
parameter is restricted to take either one of the two values
€; = {+1,—1} in order to account for the distinction
between quintessence (+1) and phantom (—1) fields,
respectively.

Considering a flat Friedman-Robertson-Walker space-

time, the Friedmann equations are thus

2

K
H? :g(PQ +pum). (2)
. K'2
H=—5(pg+pg+pM+pM), (3)

where H represents the Hubble parameter and a dot denotes
differentiation with respect to cosmic time. The standard
energy density components py, = > p;, are assumed to be
perfect fluids and have a barotropic EoS of the form
w; = p;/p;. Hence, the standard energy conservation
equation for each one reads

pj+3H(1 +w;)p; = 0. (4)

In the case of pressureless matter we have w; = 0, whereas
for the relativistic particles w; = 1/3. For the multifields,
the associated total energy density and pressure are
given by

pQ%Zecfmv@), pQ%ZW—v@ (5)

and the EoS of the combined fields, i.e., the total effective
EoS is then

_ Zi€i45i2 - 2V(€75)
Si€ihit + ZV(@

Wo

, (6)

whose value can only be determined from the evolution of
the fields themselves. The dynamics of the scalar fields is
determined by solving the following coupled Klein-Gordon
equation:

> {d;,» <ei(';5,» + 3He;p; + a‘a/f)ﬂ =0. (7)

1

For the particular case of ¢p; = ¢p and ¢p =y, €; = 1 and
€, = —1, and then V = V(¢,y) and thus the last expres-
sion becomes

¢<$+3H¢+W>—W(W+3HW—%) =0.
(8)

In general, this equation does not enforce a split into two
coupled Klein-Gordon equations; however, this specific
splitting represents a special case where the overall equa-
tion is satisfied,

" . V()
+3Hp+ 2 =0, 9)
l}'/+3H1/'/—W(;;/’W):0. (10)

Clearly, the quintom model ¢, =¢,pp,=y (e;=1,6,=—1)
boils down to quintessence when the phantom field is null,
w =0, and conversely into phantom dark energy when
¢ = 0. In general, ¢ will evolve towards the local minima
of the potential, whereas y evolves towards the local
maxima; such different behaviors arise because of the
signs in the Klein-Gordon equations, inherited from the
signs of the kinetic energy terms in the action.

Finally, in order to determine the dynamics of the
system, it is necessary to solve the conservation equations
for the matter components and scalar fields. Following [33],
the Klein-Gordon equations can be rewritten as a dynami-
cal system that can be solved straightforwardly, where the
initial conditions for each field are set up right into the
matter domination epoch and we assume a thawing
behavior for the multifields. This implies that at early
times the kinetic terms of the quintom model vanish, and its
equation of state wy begins at —1. Also, the initial scalar
field density parameter € ;,; is selected, through a shoot-
ing mechanism, such that its present value satisfies the
Friedmann constraint, ¢ + €2y, = 1. To illustrate the
general behavior of the quintessence, phantom, and quin-
tom models, in Fig. 1 we plot the following cosmological
quantities: the EoS w(z), Hubble function H(z), Hubble
distance Dy, and comoving angular distance D,;, along
with several measurements (see the figure caption). In all
panels, the ACDM model is represented by a black dashed
line. As a proof of the concept, the potentials used in our
analysis are as follows: for quintessence and phantom dark
energy we use the quadratic potential, and for quintom we
use the sum of the two aforementioned potentials,2

*For an ample variety of potentials, refer to [33].
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FIG. 1. From left to right: quintessence, phantom, and quintom cosmologies with potentials V(¢) = %m(zﬁd)z, V(y) = %m&,yﬂ, and
V(g,w) = %még{)z + %m%,ylz, respectively. The first row shows the EoS w(z), the second row shows the Hubble function H(z), the third
row shows the Hubble distance Dy, and the fourth row shows the comoving angular distance D). The color bar represents different
values for the masses of the fields. The data plotted for H(z) correspond to the cosmic chronometers [48-55]; for the Dy and D, panels

we use the BAO galaxy consensus (z ~ 0.5) [56], Ly-a DR14 autocorrelation (z = 2.34), [57] and cross correlation (z = 2.35) [58]. In

all panels, the black dashed line describes the ACDM model.

(11)

1
quintessence: V, = Emé(ﬁz,

1
phantom: V,, = =mZy?,

; (12)

quintom: V, = %mﬁ,qﬁz + %m&,wz. (13)
Here m , m,, are the masses of the fields, both of which are
plotted in units of [3H,]. To show the main behavior of the
inclusion of the fields, we vary only the masses and keep
the rest of the cosmological parameters fixed. Notice that,
in general, for masses tending to null values we recover the
ACDM pattern. In Figs. 1(a) and 1(b), the quintessence
model shows an EoS w > —1, while for the phantom model
w < —1. Notice that, in both cases, as the masses of the
fields increase, the EoS deviates farther from the cosmo-
logical constant line (w = —1) in the late-time regime, but
in opposite directions. In general, all of the quintessence
H(z) lines remain above the Hubble function of the ACDM
model; this increment also allows Dy and Dy, to lie below
the ACDM model, but for the phantom model we see
qualitatively opposite behavior. Both behaviors were
already studied in [33]. On the other hand, for the quintom
model and without losing generality, we consider two
cases, shown in Figs. 1(c) and 1(d). In the first case, we
fix the phantom mass at m,, = 1.2 and let the quintessence
mass m, vary; in the second case, we reverse the scenario.
For a fixed m,, [Fig. 1(c)], the PDL crossing occurs when
my, 2 my,, and depending on the ratio m;/m,, the dark
energy EoS has a maximum that becomes more pro-
nounced as m¢/ m, increases; on the other hand, for a
fixed m, the PDL crossing is less pronounced and the EoS
may exhibit a minimum depending on the combination of

my, / m¢.3 Finally, in these last two cases, there is mixed
behavior for H(z), Dy, and D,, with regards to staying
above or below the ACDM observables, depending on the
mass-parameter combination. In all cases, the EoS con-
verges to w = —1 at high redshift, by construction.

II1. QUINTOM MODEL WITH
INTERACTING TERM

The previous section presented a quintom model with a
nondirect interacting term in the scalar field potential, i.e., it
can be split into two independent functions of the fields
V(p,w) =V(p) + V(y); therefore, the Klein-Gordon
equations (7) are coupled only through the Friedmann
equation. Now, a next step is to consider a scalar potential
with an interaction term. For a renormalizable model, a
general form of the potential must include operators with
dimension four or less, consisting of various powers of
the scalar fields. A reasonable choice is to consider a
potential that respects Z, symmetry, i.e., it is invariant
under the following simultaneous transformations:
¢ — —¢, yw - —y [59]. A potential containing an inter-
action term between the fields ¢ and y and with the above
properties has the following form®:

’In this work we focus on these type of models, named
quintom-A fields, whose main feature is that at late times the
phantom dominates (w < —1) where at early times the quintes-
sence dominates (w > —1). However, it would be interesting to
perform a similar analysis of its dual, a quintom-B field, that
mirrors the EoS behavior along the PDL axis [47].

This potential can also be derived from an inflaton-phantom
unification protected by an internal SO(1, 1) symmetry, with the
two cosmological scalars appearing as the degrees of freedom of a
sole fundamental representation [60,61].
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FIG. 2. Quintom potential (14) for fixed values of the masses and positive, null, and negative values of the coupling parameter 3. The

color bar indicates the values of the potential V(¢,y) (z axis).

1 1
V(g.w) = 5mid® +5miy® + oy (14)

This is a particular case of the potential considered in Eq. (8)
of Ref. [59] [see also Eq. (4) of Ref. [62]], where the authors
set the mass-squared dimension’s constant Ag =0 and
make the identification A> = . Although phantom and
quintom models, such as the one we are considering here
[Eq. (14)], suffer from a severe problem of quantum
instability [63,64], it has been argued that, since we are
considering a classical theory of gravity (general relativity),
these fields should only be considered as an appropriate
effective description.

Due to the interaction term, f¢?y?, the equations of
motion of the scalar fields are coupled, and hence the term
related to the potential in the Klein-Gordon equation of the
field ¢» becomes %’;’"’) = myp + 2ppy* = f(¢,y), which
depends on both fields; the same happens for the y field.
We refer to the quintom model with the potential (14) as the
interacting quintom, or just “quintom + 4. Although
the above potential was previously considered to describe
the qualitative behavior of a cyclic universe [59,62], as far
as we know, its observational consequences have not been
previously investigated in detail. This is one of the reasons
why we chose this specific quintom model for our study.
The other reason, which has been already mentioned in the
text, is that quintom models provide a feasible crossing of
the phantom divide, a feature that seems to be favored by
the observations.

Figure 2 displays the quintom + f potential for fixed
values of the masses mj, = 1.5 and m, = 1.0 and three
values of the interaction constant f = 0.0, 6.0, —2.0. For
the case f =0, we recover the results of the previous
section. For positive f there is a wide paraboloid with
V > 0 whose minimum is in the region ¢ = j:r:l—‘;y/, while

in the negative f case the potential may get to negative
values (seen in the color bar of the figure), which can be

>We base our analysis on this potential; however, in the
Appendix there are some other interesting alternatives to explore
in future works.

problematic as they may produce a negative energy density.
However, such behavior has been studied throughout
negative dark energy models [65-67] and a sign-switching
cosmological constant A [68—71].

Let us explore some cosmological implications of the
quintom + $ model by numerically solving the full dynami-
cal system. Similar to the previous cases, we compute the
evolution of w(z), H(z), Dy(z), and D),(z); their associated
plots are shown in Fig. 3. In Fig. 3(a) (fixed m, = 1.2,
p = 4.0 and varying m,), the EoS at w(z = 0) is in the
phantom region, increases, and reaches a local/global maxi-
mum value. If the mass-ratio condition m,/m, <1 is
satisfied (red lines), then the effective field evolves only in
the phantom region; however, for values my ~ my, it crosses
to the quintessence regime, and in some combinations of the
masses it is able to cross back into the phantom zone,
therefore crossing the PDL twice. As the ratio my/m,,
increases (green lines), the maximum is shifted to larger
redshifts and produces larger values of w(z), and then remain
in the quintessence region (the behavior of a quintom-A field,
as mentioned previously). An interesting point to note is that
the quintom + f model is able to traverse the Hubble ACDM
line Hxcppm(z) (black dashed line). That is, if Hacpmyo is
larger than the Hubble parameter given by the H  of the
quintom + f model, H y\cpmo > H g o, then at some redshift
it will occur that H ycppm(z) < H(z). This type of behavior
provides flexibility to transverse the ACDM observables
Dy (z) and Dy,(z), contrary to the decoupled quintom model
[see Figs. 1(c) and 1(d)].

As the f parameter increases (and depending on the
combination of the masses), the oscillation is more pro-
nounced and the crossing of the ACDM observables is more
notorious; see, for instance, Fig. 3(b) (my = 1.2, f = 6.0,
and varying my,). For m,/m, <1 (red lines), the EoS
presents a wavering behavior and crosses the PDL multiple
times. As the ratio m,/m, increases, there are fewer
oscillations with smaller amplitudes, until the evolution
becomes a fully phantom behavior (green lines). A similar
oscillatory function of w(z) has been found by using non-
parametric reconstructions directly from observables [4]
and in phenomenological models that encompass these
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(b) Quintom, m,=1.2, 8 = 6.0

(a) Quintom, m;=1.2, 3 = 4.0 rzné)

my
35

() Quintom, my=1.5, my;=1.0 B (d) Quintom, m;=2.0, m;=1.0 8
100

FIG. 3.

0.1

Quintom model. Two of the three parameters (1, n,,, and ) are fixed while the remaining varies in a range of values. From

left to right, in the first panel we vary m, in the second m,,, in the third # > 0, and in the fourth # < 0. The first row is the EoS w(z), the
second is the Hubble function H(z), the third is the Hubble distance Dy, and the fourth is the angular distance D,,. The plotted data
points are the same as in Fig. 1. The color bar represents different values for the masses of the fields or the f parameter.

features [72]. Figure 3(c) displays the outcomes for fixed
mass values my = 1.5, m,, =1 and taking only positive
values of . As the f parameter increases the wavering
behavior is enhanced, and both the crossing of the PDL and
the maximum value of the EoS shift to higher redshifts.

Finally, in Fig. 3(d) we show some peculiar behaviors
when the negative case of f is taken into account; here we
use my, = 2.0 and m, = 1. At the present time, w(z)
resides in the quintessence region, opposite to the g > 0
case, but in the past, it crosses the PDL and for high
negative values of f the EoS diverges, to then come back to
the quintessence region w(z) > —1 at early times. The
presence of a pole in the EoS has been studied under several
different physical circumstances in [65,68,73-79]. It is
important to recall that w(z) is not a physical observable,
and thus its divergence does not imply a physical pathology
or an obvious constraint or failure of the model. The origin
of the pole is clear from the definition of the barotropic
EoS, w = p/p, which occurs when the energy density of
the quintom dark energy density turns out to be zero, i.e.,
when the negative terms of Po = %((ﬁz — l,i/2 + mfpgz’)z +
myw* — 2|Bly?¢?) are relevant for certain values of 8, such
that py, = 0, and hence p,, is able to change sign to become
negative. A negative energy density can be associated with
the sign of the cosmological constant, the hypothesis of a
negative mass, or just an effective energy density similar to
the curvature case; see, for instance, [66,69,80,81].
Regarding the Hubble function, we see opposite situation
as in the previous cases. If H,cppmo is smaller than the
Hubble parameter given by the quintom + # model H,
thatis, Hcpmo < Hg o, then at some redshift it occurs that
Hacpm(z) > Hp(z), and consequently the Dy and Dy,
cross from the bottom part to top part of the ACDM line, as
seen in the lower panels of the same figure.

IV. CODE AND OBSERVATIONS

In this section, we perform the parameter estimation and
provide observational constraints from the latest data on the
free parameters of the quintessence, phantom, quintom, and
quintom + f dark energy models considering the potentials
(11)—(14), and discuss the model even further. In order
to explore the parameter space, we use a modified version
of DYNESTY, a library with several versions of the nested
sampling algorithm. In conjunction, we utilize the SimpleMC
cosmological parameter estimation code [82,83], which
computes expansion rates and distances using the
Friedmann equation to calculate the posterior distributions.
Equipped with these tools, we can easily calculate the
Bayesian evidence In Z, an informative measure of the
compatibility of the statistical model with the observed data,
thereby allowing direct comparison of two cosmological
models, a and b, using the Bayes factor B,, = Z,/Z,, or,
equivalently, the relative log-Bayes evidence InB, =
Aln Z. The model with the smaller |In Z| is the preferred
model, and to interpret the results we refer to the Jeffreys
scale: a weak evidence is indicated by 0 < |[AInZ| < 1, a
moderate evidence by 1 < |Aln Z| < 3, astrong evidence by
3 <|Aln Z| < 5, and adecisive evidence by |AIn Z| > 5, in
favor of the model. For an extended review of cosmological
parameter inference, see [84].

To perform the parameter estimation, we consider data
from cosmic chronometers (HD), SNIa, and BAO mea-
surements, which are detailed in the following list:

(1) HD: Hubble distance measurements or cosmic
chronometers are galaxies that evolve slowly and
allow direct measurements of the Hubble parameter
H(z). We use the most recent compilation that
contains a covariance matrix from Ref. [85].

SN: The SNla data set used in this paper is Pantheon+,
a compilation of 1550 SNIa within redshifts between
z = 0.001 and z = 2.26 [86].

2
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(3) BAO: High-precision BAO measurements at differ-
ent redshifts up to z < 2.36. We make use of the
BAO data from the SDSS DR12 Galaxy Consensus,
BOSS DR14 quasars (eBOSS), Ly-a DR16 cross
correlation, Ly-a DR16 autocorrelation, Six-Degree
Field Galaxy Survey, and SDSS Main Galaxy
Sample [87].

Throughout the analysis, we assume a flat Friedmann-
Lemaitre-Robertson-Walker universe, and flat priors over
our sampling parameters: Qo = [0.05, 1.0] for the pres-
sureless matter density parameter today, Quoh> = [0.02,
0.025] for the physical baryon density parameter, and h =
[0.4,1.0] for the reduced Hubble constant; in addition to
these parameters, for the quintom model we have the
quintessence field mass m, = [0.0,4.0], the phantom
field mass m, = [0.0,3.0], and the coupling parameter
p = [-10.0, 10.0], but when using the combination of all
data sets (BAO + HD + SN) we use f = [-2.0,4].

V. RESULTS

The main results of our analysis are shown in Table I
where we report the constraints of the model parameters
Q,,, h, my, m,, f along with the 68% CL, for all different
combinations of the data sets: HD, SN, BAO, HD + SN,
BAO + HD, BAO + SN, and BAO + HD + SN. We also
include the results of ACDM as the reference model.
Additionally, the same table displays the best fit,
—21In L., along with the log-Bayesian evidence, In Z,
from the nested sampling algorithm, with the number of
live points selected using the general rule 50 x ndim [88],
where ndim is the number of parameters to be sampled
from. Complementary to the table, in Figs. 4 and 5 we
display the two-dimensional marginalized distributions
(the inner and external contours are for the 68% and
95% CL, respectively) and the constraints in the form of
one-dimensional marginalized posterior distributions: Fig. 4
corresponds to quintessence and phantom dark energy, and
Fig. 5 corresponds to the quintom and quintom + £ models;
in both cases, we include the combination of data sets that
provided the most constraining power.

In general, and among data sets, the quintessence and
phantom models are statistically consistent with ACDM;
however, there are some important points to mention. The
quintessence model presents a nearly negligible improve-
ment to describe data sets, that is, the comparison relative to
the reference model® is small, —21In AL S 1, except
when both BAO and SN appear in the combined data set;
for these combinations, the improvement of the fit yield
—2In AL« <2.85. This can be understood by the lower
my values, which are accompanied by distinguishable

6Throughout the results we use ACDM as the reference model
to compare with model i; thus, —2In AL, ., = =2 In(LAcpm max/

['i,max)~

values of 4 compared to their counterpart in the ACDM
model. Additionally, from the left panel of Fig. 4 it is
evident that these data sets impose the tightest parameter
constraints. Notice that the HD + SN combination gives
the lowest m,, value; nevertheless, for this reason, it is more
capable of mimicking ACDM, having a slighly different
change in h and a very similar fit. Consequently, the
advantage of the additional parameter is lost. From the
calculation of the Bayesian evidence, we can interpret that
while ACDM is preferred over the quintessence model, this
preference is generally weak for most of the data sets.
However, for SN and HD + SN, the evidence in favor of
ACDM is definite but not strong.

In contrast to the quintessence model, the phantom
model exhibits a positive correlation between i and m,,
when considering the BAO and extra data; see the left panel
of Fig. 4. However, in this model the value of =2 In AL .,
does not show improvement compared to ACDM, even
when for BAO + SN and BAO + HD + SN the constraints
on the scalar field mass are more restrictive than that found
for quintessence. Analyzing the Bayesian evidence sug-
gests that while the phantom model can be weakly or
definitely less favored than ACDM, there is an exception
for the HD sample, where it is indeed weakly favored.
Notably, in this instance the parameter adjustment for m,,
exhibits the biggest value for this model.

On the other hand, when the two fields are incorporated
into the quintom model, notice that with the inclusion of the
BAO data there is a positive correlation among the masses
of the fields, but the correlation of the individual masses
with the Hubble parameter is essentially lost (see the left
panel of Fig. 5). For all data combinations, the parameter
adjustments favor my > m,, indicating that the quintom
model prefers to be dominated by the quintessence branch.
Similar to the quintessence model, the fit is improved when
the BAO and SN data appear in the data set; in these cases,
—2In AL £3.58, and their corresponding £ value is
lower than that obtained for ACDM. However, the penalty
carried by the extra parameters is more evident when
analyzing the Bayes factors. According to this criterion,
it is notable that when only HD data is employed, both
models have the same Bayes factor and then both are
equally favored. For the BAO and BAO + HD combina-
tion, the quintom model is weakly disfavored compared to
the standard model. Furthermore, for the remaining data
combinations, the preference over ACDM is enhanced and
now definitive. It is worth nothing that under the Bayesian
evidence, even the BAO + SN and BAO + HD + SN
combinations, which previously seemed to provide better
fits, are now disfavored.

Now let us focus on the novel model, quintom + . The
first point to highlight is that the  parameter is bounded by
the different data sets, and even though the BAO and its
combinations indeed provide tight constraints, with a slight
preference for positive values of 3, except for the SN data,
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TABLE 1. Constraints at 68% CL on the parameters, —21n £,,,, and log-Bayesian evidence In Z for the quintessence, phantom,
quintom, and quintom + f models, using different data sets.
Parameter Data sets Quintessence Phantom Quintom Quintom + f ACDM
Q, HD 0.362 +0.120 0.346 £ 0.100 0.332 +0.103 0.346 £0.117 0.368 £0.108
SN 0.306 +0.032 0.347 £ 0.026 0.309 £ 0.044 0.354 £ 0.083 0.332+0.018
BAO 0.300 £+ 0.021 0.285 +0.020 0.276 4+ 0.030 0.256 +0.033 0.292 +0.019
HD + SN 0.311 +£0.029 0.346 +0.024 0.311 £0.045 0.314 +0.084 0.332 +0.018
BAO + HD 0.300 £ 0.019 0.287 £ 0.018 0.276 £+ 0.030 0.252 +0.029 0.292 +0.018
BAO + SN 0.300 £ 0.016 0.315 +0.014 0.296 + 0.018 0.295 £0.018 0.313 £0.014
BAO + HD + SN 0.301 £0.015 0.314 +0.014 0.298 +0.016 0.297 +0.016 0.312+0.013
h HD 0.630 = 0.062 0.723 £ 0.083 0.722 +0.089 0.723 £ 0.088 0.661 £ 0.057
SN 0.755 £0.162 0.737 £0.166 0.800 £+ 0.141 0.671 £0.173 0.699 +0.174
BAO 0.652 £ 0.048 0.739 £ 0.050 0.707 £ 0.074 0.747 £0.073 0.699 + 0.022
HD + SN 0.677 4+ 0.040 0.674 £ 0.038 0.677 £ 0.038 0.673 £0.038 0.674 £ 0.040
BAO + HD 0.667 + 0.036 0.721 £ 0.033 0.707 £ 0.055 0.736 +0.048 0.696 +0.019
BAO + SN 0.681 +0.027 0.709 + 0.024 0.674 +£0.031 0.674 +0.031 0.703 +0.023
BAO + HD + SN 0.680 £+ 0.023 0.702 £ 0.020 0.676 £+ 0.025 0.675 +0.023 0.697 +0.019
my HD 0.841 +0.524 1.780 + 1.152 2.063 + 1.062
SN 0.493 £0.311 1.000 £ 0.660 1.383 £ 0.675
BAO 0.664 + 0.346 1.386 + 0.867 1.636 + 0.880
HD + SN 0.409 + 0.241 0.852 +0.534 1.461 £0.814
BAO + HD 0.573 +0.326 1.514 +£0.926 1.579 £+ 0.864
BAO + SN 0.492 +0.195 0.971 £+ 0.466 1.313 £ 0.553
BAO + HD + SN 0.473 £0.194 0.933 +0.443 1.305 £ 0.533
my, HD 1.496 £+ 0.846 1.662 £+ 0.786 1.788 £ 0.751
SN 0.407 £ 0.307 0.713 £ 0.448 1.004 £ 0.515
BAO 0.635 £ 0.466 0.989 +0.534 1.354 +0.370
HD + SN 0.360 £ 0.243 0.628 +0.355 0.971 £ 0.360
BAO + HD 0.502 +0.364 1.014 £+ 0.506 1.297 £+ 0.260
BAO + SN 0.189 +0.140 0.601 4+ 0.354 1.068 4+ 0.247
BAO + HD + SN 0.191 +0.137 0.586 4+ 0.350 1.067 £0.214
p HD 1.244 +5.413
SN —3.120 £ 5.525
BAO 3.590 £+ 3.504
HD + SN 1.041 £4.771
BAO + HD 4.344 £ 3.395
BAO + SN 0.382 4+ 1.548
BAO + HD + SN 0.375 +1.476
—21n L0 HD 6.11 5.40 4.87 4.39 6.11
SN 1402.88 1403.12 1402.57 1397.92 1403.11
BAO 9.06 9.45 7.80 7.34 9.46
HD + SN 1409.13 1409.25 1409.13 1407.95 1409.23
BAO + HD 15.63 15.87 14.15 13.41 15.87
BAO + SN 1412.14 1414.97 1411.41 1411.43 1414.99
BAO + HD + SN 1418.59 1421.4 1418.09 1418.11 1421.39
InZ HD —-8.75+£0.18 —7.67 £0.16 =776 £0.16 —-8.31£0.18 —7.76 £0.16
SN -707.47£020 -707.57£0.19 -708.01 £0.21 —708.82 +£0.23  —-706.05 £ 0.17
BAO —-12.61 £0.23 —12.57 +£0.22 —-12.62+0.23 —13.40 £0.24 —11.69 £0.21
HD + SN -712.61 £0.23  -712.61 £0.22  -713.22£0.23 -71457£0.25 -711.10£0.20
BAO + HD —16.01 £0.23 —-16.29 +£0.23 -16.21 £0.23 —16.98 +£0.25 —15.25+£0.22
BAO + SN 71548 £0.25 -717.12+£0.25 -716.18 £0.26  —=717.95£0.28 -714.81 £0.22
BAO+HD +SN  -71881£0.25 -720404+0.25 -=719.77+£0.26 -721.90+0.29 -718.06 £0.22
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TABLE 1. (Continued)

Parameter Data sets Quintessence Phantom Quintom Quintom + ACDM
InB,, o HD -0.99 0.09 0 —-0.55 0
SN —-1.42 -1.52 —1.96 =277 0
BAO -0.92 —0.88 -0.93 -1.71 0
HD + SN —1.51 —1.51 =2.12 -3.47 0
BAO + HD -0.76 —1.04 -0.96 -1.73 0
BAO + SN -0.67 -2.31 -1.37 -3.14 0
BAO + HD + SN -0.75 —2.34 -1.71 -3.84 0

all data sets and their combinations show that f =0 is
statistically admissible (the two-dimensional marginalized
distributions of # and & are shown in the right panel of
Fig. 6 for different combinations of data sets). Despite this
fact, some important features come up with the introduction
of this parameter. Some points to note concerning the
quintom + # model are that, once again, the mass of the
quintessence field is larger than the mass of the phantom
field. This implies that, in this model as well, a preference
exists for quintessence domination. It is also important to
note that the masses of the fields are generally larger than
those in the quintom model. In fact, for quintessence, all of
them are greater than 1. In the right panel of Fig. 5 we show
the constraints of the quintom +  model using BAO and
additional data sets. A similar correlation occurs with the
mass of the phantom and quintessence field (compared to
the standard quintom model without coupling). This is an
important point to stress because now the data sets are in
favor of a m, that is different from zero with more than 2¢
CL; in fact, the tightest constraint yields m,, = 1.067
0.214 (BAO + HD + SN), which also yields higher values
of the quintessence mass m;=1.305+0.533 (BAO+HD +
SN). To have a closer look at the correlations among the

quintom + S parameters, the middle panel of Fig. 6 shows
the two-dimensional marginalized posterior distributions of
my and my,, color coded with  values. In this case, the
most significant improvement to the fit occurs again when
we consider the BAO + SN data set (with —2In AL, ., =
3.56). However, the results for the BAO + SN + HD
combination are very close (—2InAL,,x = 3.28). The
inclusion of this coupling produces a difference in favor
of the model that contributes to diminishing the BAO
tension created between low-redshift (galaxies) and high-
redshift (Ly-a) data, as explored in [68,83]. Even though
this model contains three extra parameters, the Bayes
factor, with respect to ACDM, highlights this aspect by
imposing a more significant penalty compared to all of the
other models under consideration. However, this penalty is
not high enough to discard the quintom + # model, as
|A1n Z| < 3.84. Specifically, the values of |A In Z| indicate
that when considering only HD data it is weakly disfa-
vored; it is definitively disfavored for SN, BAO, and
BAO + SN combinations, and strongly disfavored by
HD + SN, BAO 4+ SN, and BAO + HD + SN data set
combinations. In a work in progress, for the quintom
model with coupling, we are testing different potentials

Quintessence Phantom
EEm BAO = BAO
BN BAO+HD BN BAO+HD
mm BAO+SN = BAO+SN
B BAO+HD+SN B BAO+HD+SN
{
1.4
1.0f
-
g
0.6
0.2F
0.5 0.5 1.0 0.9 0.5 1.0 1.5
mey My,

FIG. 4. One- and two-dimensional (68% and 95% CL) marginalized posterior distributions for the free parameters of quintessence
(left) and phantom (right) dark energy models using BAO (blue), BAO + HD (red), BAO + SN (green), and BAO + HD + SN (gray).
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One- and two-dimensional (68% and 95% CL) marginalized posterior distributions for the free parameters of quintom (left)

and quintom + £ (right) dark energy models using BAO (blue), BAO + HD (red), BAO + SN (green), and BAO + HD + SN (gray).

along with the Planck data set (including linear perturba-
tions); however, for now, we are interested in the back-
ground cosmology.

Having performed the parameter estimation, we are able
to plot some derived probability distribution functions in
order to look at the locations of the main deviations from
the ACDM model. For instance, the left panel of Fig. 7
displays the Hubble function H(z)/(1 + z) and the right
panel shows the dark energy equation of state [Eq. (6)]. In
this figure we present the results using BAO (top) and the

-Hy=67.4 = HD
"'H0=73.24 B SN
10 —B=0 - = BAO
Em HD+SN
BAO+HD
N BAO+SN
mmm BAO+HD+SN
q Or=—=====r—====7T NS T
y
-10
Quintom with 8

©

™ o

o
h

combined BAO + HD + SN data set (bottom), and also
include the tip of the red-giant branch (TRGB) H, and
BAO data points for comparison (red error bars). The solid
lines represent the 16 and 26 CL and darker tones mean a
better likelihood as shown in the color bar; for comparison,
the dashed blue line corresponds to the ACDM prediction.
We observe that there is a shift in the amplitude to lower
values of H(z), as is clear for the case of BAO where
almost the entire 1o region is lower than ACDM, and for
the case of combined data this shift becomes small, as the

2.0 4

Quintom + B8
BAO+HD+SN

1.5

1.0 {-.*

my

0.5

0.0

mg

FIG. 6. Quintom + # model. Left: two-dimensional marginalized posterior distributions (68% and 95% CL) in the $-h plane for
different combinations of data sets; the dashed lines correspond to the ACDM model: H, = 73.24 kms~! Mpc~! coming from the
Cepheid variables [89], and H, = 67.40 kms~! Mpc~!' measured by the Planck mission [90]. Right: scatter plot in the mg-m,, plane for

different values of f (color bar), for BAO + HD + SN.
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FIG. 7. Cosmological functions derived from the posterior distributions using the quintom + # model, showing H(z)/(1 + z) (left)
and the EoS parameter w(z) (right), using BAO (top) and BAO + HD + SN (bottom) data sets. The blue dashed lines represent the value

of ACDM with the same parameter estimation as shown in Table I. The red error bars correspond to H, = 69.8 4 0.8 kms~! Mpc~

from the TRGB [91], BAO galaxy consensus (z ~ 0.5) [56], BOSS DR14 quasars (eBOSS, z = 1.52) [92], and Ly-a DR16 and cross

correlation (z = 2.35) and autocorrelation (z = 2.37) [87].

constraints increase. Regarding the effective dark energy
EoS, its best-fit value at z = 0 is located below w = —1
(allowing small deviations in favor to the phantom region),
and then it increases to cross the PDL and reaches a
maximum value at about z = 0.5, where the BAO galaxy
points are located [also observed as an inverted bump in
H(z) figure]. Notice that at this redshift the quintom + f
model deviates by more than 2¢ from the cosmological
constant. After w(z) has achieved the maximum value, it
decreases to slightly cross back over the PDL again; this
behaviour may be in favor to fit the BAO-Lya as well. For
the case of the joint data analysis we have a similar behavior
but it is more constrained, with w(z = 0) ~ —1.1 with a
more restricted range but also favoring the phantom region;
the maximum is smaller too and throughout the redshift
range w = —1 is acceptable. We must emphasize that the
behavior presented by the EoS of the quintom + £ model
with the values obtained from observational constraints
(right panel of Fig. 7) is qualitatively similar to that obtained
from model-independent reconstructions [4,17—19], show-
ing that the quintom model with coupling is a plausible
option to model the most recent observational results of
dark energy.

VI. CONCLUSIONS AND DISCUSSION

In this work, we have analyzed models of dark energy as
minimally coupled scalar fields, specifically, a quintessence
model and a phantom model with the quadratic potentials
(11) and (12), a quintom model as the sum of the quadratic
potentials of the previous two fields [Eq. (13)], and a novel
proposal, dubbed quintom + f, with the sum of the
quadratic potentials and the interaction term (14), inspired
by [61]. Although the quintessence and phantom models
with quadratic potentials, as well as the quintom model as
the sum of these, have been well-known for some time, in
order to make an update, in this work we constrained the
parameters using late-time data. Our main focus was to
study the new proposal quintom + f, which enriches the
quintom model in a simple way by adding only one extra
degree of freedom to the usual nonminimal quintom model
(the simplest coupling between the quintessence and
phantom fields). We showed that one of the main features
of quintom + f is that it produces a wavelike EoS
(see Fig. 3) similar to the one reported in other works in
other contexts [72]. When constraining the parameters,
quintom + f fits very well to the background cosmological
data, especially for the SN data, which exhibits a preferred
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negative f value and results in an improvement of
—2In AL, .« = 5.19 compared to ACDM. This result leads
to an EoS that starts, at early times, slightly below —1, then
increases smoothly, peaking at z ~ 0.5, and then decreases
to end up with a phantom value at the present time,
w(z = 0) =~ —1.2. Using the best-fit values, the CL for
H(z) and the EoS were calculated; the best fit of the
parameters provides an EoS that is qualitatively similar to
that reported by nonparametric reconstructions of dark
energy [4] (see the top tight panel Fig. 7). As has already
been said, this is precisely the behavior obtained from
reconstructions, which allows us to say that quintom + f
with only one additional parameter to the two necessarily
associated with the quintessence field and phantom may
reproduce the possible nature of the EoS obtained from
observations. This makes the proposal of this work inter-
esting, which motivates a more careful exploration of
quintom models with potentials that couple the quintes-
sence and phantom fields. It seems that interactions
between fields through the product of powers of the fields,
Vine ¢ ¢y, may play an important role in describing the
dynamics of dark energy and may be a more economical
way to add dynamics (several crossings of the PDL) instead
of potentials with elaborate functions with a vaguely clear
justification.

For four scalar field dark energy models (quintessence,
phantom, quintom, quintom + ) and for ACDM (for
comparison), the cosmological and model parameters were
constrained using HD, SN, and BAO data and their
combinations, in addition to calculating the Bayesian
evidence. The observational constraints of the quintessence
and phantom potential parameters associated with the mass
of the fields, m, and m,, give values for both around
my,, ~0.2-1.5 and with a slight correlation with i (m,
directly proportional and m,, inversely proportional). For
the quintom model, the parameters are also of the same
order and slightly bigger than for the quintessence and
phantom models, m,, ~ 0.6-1.8, but in this case without a
correlation with A. For the proposed model quintom + S,
the mass parameters are both my, ~1.0-2.06 and the
coupling parameter f ~ —3.1-3.6; it is noteworthy that in
all cases the error bars of the constraints all cases the error
bars of the constraints are of the order of the mass
parameter values and even larger when included the f
parameter. A natural improvement is to consider the CMB
data and perform a more detailed study considering linear
perturbations.

The proposal to model the dark energy with quintessence
and phantom scalar fields (to allow PDL crossing) with a
potential with an interacting term (to allow several cross-
ings) seems to be reasonable since it is a flexible model that
allows a dynamical EoS requiring three parameters (one for
each field and one for the interaction) and with a simple
functional form for the potential (polynomials). The quin-
tom models are still valid as a candidate for dark energy; a

deeper and more careful study of the origin of scalar fields
is needed as well as better observational constraints.
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APPENDIX

The dynamics of quintom models with various potentials
have also been explored using dynamical system tech-
niques. One of the studied potentials consists of a sum of
individual exponentials, without a direct coupling [93], and
with a particular interaction potential between the phantom
and quintessence fields [94]:

V= Vo £ Vyoe ™ + Vi(hoy). (A1)
For this potential, the authors found that there is a future
attractor dominated by the phantom field, indicating an EoS
below —1 at late times. Their analysis also showed that the
Universe went through distinct stages that allowed the
quintessence field to dominate (w > —1) in the past. This
implies that the model enables a transition across the PDL
irrespective of whether or not there is a direct coupling
between the fields. In Ref. [93], it was shown that a similar
EoS behavior to the one associated with Eq. (A1) can be
achieved by Eq. (13). However, they showed that the sum
of potentials with a quadratic scalar field in the exponents,
given by
V = Ve 0 LV ge kY, (A2)

leads to an opposite behavior where the EoS transitions
from being below —1 (at early times) to above —1 and tends
to approach —1 at late times; this is similar to our findings
for the quintom + f with f < 0O [see Fig. 3(d)]. The EoS
can also exhibit an oscillatory behavior. For instance, Fig. 8
shows some cases when varying the mass of the field for the
oscillatory potential

V = mj(1 — cos(ap)) + my, (1 — cos(ay)). (A3)
Similar to the behavior of Eq. (A3), in Ref. [94], the authors
argued that the following potentials can yield an oscillatory
EoS where the oscillations across —1 can occur in the
recent past and have the potential to produce observable
effects:
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FIG. 8. Quintom model with an oscillatory potential. We show w(z), H(z), Dy(z), and D, (z) for different values of the parameters

my for the oscillatory potential (A3).

V =V, cos <§Mi) + V, cos <ﬁMi> + eyt (A4)
P P

1 1
V= 5 mfpgbz + Emil//z + pyPe?. (A5)

Another combination of potentials that has been explored
in the quintom scenario is the linear potential [95,96]:

V=a(¢+y)+pow. (A6)

By changing the sign of the coupling constant /3, the model
is capable of emulating the distinct characteristics exhibited
by both quintessence and phantom models, similar to our
findings.
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