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León, Guanajuato a 28 de febrero de 2024.

Asunto: Solicitud asignación de Jurado para defensa de tesis doctoral.

 
Dr. Delepine, David Yves-Ghislain.
Director de la División de Ciencias e Ingenierías.
Universidad de Guanajuato, Campus León.

Por medio del presente queremos solicitar de la manera más atenta la asignación de 
sinodales para la tesis de doctorado en Física titulada “l-estrellas de bosones como 
componente de materia oscura en las curvas de rotación”, la cual realizó nuestra 
alumna de doctorado M. En F. Atalia Navarro Boullosa con NUA: 426452.

A continuación se menciona a los jurados para este trabajo:

• Dr. Luis Arturo Ureña López
• Dr. Carlos Alberto Vaquera Araujo
• Dra. Lorena Berenice Velázquez Ibarra
• Dra. Abril Suárez Ramírez 
• Dr. Francisco Xavier Linares Cedeño

Sin más por el momento, reciba saludos cordiales.

A T E N T A M E N T E

________________________                                  __________________________
Dra. Argelia Bernal Bautista                               Dr. J Alberto Vázquez González 

DCI-UGTO                                                              ICF-UNAM
Asesora                                                                  Co-Asesor
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*�TőimHQ R

AMi`Q/m++BƦM

1H iû`KBMQ K�i2`B� Qb+m`� b2 ?� miBHBx�/Q /2b/2 ?�+2 p�`BQb bB;HQb- T`BM+BT�HK2Mi2- +QM

H� BMp2MbBƦM /2 H� 7QiQ;`�7ő� �bi`QMQKB+� 2M 2H bB;HQ sAs- �bi`ƦMQKQb /2 H� ûTQ+� /Bb+m@

iB2`QM H� 2tBbi2M+B� /2 H� K�i2`B� Qb+m`� Qb+m`� 2M 7Q`K� /2 Mm#2b Qb+m`�b Q ǳM2#mHQb�bǴ

Qb+m`�bX SQbi2`BQ`K2Mi2- 2M R3N9 2H �bi`ƦMQKQ �`i?m` _�Mv�`/ `2�HBxƦ H� ?BTƦi2bBb /2 [m2

2tBbiő�M 2bi`m+im`�b Qb+m`�b Q K�b�b �#bQ`#2Mi2bX SQ` Qi`Q H�/Q- GQ`/ E2HpBM 7m2 mMQ /2

HQb T`BK2`Qb 2M BMi2Mi�` mM� 2biBK�+BƦM /BM�KB+� /2 H� +�MiB/�/ /2 K�i2`B� Qb+m`� 2M

H� oő� G�+i2�X �`;mK2Mi�M/Q [m2 bB H�b 2bi`2HH�b /2 H� oő� G�+i2� b2 Tm2/2M /2b+`B#B`

+QKQ mM ;�b /2 T�`iő+mH�b [m2 �+iȹ�M #�DQ H� BM~m2M+B� /2 H� ;`�p2/�/- 2MiQM+2b b2 Tm2/2

2bi�#H2+2` mM� `2H�+BƦM 2Mi`2 2H i�K�ƢQ /2H bBbi2K� v H� p2HQ+B/�/ /2 /BbT2`bBƦM /2 H�b

2bi`2HH�bX h�K#BûM Q#impQ mM HőKBi2 bmT2`BQ` 2M H� /2MbB/�/ /2 H� K�i2`B� /2Mi`Q /2 /B+?Q

pQHmK2M- �`;mK2Mi�M/Q [m2 /2MbB/�/2b K�vQ`2b 2bi�`ő�M 2M +QM~B+iQ +QM H�b p2HQ+B/�/2b

Q#b2`p�/�b /2 H�b 2bi`2HH�bX >2M`B SQBM+�`û 2M RNye K2M+BQMƦ 2tTHő+Bi�K2Mi2 H� ǳK�i2`B�

Qb+m`�Ǵ- v �`;mK2MiƦ [m2 /�/Q [m2 H� /BbT2`bBƦM /2 H� p2HQ+B/�/ T`2/B+?� 2M H� 2biBK�@

+BƦM /2 E2HpBM 2b /2H KBbKQ Q`/2M /2 K�;MBim/ [m2 H� Q#b2`p�/�- H� +�MiB/�/ /2 K�i2`B�

Qb+m`� 2`� T`Q#�#H2K2Mi2 K2MQ` Q bBKBH�` �H /2 H� K�i2`B� pBbB#H2X

1M RNR8- 2H �bi`ƦMQKQ 2biQMBQ 1`Mbi ƹTBF +QMbi`mvƦ mM KQ/2HQ /2H KQpBKB2MiQ /2 H�b

2bi`2HH�b 2M H� :�H�tB�- +QM+Hmv2M/Q i�K#BûM [m2 H� T`2b2M+B� /2 ;`�M/2b +�MiB/�/2b /2

K�i2`B� BMpBbB#H2 2`� TQ+Q T`Q#�#H2X 1H �bi`ƦMQKQ ?QH�M/ûb C�+Q#mb E�Ti2vM- 2M RNkk-

Tm#HB+Ʀ ǳ� ;2M2`�H i?2Q`v Q7 i?2 /Bbi`B#miBQM Q7 K�bb2b- 7Q`+2b �M/ p2HQ+BiB2b BM i?2 bB/2`2�H

R



RX AMi`Q/m++BƦM k

bvbi2KǴX .2b+`B#BûM/Q � H� oő� G�+i2� +QKQ mM� /Bbi`B#m+BƦM �TH�M�/� /2 2bi`2HH�b- ;B`�M/Q

�H`2/2/Q` /2 mM 2D2 [m2 �TmMi� ?�+B� 2H SQHQ :�H�+iB+QX 1bi�#H2+BƦ mM� `2H�+BƦM 2Mi`2 2H

KQpBKB2MiQ /2 H�b 2bi`2HH�b v bm /BbT2`bBƦM /2 p2HQ+B/�/- bBKBH�` � HQ [m2 ?�#ő� ?2+?Q

ƹTBF mMQb �ƢQb �Mi2bX 1tT`2bƦ H� /2MbB/�/ HQ+�H 2M iû`KBMQb /2 mM� K�b� 2bi2H�` 272+iBp�-

/BpB/B2M/Q H� K�b� ;`�pBi�+BQM�H iQi�H TQ` 2H MȹK2`Q /2 2bi`2HH�b Q#b2`p�/�bX

1M RNjk- 2H �HmKMQ /2 E�Ti2vM- C�M PQ`i- Tm#HB+Ʀ mM �M�HBbBb /2 H� +BM2K�iB+� p2`iB+�H /2

H�b 2bi`2HH�b 2M H� p2+BM/�/ bQH�`X 1M 2bi2 i`�#�DQ- PQ`i �;`2;Ʀ � H� HBbi� /2 2biBK�+BQM2b

T�`� H� /2MbB/�/ /2 K�i2`B� Qb+m`� HQ+�H- BM+HmB/�b H�b /2 C�K2b C2�Mb URNkkV v "2`iBH

GBM/#H�/ URNkeVX

1M RNjj 6`Bix wrB+Fv- 2bim/BƦ HQb /2bTH�x�KB2MiQb �H `QDQ /2 p�`BQb +ȹKmHQb /2 ;�H�tB�b-

b2;ȹM HQ Tm#HB+�/Q TQ` 1/rBM >m##H2 v JBHiQM >mK�bQM 2M RNjR- v MQiƦ mM� ;`�M /Bb@

T2`bBƦM 2M H�b p2HQ+B/�/2b �T�`2Mi2b /2 Q+?Q ;�H�tB�b /2Mi`Q /2H *ȹKmHQ /2 *QK�- +QM

/B72`2M+B�b [m2 2t+2/ő�M HQb kyyy km/sX �THB+�M/Q 2H i2Q`2K� /2 pB`B�H T�`� 2biBK�` H�

K�b� /2H +ȹKmHQX 1M+QMi`Ʀ [m2 3yy ;�H�tB�b /2 109M! UK�b�b bQH�`2bV 2M mM� 2b72`� /2

106 �ƢQb Hmx /2#2`ő�M 2t?B#B` mM� /BbT2`bBƦM /2 p2HQ+B/�/ /2 3y km/sX 1M +QMi`�bi2- H�

/BbT2`bBƦM /2 p2HQ+B/�/ T`QK2/BQ Q#b2`p�/� � HQ H�`;Q /2 H� HőM2� /2 pBbBƦM 7m2 /2 �T`Q@

tBK�/�K2Mi2 Ryyy km/sX 1M bm �`iő+mHQ U+Bi�V K2M+BQM� [m2 bB 2biQ 7m2`� +QM}`K�/Q-

Q#i2M/`ő�KQb 2H bQ`T`2M/2Mi2 `2bmHi�/Q /2 [m2 H� K�i2`B� Qb+m`� 2bi� T`2b2Mi2 2M K�vQ`

+�MiB/�/ [m2 H� K�i2`B� HmKBMQb�X

>�bi� 2b2 KQK2MiQ H� ?BTƦi2bBb /2 H� K�i2`B� Qb+m`� MQ 7m2 +QKȹMK2Mi2 �+2Ti�/� v b2

HH2;Ʀ �H +QMb2MbQ /2 [m2 b2 M2+2bBi�#� K�b BM7Q`K�+BƦM T�`� 2Mi2M/2` � HQb +ȹKmHQb /2

;�H�tB�bX �/2K�b- H� M2+2bB/�/ /2 H� K�i2`B� Qb+m`� T�`� 2tTHB+�` H� /BM�KB+� /2 /B+?Qb

+ȹKmHQb HH2pƦ � H�b v HQb �bi`ƦMQKQb /2 H� ûTQ+� � T`2;mMi�`b2 +�/� p2x K�b /2 [mû TQ/`ő�

2bi�` ?2+?� 2bi� K�i2`B� Qb+m`�X



RX AMi`Q/m++BƦM j

1M H� /û+�/� /2 RNey- E2Mi 6Q`/ /2b�``QHHƦ mM 2bT2+i`Ʀ;`�7Q /2 im#Q /2 BK�;2M [m2

o2`� _m#BM v ûH miBHBx�`QM T�`� `2�HBx�` Q#b2`p�+BQM2b 2bT2+i`Qb+ƦTB+�b /2 H� ;�H�tB� /2

�M/`ƦK2/�X G�b Q#b2`p�+BQM2b /2 H� +m`p� /2 `Qi�+BƦM JjR [m2 _m#BM v 6Q`/ Tm#HB+�`QM

2M RNdy `2T`2b2Mi�`QM mM T�bQ �/2H�Mi2 2M iû`KBMQb /2 +�HB/�/X amb /�iQb ƦTiB+Qb b2

2ti2M/ő�M � RRy KBMmiQb /2 �`+Q /2H +2Mi`Q /2 H� ;�H�tB� v 2`�M +QKT�iB#H2b +QM H�b

K2/B+BQM2b /2 `�/BQ Q#i2MB/�b T`2pB�K2Mi2 TQ` JQ`iQM _Q#2`ib 2M RNeeX E2M 6`22K�M

+QKT�`Ʀ 2H `�/BQ 2M 2H [m2 b2 T`2/BDQ 2H TB+Q /2 H� +m`p� /2 `Qi�+BƦM- #�DQ 2H bmTm2biQ /2

mM /Bb+Q 2tTQM2M+B�H +QM mM� HQM;Bim/ /2 2b+�H� �Dmbi�/� � H�b Q#b2`p�+BQM2b 7QiQKûi`B+�b-

+QM H� +m`p� /2 `Qi�+BƦM /2 kR +K Q#b2`p�/�X

1M RNd9- H�b +m`p�b /2 `Qi�+BƦM TH�M�b Q#i2MB/�b TQ` HQb `�/BQ�bi`ƦMQKQb ?�#ő�M +QM@

i`B#mB/Q Km+?Q � 2bi�#H2+2` H� 2tBbi2M+B� /2 ;`�M/2b +�MiB/�/2b /2 K�b� 2M H�b T�`i2b

2ti2`M�b /2 H�b ;�H�tB�b- �H K2MQb � HQb QDQb /2 HQb �miQ`2b BM~mv2Mi2bX 1M RNd3- �H#2`i

"QbK� Tm#HB+Ʀ HQb `2bmHi�/Qb /2 bm i2bBb /Q+iQ`�H- BM+HmB/� H� Q#b2`p�+BƦM TQ` `�/BQ /2

HQb +�KTQb /2 p2HQ+B/�/ v H�b +Q``2bTQM/B2Mi2b +m`p�b /2 `Qi�+BƦM /2 k8 ;�H�tB�bX lMQb

K2b2b K�b i�`/2- _m#BM- 6Q`/ v LQ`#2`i h?QMM�`/ Tm#HB+�`QM +m`p�b /2 `Qi�+BƦM ƦTiB+�

T�`� /B2x ;�H�tB�b 2bTB`�H2b /2 �Hi� HmKBMQbB/�/ v /2b+m#`B2`QM [m2 2bi�#�M TH�M�b ?�bi�

2H `�/BQ K2/B/Q K�b 2ti2`MQX 1bi2 i`�#�DQ b2 ?� +QMp2`iB/Q 2M mMQ /2 HQb K�b +QMQ+B/Qb v

+Bi�/Qb 2M H� HBi2`�im`�- � T2b�` /2 [m2 H�b K2/B/�b ƦTiB+�b MQ b2 2ti2M/B2`QM � `�/BQb i�M

;`�M/2b +QKQ HQb bQM/2�/Qb TQ` Q#b2`p�+BQM2b /2 `�/BQ- /2D�M/Q �bő �#B2`i� H� TQbB#BHB/�/

/2 [m2 H�b ;�H�tB�b MQ i2M;�M ?�HQb /2 K�i2`B�- +QKQ HQ b2Ƣ�H�`QM- TQ` 2D2KTHQ- �;`Bb CX

E�HM�Db 2M RN3j v ai2T?2M E2Mi 2M RN3eX

1M H� bB;mB2Mi2 b2++BƦM RXR ?�#H�`2KQb /2 Qi`�b Q#b2`p�#H2b �bi`QMƦKB+�b v +QbKQHƦ;B+�b

[m2 MQb /�M 2pB/2M+B� /2 H� 2tBbi2M+B� /2 H� K�i2`B� Qb+m`�- �bő +QKQ H� 7Q`K� 2M H� [m2

bQM Q#i2MB/�bX SQbi2`BQ`K2Mi2- 2M H� b2++BƦM RXk 2tTHB+�`2KQb �H;mMQb KQ/2HQb MQi�#H2b

/2 K�i2`B� Qb+m`� [m2 BMi2Mi�M 2tTHB+�` [mû 2b H� K�i2`B� Qb+m`�X S�`iB+mH�`K2Mi2- 2M

2H +�TőimHQ k ?�#H�`2KQb /2H KQ/2HQ /2 K�i2`B� Qb+m`� 2b+�H�`- KQ/2HQ 2M 2H +m�H 2bi�

+2Mi`�/Q 2bi2 i`�#�DQX
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RXR P#b2`p�#H2b +QbKQHƦ;B+�b v ;�H�+iB+�b

� T�`iB` /2 H�b Q#b2`p�+BQM2b b2 ?� BM72`B/Q H� 2tBbi2M+B� /2 mM� K�i2`B� BMpBbB#H2- K�i2`B�

Qb+m`�- M2+2b�`B� T�`� `2T`Q/m+B` H� /BM�KB+� Q#b2`p�/�X 1M H� b2++BƦM �Mi2`BQ` b2 K2M@

+BQM�`QM +`QMQHƦ;B+�K2Mi2 H�b Q#b2`p�+BQM2b [m2 /B2`QM Hm;�` � H� T`QTm2bi� v �+2Ti�+BƦM

/2 H� +QKmMB/�/ +B2Miő}+� /2 H� K�i2`B� Qb+m`�X

1M H� 2b+�H� +QbKQHƦ;B+� i2M2KQb � H�b Qb+BH�+BQM2b #�`BƦMB+�b �+ȹbiB+�b- "�P TQ` bmb

bB;H�b 2M BM;Hûb v H� `�/B�+BƦM +ƦbKB+� /2 7QM/Q- *J" TQ` bmb bB;H�b 2M BM;HûbX "�P bQM

~m+im�+BQM2b 2M H� /2MbB/�/ /2 K�i2`B� pBbB#H2 U#�`BƦMB+�V v T`QTQ`+BQM�M mM� `2;H� 2b@

i�M/�` 2M H� /Bbi�M+B� 2M H� [m2 H�b ;�H�tB�b b2 �;`mT�M- �T`QtBK�/�K2Mi2 R8y JT+ (RN)X

1bi� `2;H� 2bi�M/�` 2bi� /�/� TQ` H� K�tBK� /Bbi�M+B� � H� [m2 H�b QM/�b �+ȹbiB+�b Tm@

/B2`QM pB�D�` 2M 2H TH�bK� 7Q`K�/Q TQ` 2H lMBp2`bQ i2KT`�MQ- �Mi2b /2 [m2 ûbi2 b2 ?B+B2`�

M2mi`Q- 2bi� 2i�T� 2b +QMQ+B/� TQ` `2+QK#BM�+BƦMX SQ` HQ [m2- bB MQ 2tBbiB2`� H� K�i2`B�

Qb+m`� 2M 2H lMBp2`bQ- MQ i2M/`ő�KQb 2bi� `2;H� 2bi�M/�`X S�`� mM� `2pBbBƦM 2M 2ti2MbQ

/2H i2K�- b2 `2+QKB2M/� (d- R3- R)X

SQ` Qi`Q H�/Q- 2H *J" 2b mM� 7QiQ;`�7ő� /2H KQK2MiQ 2M 2H [m2 HQb 7QiQM2b pB�D�`QM HB#`2@

K2Mi2 2M 2H lMBp2`bQX �H B;m�H [m2 "�P- 2bi� Q#b2`p�#H2 MQb /B+2 [m2 /m`�Mi2 H� 2pQHm+BƦM

/2H lMBp2`bQ 2b M2+2b�`B� H� T`2b2M+B� /2 H� K�i2`B� Qb+m`�- v� [m2 /2 HQ +QMi`�`BQ 2bi� Q#@

b2`p�#H2 b2`ő� /BbiBMi�X 6m2 Q#b2`p�/� TQ` T`BK2`� p2x 2M RNe8 TQ` S2MxB�b v qBHbQM 2M HQb

H�#Q`�iQ`BQb "2HH- Q#i2MB2M/Q 2H T`2KBQ LQ#2H 2M RNd3X .2bTmûb /2 H� T`BK2`� /2i2++BƦM-

?�bi� 2H KQK2MiQ b2 ?�M +QMbi`mB/Q i`2b KBbBQM2b T�`� Q#i2M2` Q#b2`p�+BQM2b +QM K�vQ`

`2bQHm+BƦM- 2H 1tTHQ`�/Q` /2H 6QM/Q *ƦbKB+Q *P"1 U*QbKB+ "�+F;`QmM/ 1tTHQ`2`V QT2`Ʀ

/2 RN3N � RNNj- qBHFBMbQM JB+`Qr�p2 �MBbQi`QTv S`Q#2 UqJ�SV Q#b2`pƦ /2 kyyR �H kyRy

v 2H b�iûHBi2 SH�M+F QT2`�/Q TQ` H� �;2M+B� 1bT�+B�H 1m`QT2� U1a�V UkyyN@kyRjV (9R)X 1M

H� 6B;m`� RXR b2 Q#b2`p� 2H +�K#BQ 2M H� `2bQHm+BƦM +`QMQHƦ;B+�K2Mi2 +QM +�/� b�iûHBi2X

1M H� 2b+�H� ;�H�+iB+� H�b Q#b2`p�+BQM2b [m2 bQM 2pB/2M+B� /2 H� 2tBbi2M+B� /2 H� K�i2`B�

Qb+m`� bQM 2H H2Mi2 ;`�pBi�+BQM�H- T�`iB+mH�`K2Mi2 2H H2Mi2 ;`�pBi�+BQM�H /û#BH v H�b +m`p�b

/2 `Qi�+BƦM- � H�b +m�H2b H2b /2/B+�`2KQb H� bB;mB2Mi2 bm#b2++BƦM /2#B/Q � [m2 bQM T�`i2

+2Mi`�H /2 2bi2 i`�#�DQX
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6B;m`� RXR, _2bQHm+BƦM /2 H�b Q#b2`p�+BQM2b /2H *J" /2 +�/� ;2M2`�+BƦM /2 BMbi`mK2MiQbX
*�/� T�M2H Km2bi`� H� KBbK� `2;BƦM /2H +B2HQ /2 Ry ;`�/Qb +m�/`�/Qb- KQbi`�M/Q +QKQ
+�K#B�`ő� H� `2bQHm+BƦM /2 H�b �MBbQi`QTő�b +QM +�/� b�iûHBi2- *P"1f.J_ URN3N@RNNjV-
qJ�S UkyyR@kyRyV v SH�M+F UkyyN@kyRjV (9j)X

1H H2Mi2 ;`�pBi�+BQM�H 2b mM� /2 H�b T`2/B++BQM2b /2 H� i2Q`ő� /2 H� `2H�iBpB/�/ ;2M2`�H

/2 �H#2`i 1BMbi2BM- T`QTm2bi� 2M RNRRX P#b2`p�/Q 2M RNRN TQ` �`i?m` 1//BM;iQM v aB`

6`�MF q�ibQM .vbQM- 2M 2H #mHH2i +Hmbi2`X 1bi2 272+iQ +QMbBbi2 2M H� T`2b2M+B� /2 mM�

7m2Mi2 ;`�pBi�+BQM�H Kmv ;`�M/2- +QKQ HQ Tm2/2 b2` mM� ;�H�tB�- H� Hmx T`Qp2MB2Mi2 /2

mM� ;�H�tB� K�b T2[m2Ƣ� [m2 2bi� �i`�b /2 2bi� 7m2Mi2 ;`�pBi�+BQM�H- 2b /BbiQ`bBQM�/�

v TQ` HQ i�MiQ- H� Hmx [m2 `2+B#BKQb +QKQ Q#b2`p�/Q`2b 2b /B72`2Mi2 � H� /2 H� ;�H�tB�

Q`B;BM�`B�X aB H� 7m2Mi2 ;`�pBi�+BQM�H 2b Kmv T2b�/�- bm2H2M 7Q`K�`b2 �MBHHQb /2 1BMbi2BM

+QKQ b2 Tm2/2 Q#b2`p�` 2M H� 6B;m`� RXkX

S�`iB+mH�`K2Mi2- 2tBbi2 mM 272+iQ HH�K�/Q KB+`QH2MbBM;- Q H2Mi2 ;`�pBi�+BQM�H /û#BH- 2H

+m�H +QMbBbi2 2M [m2 H�b 2bi`2HH�b BM/BpB/m�H2b i�K#BûM �+iȹ�M +QKQ H2Mi2b- HQ [m2 HH2p�

� p�`B�+BQM2b TQi2M+B�HK2Mi2 Q#b2`p�#H2b 2M 2b+�H�b /2 iB2KTQ /2 K2b2bX .B+?Q 272+iQ

7m2 /2KQbi`�/Q TQ` EvQM;�2 *?�M; v aDm` _27b/�H 2M RNdNX SQbi2`BQ`K2Mi2 2M RN3e-

"Q?/�M S�+xvMbFB T`QTmbQ [m2 2bi2 72MƦK2MQ /2 H2Mi2 ;`�pBi�+BQM�H /û#BH TQ/`ő� mb�`b2

T�`� #mb+�` Q#D2iQb +QKT�+iQb 2M 2H ?�HQ Qb+m`Q /2 H� oő� G�+i2�X
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6B;m`� RXk, �MBHHQ /2 1BMbi2BM Q#b2`p�/Q TQ` 2H i2H2b+QTBQ 2bT�+B�H >m##H2 (9k)X

RXRXR *m`p�b /2 _Qi�+BƦM

G�b +m`p�b /2 `Qi�+BƦM 7m2`QM H� Q#b2`p�#H2 [m2 ?BxQ [m2 H� +QKmMB/�/ +B2Miő}+� H2 iQK�`�

BKTQ`i�M+B� � H� T`QTm2bi� /2 H� K�i2`B� Qb+m`�- 2M T�`iB+mH�` +QM H�b Q#b2`p�+BQM2b /2

o2`� _m#BM v E2Mi 6Q`/X

a2 Q#iB2M2M � T�`iB` /2 H� `�TB/2x � H� [m2 b2 Km2p2M H�b 2bi`2HH�b 2M H� Ʀ`#Bi� /2 H� ;�H�tB�

� H� [m2 T2`i2M2+2M- 2b /2+B`- H� `�TB/2x /2 mM� T�`iő+mH� /2 T`m2#� 2M mM� Ʀ`#Bi� +B`+mH�`

� mM `�/BQ rc � 2biQ b2 H2 +QMQ+2 +QKQ `�TB/2x +B`+mH�` Uvc(r)VX S�`� Q#i2M2` mM� 2tT`2bBƦM

T�`� H� `�TB/2x +B`+mH�` T�`iBKQb /2 H� �i`�++BƦM ;`�pBi�+BQM�H- H� +m�H 2bi� /2}MB/� TQ`

"Fr(r) =−GM(r)
r2 êr, URXRV

/QM/2 F 2b H� +QMbi�Mi2 ;`�pBi�+BQM�H- M(r) 2b H� 7mM+BƦM /2 K�b�X �H B;m�H�`H� +QM H�

�+2H2`�+BƦM +2Mi`őT2i� Q#i2M2KQb

v2
c
r
= |"Fr|=

∂Φ
∂ r

, URXkV
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/QM/2 ?2KQb miBHBx�/Q H� 2tT`2bBƦM "F = −∇Φ- +QM Φ 2H TQi2M+B�H ;`�pBi�+BQM�HX SQ` HQ

i�MiQ- TQ/2KQb /2bT2;�` v Q#i2M2` [m2

v2
c = r

∂Φ
∂ r

∣∣∣
z=0

. URXjV

S�`iB+mH�`K2Mi2- 2M 2H +�bQ +QM bBK2i`ő� 2b7û`B+�- H� 2tT`2bBƦM [m2 miBHBx�`2KQb 2M 2bi2

i`�#�DQ T�`� Q#i2M2` H� `�TB/2x +B`+mH�` 2b

v2
c =

4πG
r

∫ r

0
ρ(r′)r′2dr′ =

GM(r)
r

. URX9V

RXk JQ/2HQb /2 K�i2`B� Qb+m`�

aB #B2M 2H KQ/2HQ Λ*.J- +QKTm2biQ TQ` mM� +QMbi�Mi2 +QbKQHƦ;B+� UΛV �bQ+B�/� � H�

2M2`;ő� Qb+m`�- K�i2`B� Qb+m`� 7`ő� U*.J TQ` bmb bB;H�b 2M BM;HûbV- `�/B�+BƦM v K�i2`B�

Q`/BM�`B�c ?� T`2p�H2+B/Q +QKQ 2H KQ/2HQ 2bi�M/�` /2#B/Q � bm bBKTHB+B/�/ v � bm +QM@

+Q`/�M+B� +QM Q#b2`p�+BQM2b (9R)- +QKQ H� �#mM/�M+B� /2 ?B/`Ʀ;2MQ v 2H2K2MiQb HB;2`Qb-

H� 2bi`m+im`� � ;`�M 2b+�H� v H� 2tT�MbBƦM �+2H2`�/� /2H mMBp2`bQX .B+?Q KQ/2HQ T`2b2Mi�

p�`B�b /Bb+`2T�M+B�b +QM H�b Q#b2`p�+BQM2b /2 ;�H�tB�b b�iûHBi2b �H `2/2/Q` /2 H� oő� G�+i2�X

.2#B/Q � [m2 H�b bBKmH�+BQM2b /2 K�i2`B� Qb+m`� 7`ő� BM/B+�M H� 2tBbi2M+B� /2 K�b ;�H�tB�b

b�iûHBi2b [m2 H�b [m2 b2 Q#b2`p�M- �H `2/2/Q` /2 ;�H�tB�b +QM +�`�+i2`őbiB+�b bBKBH�`2b � H�

oő� G�+i2�- � 2bi2 T`Q#H2K� b2 H2 /2MQKBM� T`Q#H2K� /2 b�iûHBi2b 7�Hi�Mi2b UJaS TQ` bmb

bB;H�b 2M BM;HûbVX aBM 2K#�`;Q- 2M HQb ȹHiBKQb �ƢQb b2 ?� /Bb+miB/Q +QKQ H�b Q#b2`p�+BQM2b

�+im�H2b TQ/`ő�M /�` mM� bQHm+BƦM TH�mbB#H2 � 2bi2 T`Q#H2K�- TQ` H� �Hi� `2bQHm+BƦM /2 H�b

Q#b2`p�+BQM2b- T�`� K�b /2i�HH2b �H `2bT2+iQ b2 `2+QKB2M/� +QMbmHi�` (jj)X

Pi`� /Bb+`2T�M+B� T`Qp2MB2Mi2 /2 H�b bBKmH�+BQM2b /2 K�i2`B� Qb+m`� 7`ő� 2b 2H T`Q#H2K�

ǳiQQ #B; iQ 7�BHǴ- +QMbBbi2 2M [m2 H�b ;�H�tB�b b�iûHBi2b T`2/B+?�b TQ` 2H KQ/2HQ bQM Kmv

K�bBp�b [m2 2b BKTQbB#H2 [m2 MQ i2M;�M bm}+B2Mi2b 2bi`2HH�b pBbB#H2b- 2b /2+B`- [m2 HQb b�@

iûHBi2b Q#b2`p�/Qb /2 H� oő� G�+i2� MQ bQM bm}+B2Mi2 K�bBpQb T�`� b2` +QMbBbi2Mi2b +QM H�b

T`2/B++BQM2b /2 Λ*.J (R8)X SQ` Qi`Q H�/Q- 2bi� 2H T`Q#H2K� ǳ+mbTf+Q`2Ǵ- 2H +m�H +QMbBbi2

2M [m2 HQb T2`}H2b /2 /2MbB/�/ T`2/B+?Qb TQ` bBKmH�+BQM2b /2 Λ*.J- +`2+2M �#`mTi�K2Mi2
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v TQ` HQ i�MiQ T`Q/m+2M mM� /Bbi`B#m+BƦM ǳ+mbTvǴ/2 H� K�i2`B� Qb+m`� � `�/BQb T2[m2ƢQbX

JB2Mi`�b [m2 H�b Q#b2`p�+BQM2b /2 HQb T2`}H2b /2 /2MbB/�/ /2 K�i2`B� Qb+m`� /2 ;�H�tB�b

2M�M�b Km2bi`�M Mȹ+H2Qb Uǳ+Q`2bǴV +2Mi`�H2b TH�MQb- BM/B+�M/Q HQ +QMi`�`BQ (Re- eR)X

.2#B/Q � H�b /Bb+`2T�M+B�b K2M+BQM�/�b �Mi2`BQ`K2Mi2- H� +QKmMB/�/ +B2Miő}+� ?� T`Q@

Tm2biQ /BbiBMiQb +�M/B/�iQb /2 K�i2`B� Qb+m`�- /2b/2 �;mD2`Qb M2;`Qb T`BKQ`/B�H2b- T�`iő@

+mH�b 2H2K2Mi�H2b K�b �HH� /2H KQ/2HQ 2bi�M/�`- K�i2`B� Qb+m`� mHi`�HB;2`�- 2Mi`2 Qi`�bX

S�`� mM `2bmK2M ;2M2`�H /2 /BbiBMiQb KQ/2HQb /2 K�i2`B� Qb+m`�- bQ#`2 iQ/Q 2M7Q+�/Q 2M

2H �`2� /2 T�`iő+mH�b b2 `2+QKB2M/� +QMbmHi�` (Rk)X 1M (j8) ?�+2M mM� BMi`Q/m++BƦM � H� /2@

i2++BƦM BM/B`2+i� v �H;mMQb KQ/2HQb /2 K�i2`B� Qb+m`�X J2M+BQM�M i�K#BûM- H�b /BbiBMi�b

2b+�H�b /2 K�b� T�`� +�M/B/�iQb /2 K�i2`B� Qb+m`�- +QKQ TQ/2KQb Q#b2`p�` 2M H� 6B;m`�

RXj- bB2M/Q ûbi2 mMQ /2 HQb K�vQ`2b `2iQb bQ#`2 bm /2b+m#`BKB2MiQ- v� [m2 �H MQ i2M2` mM

`�M;Q /2 K�b� T2[m2ƢQ 2M 2H +m�H #mb+�`- b2 +QMpB2`i2 2M mM� i�`2� K�b `2i�/Q`�X

6B;m`� RXj, _�M;Q /2 K�b� T2`KBiB/Q T�`� +�M/B/�iQb /2 K�i2`B� Qb+m`�- /2b/2 T�`iő+mH�b
+�M/B/�i�b ?�bi� �;mD2`Qb M2;`Qb T`BKQ`/B�H2bX GQb `�M;Qb /2 K�b� bQM bQH�K2Mi2 �T`Q@
tBK�/Qb (j8)X

1M 2bi2 i`�#�DQ /2 i2bBb /Q+iQ`�H MQb +2Mi`�`2KQb 2M 2H KQ/2HQ /2 K�i2`B� Qb+m`� 2b+�H�`

Ui�K#BûM Tm2/2 b2` 2M+QMi`�/Q 2M H� HBi2`�im`� +QKQ r�pv .J- �tBQM@HBF2V- 2H +m�H +Q@

``2bTQM/2 � H� 2b+�H� mHi`�@HB;2`� /2 H� 6B;m`� RXj v� [m2 bm2H2 i2M2` mM� K�b� �H `2/2/Q`

/2 10−22[2o/c2]X
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1M 2H bB;mB2Mi2 +�TőimHQ 2tTHB+�`2KQb /2i�HH�/�K2Mi2 2bi2 KQ/2HQ- bmb p2Mi�D�b `2bT2+iQ �H

KQ/2HQ 2bi�M/�` +QbKQHƦ;B+Q v bmb `2bi`B++BQM2b- +2Mi`�M/QMQb 2M H�b !@2bi`2HH�b /2 #QbQM2b

v Q#i2M/`2KQb bQHm+BQM2b � /B72`2Mi2b +�bQb /2 ûbi�bX 1M 2H +�TőimHQ j ?�#H�`2KQb bQ#`2

HQb /�iQb mb�KQb- KB2Mi`�b [m2 2M 2H +�TőimHQ 9 2tTHB+�`2KQb HQb T�bQb b2;mB/Qb T�`� 2H

�M�HBbBb /2 /�iQb +QM /BbiBMiQb +�bQb /2 !@2bi`2HH�b /2 #QbQM2bX GQb `2bmHi�/Qb Q#i2MB/Qb b2

T`2b2Mi�M 2M 2H +�TőimHQ 8 v }M�HK2Mi2- H� /Bb+mbBƦM v T2`bT2+iBp�b /2H i`�#�DQ `2�HBx�/Q

b2 2M+m2Mi`�M 2H 2H +�TőimHQ eX



*�TőimHQ k

JQ/2HQ /2 K�i2`B� Pb+m`� 1b+�H�`

lM KQ/2HQ /2 K�i2`B� Qb+m`� iB2M2 [m2 b2` +QMbBbi2Mi2 +QM H�b Q#b2`p�+BQM2b K2M+BQM�/�b

2M RXR- /2b/2 H� 2b+�H� +QbKQHƦ;B+� ?�bi� 2b+�H� ;�H�+iB+�- �/2K�b /2 `2bQHp2` H�b /Bb+`2@

T�+B�b [m2 b2 ?�M Q#b2`p�/Q +QM 2H KQ/2HQ +QbKQƦ;B+Q 2bi�M/�` Λ *QH/ .�`F J�ii2`

UΛ*.JVX 1H KQ/2HQ /2 K�i2`B� Qb+m`� 2b+�H�` Ua6.J TQ` bmb bB;H�b 2M BM;HûbV ?� KQb@

i`�/Q +B2`i�b p2Mi�D�b `2bT2+iQ � Λ*.JX *QK2Mx�M/Q TQ` H�b 2b+�H�b +QbKQHƦ;B+�b- /QM/2

2H KQ/2HQ ?� `2T`Q/m+B/Q 2H 7QM/Q v H�b T2`im`#�+BQM2b HBM2�H2b 2M H� /2MbB/�/- �/2K�b

/2 [m2 /� mM +Q`i2 M�im`�H � T2[m2Ƣ�b 2b+�H�b 2M 2H 2bT2+i`Q /2 TQi2M+B�b /2 K�b� (jN)X

1bi2 +Q`i2 T`2pB2M2 H� bQ#`2T`Q/m++BƦM /2 T2[m2Ƣ�b 2bi`m+im`�b v b2 /2#2 � [m2 2H ȹMB+Q

T�`�K2i`Q HB#`2 /2H KQ/2HQ 2b H� K�b� /2H +�KTQ- TQMB2M/Q H� +Qi� /2 [m2 ûbi� /2#2 b2`

K�vQ` � 10−232o/c2 T�`� b2` +QKT�iB#H2 +QM H�b Q#b2`p�+BQM2b /2H 2bT2+i`Q /2 TQi2M+B�b

(8N)X GQ �Mi2`BQ` `2bm2Hp2 2H T`Q#H2K� /2 HQb b�iûHBi2b 7�Hi�Mi2bX

aBKmH�+BQM2b /2 a6.J `2�HBx�/�b TQ` (8R) Km2bi`�M 2bi`m+im`� � ;`�M 2b+�H� [m2 2b BM/Bb@

iBM;mB#H2 /2 �[m2HH� T`Qp2MB2Mi2 /2 K�i2`B� Qb+m`� 7`ő� v- T`Qp22M mM T2`}H /2 /2MbB/�/

�M�HőiB+Q T�`� HQb ?�HQb /2 K�i2`B� Qb+m`� +QM mM Mȹ+H2Q bQHBiQMB+Q v mM� T�`i2 2ti2`BQ`

7Q`K�/� TQ` 2H T2`}H L�p�``Q@6`2MF@q?Bi2 UL6qV (99)X .B+?Q T2`}H /2 /2MbB/�/ �M�Hő@

iB+Q T�`� 2H +�KTQ 2b+�H�` `2bm2Hp2 2H T`Q#H2K� +mbTf+Q`2- �H i2M2` mM Mȹ+H2Q bQHBiQMB+Q-

2b /2+B`- iBTQ +Q`2X 1bi2 T2`}H ?� bB/Q miBHBx�/Q T�`� `2bi`BM;B` H�b +�`�+i2`őbiB+�b /2 H�

K�i2`B� Qb+m`�- miBHBx�M/Q /B72`2Mi2b bBbi2K�b i�H2b +QKQ ;�H�tB�b 2b72`QB/�H2b 2M�M�b (kk-

93)X 1bi2 �M�HBbBb ?� KQbi`�/Q [m2 2H i2M2` mM bQHQ 2bi�/Q /2 a6.J `2bi`BM;2 Km+?Q H�

K�b� /2H +�KTQ 2b+�H�` +QM H�b Q#b2`p�+BQM2b /2 GvK�M@α - i2MB2M/Q +Qi�b �H `2/2/Q` /2

Ulog10Umf2oV ∼ [@kj-@k9]V (ek- 98)X

Ry



kX JQ/2HQ /2 K�i2`B� Pb+m`� 1b+�H�` RR

�/2K�b- �H mb�` mM� `2+QMbi`m++BƦM MQ T�`�Kûi`B+� /2 +m`p�b /2 `Qi�+BƦM +QM /BbiBMiQb

T2`}H2b /2 /2MbB/�/- b2 2M+QMi`Ʀ [m2 99W /2 H�b ;�H�tB�b miBHBx�/�b T`2}2`2M 2H KQ/2HQ

a6.J (ky)X GQ �Mi2`BQ` ?� KQiBp�/Q � H� +QKmMB/�/ +B2Miő}+� � b2;mB` i`�#�D�M/Q +QM 2H

KQ/2HQ /2 a6.J- #mb+�M/Q 2ti2M/2`HQ /2 /BbiBMi�b 7Q`K�b- +QKQ i2M2` KmHiBTH2b 2bi�/Qb

�+QTH�/Qb 2Mi`2 bő (e)- mM +�KTQ 2b+�H�` �miQ;`�pBi�Mi2 +QM �miQBMi2`�++BƦM(k8- ke) Q mM

2bi�/Q #�b2 +QM mM 2bi�/Q 2t+Bi�/Q BM2bi�#H2 (83)- TQ` MQK#`�` �H;mMQb 2D2KTHQbX lMQ /2

HQb T`BK2`Qb i`�#�DQb � 2b+�H�b ;�H�+iB+�b /2 +�KTQ 2b+�H�` �miQBMi2`�+im�Mi2 +QM KmHiBTH2b

2bi�/Qb 2b (9N)- 2H +m�H 7m2 miBHBx�/Q 2M (jd) T�`� �M�HBx�` H�b p2HQ+B/�/2b /2 /BbT2`bBƦM /2

Q+?Q /2 H�b ;�H�tB�b 2M�M�b 2b72`QB/�H2b b�iûHBi2b /2 H� oő� G�+i2�X SQbi2`BQ`K2Mi2 7m2

miBHBx�/Q 2M (RR) T�`� +QKT�`�`HQ +QM 2H +�bQ /2 mM 2bi�/Q #�b2 BMi2`MQ +QM mM� T�`i2

2ti2`BQ` L6q- 2biQ +QM ;�H�tB�b /2 #�DQ #`BHHQ bmT2`}+B�HX � 2b+�H�b +QbKQHƦ;B+�b b2 ?�

BMi`Q/m+B/Q H� K�i2`B� Qb+m`� KmHiB +�KTQ 2b+�H�` UJa6.J TQ` bmb bB;H�b 2M BM;HûbV- 2biQ

bB;MB}+� [m2 b2 +QMbB/2`�M /BbiBMi�b +QK#BM�+BQM2b /2 TQi2M+B�H2b- T�`� K�vQ`2b /2i�HH2b

bQ#`2 Ja6.J +QMbmi�` (8e) v bmb `272`2M+B�bX

Pi`� 7Q`K� /2 2tTHQ`�` 2H KQ/2HQ /2 +�KTQ 2b+�H�` 2b � i`�pûb /2 H� i2Q`ő� +m�MiB+� /2

+�KTQb- T�`iB+mH�`K2Mi2 +QM H�b 2bi`2HH�b /2 #QbQM2b- H�b +m�H2b 7m2`QM BMi`Q/m+B/�b TQ`

(jk) +QKQ bQHm+BQM2b `2;mH�`2b � H�b 2+m�+BQM2b /2 1BMbi2BM EH2BM@:Q`/QM T�`� mM +�KTQ

2b+�H�` +H�bB+Q +QKTH2DQ v KBMBK�K2Mi2 �+QTH�/QX SQbi2`BQ`K2Mi2 2M (8y) BMi`Q/mD2`QM

H�b bQHm+BQM2b 2bi�iB+�b- �miQ;`�pBi�Mi2b /2 +QM};m`�+BQM2b +QM 2bTőM +2`Q v +QM bBK2i`ő�

2b7û`B+� 2M 2H HőKBi2 b2KB+H�bB+QX .B+?�b bQHm+BQM2b +QBM+B/2M +QM H�b bQHm+BQM2b +H�bB+�b bB

iQ/�b H�b T�`iő+mH�b 2bimpB2`�M 2M mM 2bi�/Q /2 2M2`;ő� 2bT2+ő}+QX GQ �Mi2`BQ` /BQ Hm;�`

�H 2bim/BQ /2 H�b 2bi`2HH�b /2 #QbQM2b +QKQ Q#D2iQb �bi`QMƦKB+Qb- Q#i2MB2M/Q bQHm+BQM2b

2bi�#H2b +QM iQ/�b H�b T�`iő+mH�b 2M 2M 2H 2bi�/Q #�b2 (8j)X

G�b 2bi`2HH�b /2 #QbQM2b ?�M bB/Q miBHBx�/�b T�`� KQ/2H�` ?�HQb /2 a6.J v �bő TQM2`

`2bi`B++BQM2b � H� K�b� /2H +�KTQ +QM /BbiBMi�b Q#b2`p�#H2b +QKQ +m`p�b /2 `Qi�+BƦM (Ry) v

/BM�KB+� 2bi2H�` /2 +Hȹbi2`b (je)X 1M 2H +�bQ /2 H�b +m`p�b /2 `Qi�+BƦM b2 ?� 2M+QMi`�/Q [m2

�H ?�+2` 2H �Dmbi2 +QM 2H 2bi�/Q #�b2 b2 Q#iB2M2M /BbiBMiQb p�HQ`2b /2 H� K�b� /2H +�KTQ

T�`� /BbiBMi�b ;�H�tB�b (Ry)- KB2Mi`�b [m2 �H iQK�` 2bi�/Qb 2t+Bi�/Qb b2 Tm2/2 �Dmbi�` +QM

mM bQHQ p�HQ` /2 H� K�b� T2`Q H�b +QM};m`�+BQM2b MQ bQM 2bi�#H2b (kj)X
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G�b +QM};m`�+BQM2b /2 HQb #QbQM2b 2M /BbiBMiQb 2bi�/Qb 2bi�M +�`�+i2`Bx�/�b TQ` bmb Mȹ@

K2`Qb +m�MiB+Qb M- ! v KX GQ +m�H T2`KBi2 2tTHQ`�` /BbiBMi�b +QK#BM�+BQM2b /2 p�HQ`2b

/2 bmb MȹK2`Qb +m�MiB+Qb +QKQ TQ` 2D2KTHQ 2H i`�#�DQ `2�HBx�/Q TQ` (j3)- /QM/2 iQK�M

n %= 0- != m = 0- T�`� 2H +m�H M iQK� /BbiBMiQb p�HQ`2b- 2bi�b +QM};m`�+BQM2b bQM HH�K�/�b

KmHiB@2bi�/Q v 7m2`QM T`QTm2bi�b T�`� Q#i2M2` +m`p�b /2 `Qi�+BƦM TH�M�b � ;`�M/2b `�/BQb

+QM a6.JX SQ` HQ KBbKQ 2b BKTQ`i�Mi2 +QMQ+2` H� 2bi�#BHB/�/ /2 HQb KmHiB2bi�/Qb v ûbi�

7m2 T`Q#�/� 2M (83- N)X

1M 2bi2 i`�#�DQ MQb +2Mi`�KQb 2M H�b 2bi`2HH�b /2 #QbQM2b +QM KmHiB@2bi�/Qb- 2b /2+B`-

!@2bi`2HH�b /2 #QbQM2b +QKQ ?�HQ /2 K�i2`B� Qb+m`� 2b+�H�`X S�`iB2M/Q /2 H�b bQHm+BQM2b

�H 2bi�/Q #�b2 v 2bi�/Qb 2t+Bi�/Qb /2 7Q`K� BM/2T2M/B2Mi2 T�`� /2bTmûb 2tTHQ`�` H�b bQ@

Hm+BQM2b �H bBbi2K� /2 2+m�+BQM2b �+QTH�/Q- iQK�M/Q H� `2;H� /2 b2H2++BƦM /2 b2H2++BƦM

n− 1− ! = 0- BM/B+�M/Q [m2 iQK�`2KQb ȹMB+�K2Mi2 H�b bQHm+BQM2b [m2 MQ iB2M2M MQ/Qb

T�`� �b2;m`�` bm 2bi�#BHB/�/X G� 2bi�#BHB/�/ T�`� 2H +�bQ /2 KmHiB2bi�/Qb ?� bB/Q 2bim/B�/�

2M (kd)- /QM/2 b2 K2M+BQM� [m2 i2M2` mM 2bi�/Q 2t+Bi�/Q T2`KBi2 i2M2` mM K�vQ` `�M;Q

`�/B�H T�`� Q#D2iQb �bi`QMƦKB+Qb- 2b /2+B`- [m2 2H i2M2` K�b /2 mM 2bi�/Q TQ/`ő� `2bQHp2`

H�b /Bb+`2T�M+B�b +`2�/�b TQ` 2bi2 +2Mi`Q bQHBiƦMB+Q /2H +�KTQ 2b+�H�` T�`� H�b +m`p�b /2

`Qi�+BƦMX SQ` 2HHQ- /2+BKQb +2Mi`�` Mm2bi`Qb 2b7m2`xQb 2M 2bim/B�` HQb KmHiB2bi�/Qb +QM 2H

2bi�/Q #�b2 v /Qb 2bi�/Qb 2t+Bi�/QbX

1M H� bB;mB2Mi2 b2++BƦM UkXRV /2b+`B#B`2KQb /2 7Q`K� ;2M2`�H /2 Q#i2M2` HQb bBbi2K�b /2

2+m�+BQM2b [m2 /2b+`B#2M � H�b 2bi`2HH�b /2 #QbQM2b- bmb +QM/B+BQM2b BMB+B�H2b v /2 7`QMi2`�-

v bm i`�Mb7Q`K�+BƦM � mM bBbi2K� /2 2+m�+BQM2b /2 T`BK2` Q`/2M [m2 TQbi2`BQ`K2Mi2 2b

`2bm2HiQ miBHBx�M/Q 2H KûiQ/Q /2 b?QiBM; v mM _mM;2 Emii�X 1M H� b2++BƦM kXRXR b2 Km2bi`�M

2tTHő+Bi�K2Mi2 H�b 2+m�+BQM2b `2bm2Hi�b /2 7Q`K� BM/2T2M/B2Mi2 T�`� /BbiBMiQb p�HQ`2b /2

!- bm 7mM+BƦM /2 K�b� v bm `�TB/2x +B`+mH�`X JB2Mi`�b [m2 2M H� b2++BƦM kXRXk b2 Km2bi`�M

H�b 2+m�+BQM2b �+QTH�/�b ?�bi� ! = 2X 6BM�HK2Mi2- 2M H� b2++BƦM kXRXj b2 /2b+`B#2M H�b

+�`�+i2`őbiB+�b /2 H�b H�b 2+m�+BQM2b T�`� +�/� mMQ /2 HQb /B72`2Mi2b +�bQbX
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kXR !@2bi`2HH�b /2 #QbQM2b

S�`� Q#i2M2` 2H bBbi2K� /2 2+m�+BQM2b [m2 /2b+`B#2M � H�b !@2bi`2HH�b /2 #QbQM2b b2 Q#impQ

2H HőKBi2 MQ `2H�iBpBbi� /2 H�b 2+m�+BQM2b /2 1BMbi2BM@EH2BM :Q`/QM U1E:V- bB;mB2M/Q 2H

T`Q+2/BKB2MiQ T`2b2Mi�/Q 2M (3- ej)- +QM 2H TQi2M+B�H /2 mM +�KTQ 2b+�H�` /2 2bTőM y

V (Ψn!m) =−1
2

m2
aΨ2

n!m, UkXRV

/QM/2 ma 2b H� K�b� /2H +�TQ 2b+�H�` v Ψn!m = Ψn!m(t,"x) = e−iγn!mtr!ψn!m(r)Y!m(θ ,φ)X

�bő- b2 Q#impQ 2H bBbi2K� /2 2+m�+BQM2b /2 a+?`ƺ/BM;2`@SQBbQM UaSV (k3)- 2M T�`iB+mH�`

T�`� 2bi2 i`�#�DQ b2 2HB;BƦ 2H +�bQ /2 KmHiB2bi�/Qb +QM bBK2i`ő� 2b7û`B+�- bB2M/Q H� 2+m�+BƦM

�M�HQ;� � H� 2+m�+BƦM /2 SQBbbQM

∇2
r!V!0 = 4πGm2

a
δ!0
r! ∑

n1,!1

(2!1 +1)r2!1ψ2
n1!10, UkXkV

/QM/2 TQ/2KQb MQi�` [m2 2H H�/Q /2`2+?Q /2 H� 2+m�+BƦM b2 �MmH� bB ! %= 0- TQ` H� /2Hi� /2

E`QM2+F2`- BKTHB+�M/Q [m2 2H ȹMB+Q iû`KBMQ /B72`2Mi2 /2 +2`Q 2b 2H KQMQTQH�` /2H TQi2M+B�H

;`�pBi�+BQM�H- V00X SQ` HQ i�MiQ H� 2+m�+BƦM �Mi2`BQ` b2 `2/m+2 �

∇2
r!V00 = 4πGm2

a ∑
n,!

(2!1 +1)r2!ψ2
n!0. UkXj�V

�/2K�b- H� 2+m�+BƦM /2 a+?`ƺ/BM;2` 2b

h̄2

2m
∇2

r!ψn!0 = (maV00 − γn!0)ψn!0. UkXj#V

1M �K#�b 2+m�+BQM2b UkXj�V v UkXj#V-

∇2
r! = ∂ 2

r +

[
2(!+1)

r

]
∂r. UkX9V
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S�`� TQ/2` `2bQHp2` 2H bBbi2K� /2 2+m�+BQM2b MmKû`B+�K2Mi2 2b M2+2b�`BQ BMi`Q/m+B` H�b

bB;mB2Mi2b +�MiB/�/2b v �/BK2MbBQM�HBx�` 2H bBbi2K� aS

ψ = ψ̄ ε2c2

h̄
√

4πG
,E = Ēε2mac2,r =

r̄
ε

h̄
mac

,V = V̄ ε2c2,M = M̄ε
m2

pl

ma
, UkX8V

/QM/2 H� #�``� 2M +�/� 2tT`2bBƦM `2T`2b2Mi� H� bQHm+BƦM MmKû`B+�- ε 2b mM� +�MiB/�/ �/B@

K2MbBQM�H `2H�+BQM�/� +QM [m2 i�M T2[m2ƢQ 2b Mm2bi`Q bBbi2K� +QKT�`�/Q +QM H� p2HQ+B/�/

/2 H� Hmx- E 2b H� 2M2`;ő�- r 2b H� +QQ`/2M�/� `�/B�H- V 2b 2H TQi2M+B�H- c 2b H� p2HQ+B/�/ /2

H� Hmx v mpl 2b H� K�b� /2 SH�M+FX

.2#B/Q � H� bBK2i`ő� 2b7û`B+� ȹMB+�K2Mi2 i2M2KQb /2T2M/2M+B� `�/B�H 2M H�b 2+m�+BQM2b-

HQ +m�H MQb T2`KBi2 2b+`B#B` H�b /2`Bp�/�b T�`+B�H2b +QKQ /2`Bp�/�b iQi�H2b `2bT2+iQ � r 2M

2H bBbi2K� /2 2+m�+BQM2bX �H bmbiBimB` H�b 2tT`2bBQM2b UkX8V T�`� �/BK2MbBQM�` H� 2+m�+BƦM

�M�HQ;� � H� 2+m�+BƦM /2 SQBbbQM UkXj�V- i2M2KQb

((εmac
h̄

)2 d2

dr̄2 +

[
2(!+1)εmac

r̄h̄

]
εmac

h̄
d
dr̄

)
¯V00ε2c2 =

4πGm2
a ∑

n,!
(2!+1)

(
r̄
ε

h̄
mac

)2!
¯ψn!0

2 ε4c4

h̄24πG
, UkXeV

bBKTHB}+�M/Q i2M2KQb

(
ε4m2

ac4

h̄2

)(
d2

dr̄2 +

[
2(!+1)

r̄

]
d
dr̄

)
¯V00 =

ε4m2
ac4

h̄2 ∑
n,!

(2!+1)
(

r̄
ε

h̄
mac

)2!
¯ψn!0

2, UkXdV

TQ` bBKTHB+B/�/ � T�`iB` /2 �[mő QKBiB`2KQb H� MQi�+BƦM /2 #�``�bX 1HBKBM�M/Q iû`KBMQb

b2K2D�Mi2b Q#i2M2KQb [m2 H� 2+m�+BƦM �M�HQ;� � H� 2+m�+BƦM /2 SQBbbQM 2b

d2V00

dr2 =−2
r

dV00

dr
+∑

n,!
(2!+1)r2!ψ2

n!0, UkX3�V

v �H `2T2iB` 2H KBbKQ T`Q+2/BKB2MiQ +QM H� 2+m�+BƦM /2 a+?`ƺ/BM;2` UkXj#V b2 Q#iB2M2

d2ψn!0

dr2 =−2(!+1)
r

dψn!0

dr
+2(V00 − γn!0)ψn!0, UkX3#V
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/QM/2 T�`� HH2;�` � 2HH� 2b BKTQ`i�Mi2 iQK�` 2M +m2Mi� [m2 γn!0 iB2M2 H� KBbK�b mMB/�/2b

/2 �/BK2MbBQM�HBx�+BƦM [m2 EX �/2K�b- b2 /2+B/BƦ �Ƣ�/B` �H bBbi2K� /2 2+m�+BQM2b aS H�

bB;mB2Mi2 2+m�+BƦM T�`� 2H MȹK2`Q /2 T�`iő+mH�b 2M +�/� 2bi�/Q (83)

dN!

dr
= ψ2

n!0r2+2!. UkXNV

S�`� Q#i2M2` H�b bQHm+BQM2b MmKû`B+�b �H bBbi2K� /2 2+m�+BQM2b 7Q`K�/Q TQ` H�b 2+m�+BQM2b

�Mi2`BQ`2b- 2b BKTQ`i�Mi2 +QMQ+2` H�b +QM/B+BQM2b BMB+B�H2b v /2 7`QMi2`� /2H bBbi2K�X G�b

+QM/B+BQM2b /2 7`QMi2`� /2#2M /2 ;�`�MiBx�` [m2 H�b bQHm+BQM2b b2�M `2;mH�`2b v �bBMiƦiB@

+�K2Mi2 TH�M�bX GQ +m�H BKTHB+� [m2 H� 2tT`2bBƦM UkX3#V b2 +QMpB2`i� 2M mM T`Q#H2K� /2

2B;2Mp�HQ`2b /2 H�b 7`2+m2M+B�b γn!0X

1H [m2 H�b bQHm+BQM2b b2�M `2;mH�`2b 2M 2H Q`B;2M BKTHB+� H�b bB;mB2Mi2b +QM/B+BQM2b BMB+B�H2b

Q#i2MB/�b �H `2�HBx�` mM� 2tT�MbBƦM 2M b2`B2 /2 h�vHQ`- T�`� 2H TQi2M+B�H

V ′
00(0) = 0, V ′′

00(0) = 0, V ′′′
00(0) = 0, V00(r = 0) = v1, UkXRyV

KB2Mi`�b [m2 T�`� 2H +�KTQ v T�`� H� 7`2+m2M+B�

ψ ′
n!0(0) = 0, ψ ′′

n!0(0) =
2V00(0)ψn!0(0)

3+2!
, ψ ′′

n!0(0) = 0, γ(r)(r = 0) = v2, UkXRRV

/QM/2 b2 ?�M �bB;M�/Q H�b p�`B�#H2b v1 v v2 � �[m2HH�b +QM/B+BQM2b BMB+B�H2b /2b+QMQ+B/�bX

�/2K�b- T�`� 2H +�KTQ b2 /2#2 +mKTHB` ψn!0(r = 0) = Ci- /QM/2 Ci 2b 2H p�HQ` /2 mM�

+QMbi�Mi2 [m2 BM/B+� 2H p�HQ` /2 H� �KTHBim/ +2Mi`�H /2H 2bi�/QX

�/B+BQM�HK2Mi2- 2b BKTQ`i�Mi2 MQi�` [m2 2H ?2+?Q /2 [m2 dψn!0
dr (r = 0) = 0 = dV00

dr (r = 0)

?�+2 [m2 2H bBbi2K� /2 2+m�+BQM2b 7Q`K�/Q TQ` UkX3�V v UkX3#V MQ /Bp2`D� �H i2M2` iû`KBMQb

/2 H� 7Q`K� 1/rX

SQ` Qi`Q H�/Q- [m2 H�b bQHm+BQM2b b2�M �bBMiƦiB+�K2Mi2 TH�M�b BKTHB+� H�b bB;mB2Mi2b +QM@

/B+BQM2b /2 7`QMi2`� +m�M/Q r → ∞

ψn!0 = 0, V00 =−M
r
,

V00

r
(r → ∞)+

dV00

dr
(r → ∞) = 0, UkXRkV
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/QM/2 H� b2;mM/� +QM/B+BƦM BKTHB+� H� i2`+2`�- 2b /2+B`- H� i2`+2`� +QM/B+BƦM 2b BKTm2bi�X

.2#B/Q � [m2 /2b+QMQ+2KQb �H;mM�b /2 H�b +QM/B+BQM2b /2 7`QMi2`� /2 Mm2bi`Q bBbi2K�

/2 2+m�+BQM2b /B72`2M+B�H2b- BKTH2K2Mi�KQb 2H KûiQ/Q /2 b?QQiBM;- 2H +m�H +QMbBbi2 2M

2M+QMi`�` bQHm+BQM2b �H T`Q#H2K� /2 +QM/B+BQM2b /2 7`QMi2`� T�`� /B72`2Mi2b +QM/B+BQM2b

BMB+B�H2b ?�bi� 2M+QMi`�` mM� bQHm+BƦM [m2 i�K#BûM +mKTH� +QM H�b +QM/B+BQM2b /2 7`QMi2`�-

HQ +m�H T2`KBi2 2M+QMi`�` H�b `�ő+2b- 2b /2+B`- HQb p�HQ`2b /2 vi- v1 v v2 T�`� HQb +m�H2b 2H

bBbi2K� /2 2+m�+BQM2b +mKTH2 H�b +QM/B+BQM2bX S�`� BKTH2K2Mi�` 2H b?QQiBM; b2 `2�HBxƦ 2H

bB;mB2Mi2 +�K#BQ /2 p�`B�#H2

y1 = ψn!0, y2 =
dψn!0

dr
=

dy1

dr
, y3 =V00, y4 =

dV00

dr
=

dy3

dr
, y5 = γn!0, y6 = N!,

UkXRjV

HQ +m�H T2`KBiBƦ T�b�` /2 mM bBbi2K� /2 2+m�+BQM2b /2 b2;mM/Q ;`�/Q � mM bBbi2K� /2

2+m�+BQM2b /B72`2M+B�H2b /2 T`BK2` Q`/2M





y′1

y′2

y′3

y′4

y′5

y′6





=





y2

−2(l+1)
r y2 +2y1(y3 − y5)

y4

−2(!+1)
r y4 +∑n,!(2l +1)r2ly2

1

0

y2
1r2





, UkXR9V

v +QM mM _mM;2 Emii� /2 +m�`iQ Q`/2M b2 `2bQHpBƦ 2H bBbi2K� /2 2+m�+BQM2bX

SQbi2`BQ`K2Mi2 b2 miBHBx�`QM 2bi�b bQHm+BQM2b T�`� Q#i2M2` H� `�TB/2x +B`+mH�` UVcV- T�`�

2HHQ b2 miBHBxƦ H� 2tT`2bBƦM

V 2
c (r) =

GM(r)
r

, UkXR8V

v� [m2 H�b bQHm+BQM2b ȹMB+�K2Mi2 /2T2M/2M /2 H� +QQ`/2M�/� `�/B�HX .QM/2 M(r) 2b H�

7mM+BƦM /2 K�b� /�/� TQ`

M(r) = 4π
∫ R

0
ρ(r)r2dr. UkXReV



kXRX !@2bi`2HH�b /2 #QbQM2b Rd

�H miBHBx�` HQb +�K#BQb /2 p�`B�#H2 UkX8V +QM H�b bQHm+BQM2b MmKû`B+�b Q#i2MB/�b H2 `2;`2@

b�KQb H�b mMB/�/2b 7őbB+�b � H�b bQHm+BQM2b- TQ` HQ [m2 2M 2bi2 +�bQ H� /2MbB/�/ 2bi� /�/�

TQ`

ρ(r) = m2
aε4

4π(1.95×10−69)∑
n,!
(2!+1)r2!ψ2

n!0
M!

FT+3 , UkXRdV

/QM/2 M! BM/B+� [m2 bQM K�b�b bQH�`2b v FT+ FBHQT�`b2+X SQ` HQ i�MiQ- H� `�TB/2x +B`+mH�`

2b

V 2
c = 8.95×1010 ε2

R

∫ R

0
r2 ∑

n,!
(2!+1)r2!ψ2

n!0dr
(

km
s

)2
. UkXR3V

1M H�b bB;mB2Mi2b b2++BQM2b iQK�`2KQb /Qb +�bQb /2H bBbi2K� /2 2+m�+BQM2b aS- � HQb [m2

/BpB/B`2KQb 2M bQHm+BQM2b BM/2T2M/B2Mi2b Ub2++BƦM kXRXRV v bQHm+BQM2b �+QTH�/�b Ub2++BƦM

kXRXkVX .QM/2 2M +�/� +�bQ- /2bTmûb /2 Q#i2M2` bmb bQHm+BQM2b b2 +QMiBMȹQ +QM 2H �M�HBbBb

T�`� Q#i2M2` bm `�TB/2x +B`+mH�`- 2b /2+B`- bm +m`p� /2 `Qi�+BƦMX

kXRXR aQHm+BQM2b BM/2T2M/B2Mi2b

*QKQ T`BK2` T�bQ T�`� Q#i2M2` H�b bQHm+BQM2b � H�b !@2bi`2HH�b /2 #QbQM2b b2 Q#impB2`QM

bQHm+BQM2b � +�/� mMQ /2 HQb 2bi�/Qb TQ` b2T�`�/Q- 2b /2+B`- bQHm+BQM2b +QM != 0- != 1 v

!= 2X 1H Q#i2M2` H�b bQHm+BQM2b MQb T2`KBiBƦ 2tTHQ`�` v +QMQ+2` H�b +�`�+i2`őbiB+�b /2 2HH�b-

H�b +m�H2b b2 2M+m2Mi`�M /2b+`Bi�b /2i�HH�/�K2Mi2 2M H� b2++BƦM kXRXj 2M +QMDmMiQ +QM H�b

+�`�+i2`őbiB+�b +Q``2bTQM/B2Mi2b � H� bQHm+BƦM /2 H�b 2+m�+BQM2b �+QTH�/�b- bm#b2++BƦM kXRXkX

S�`� HQb +�bQb BM/2T2M/B2Mi2b- /B+?�b +�`�+i2`őbiB+�b /2 `22b+�H�KB2MiQ MQb T2`KBiB2`QM

}D�` H� �KTHBim/ +2Mi`�H /2H 2bi�/Q- 2b /2+B`- ψn!0(r = 0) = 1 v 2H ?2+?Q /2 [m2 7Q`K�M mM�

7�KBHB� MQb T2`KBiBƦ miBHBx�` 2H T�`�K2i`Q ε +QKQ 7�+iQ` /2 `22b+�H�KB2MiQ 2M H� �KTHBim/

+2Mi`�HX � +QMiBMm�+BƦM b2 T`2b2Mi�`� 2tTHő+Bi�K2Mi2 2H bBbi2K� /2 2+m�+BQM2b `2bm2HiQ /2

+�/� mMQ /2 HQb +�bQb BM/2T2M/B2Mi2b v bm `�TB/2x +B`+mH�`X



kXRX !@2bi`2HH�b /2 #QbQM2b R3

kXRXRXR 1bi`2HH� /2 #QbQM2b U!= 0V

�H iQK�` 2H bBbi2K� /2 2+m�+BQM2b UkX3#V v UkX3�V- +QM != 0 v n = 1- b2 Q#iB2M2M H�b bQHm@

+BQM2b +QMQ+B/�b +QKQ mM� 2bi`2HH� /2 #QbQM2b bBKTH2- 2bi�b bQHm+BQM2b ?�M bB/Q 2bim/B�/�b

� T`Q7mM/B/�/ 2M (Rj- kj)X 1tTHB+Bi�K2Mi2- 2H bBbi2K� /2 2+m�+BQM2b 2b

d2ψ100

dr2 = 2(V00 − γ100)ψ100 −
2
r

dψ100

dr
UkXRN�V

v
d2V00

dr2 =−2
r

dV00

dr
+ψ2

100. UkXRN#V

.QM/2 H�b +QM/B+BQM2b BMB+B�H2b [m2 b2`�M 2M+QMi`�/�b miBHBx�M/Q 2H KûiQ/Q /2 b?QQiBM;

bQM, γ100(r = 0) v V00(r = 0)X G� 7mM+BƦM /2 K�b� 2bi� /�/� TQ`

M(r) = 1.33×10−10 ε
ma

∫ R

0
r2ψ2

100drJ!, UkXkyV

v TQ` HQ i�MiQ- H� `�TB/2x +B`+mH�` T�`� 2H 2bi�/Q #�b2 2b

V 2
c,!=0(r) = 8.95×1010 ε2

R

∫ R

0
r2ψ2

100dr
(

km
s

)2
. UkXkRV

�bő- HQb T�`�K2i`Qb HB#`2b � b2` 2biBK�/Qb bQM ε v maX �/2K�b- TQ/2KQb MQi�` [m2 H�

`�TB/2x +B`+mH�` ȹMB+�K2Mi2 /2T2M/2 /2 ε +QKQ T�`�K2i`Q HB#`2X

kXRXRXk 1bi`2HH� /2 #QbQM2b +QM 2bi�/Q 2t+Bi�/QU!= 1V

*QMbB/2`�KQb 2H +�bQ 2M 2H [m2 2H ?�HQ /2 K�i2`B� Qb+m`� ȹMB+�K2Mi2 2bi� 7Q`K�/Q TQ`

mM 2bi�/Q 2t+Bi�/Q- 2H +m�H 2bi� `2H�+BQM�/Q +QM H� bBK2i`ő� +m�/`mTQH�`X _2bQHpBKQb 2H

bBbi2K� /2 2+m�+BQM2b /2 aS +QM 2H iû`KBMQ ! = 1 v n = 2 /BbiBMiQ /2 +2`Q- /�/Q TQ` H�b

bB;mB2Mi2b 2+m�+BQM2b

d2ψ210

dr2 = 2(V00 − γ210)ψ210 −
4
r

dψ210

dr
UkXkk�V



kXRX !@2bi`2HH�b /2 #QbQM2b RN

v
d2V00

dr2 =−2
r

dV00

dr
+3r2ψ2

210. UkXkk#V

G�b +QM/B+BQM2b BMB+B�H2b bQM H�b KBbK�b [m2 T�`� 2H 2bi�/Q #�b2 kXRXRXR- /QM/2 γ210(r = 0)

v V00(r = 0) b2`�M /2i2`KBM�/Qb �H `2bQHp2` 2H T`Q#H2K� /2 2B;2Mp�HQ`2bX SQ` Qi`Q H�/Q- H�

7mM+BƦM /2 K�b� 2bi� /�/� TQ`

M(r) = 1.33×10−10 ε
ma

∫ R

0
3r4ψ2

210drJ!, UkXkjV

v H� `�TB/2x +B`+mH�`

V 2
c,!=1(r) = 8.95×1010 ε2

R

∫ R

0
r4ψ2

210dr
(

km
s

)2
. UkXk9V

SQ/2KQb MQi�` [m2 �H B;m�H [m2 2M 2H 2bi�/Q #�b2- HQb T�`�K2i`Qb HB#`2b bQM ε v maX

kXRXRXj amT2`TQbB+BƦM

1H +�bQ /2 bmT2`TQbB+BƦM 2b mM� T`BK2`� �T`QtBK�+BƦM �H +�bQ /2 bQHm+BQM2b �+QTH�/�b-

/QM/2 b2 �Ƣ�/B2`QM H�b bQHm+BQM2b bBbi2K�iB+�K2Mi2- 2b /2+B`- b2 +QK2MxƦ +QM H�b bQHm+BQM2b

BM/2T2M/B2Mi2b T�`� != 0 v != 1- K2M+BQM�/�b 2M H�b b2++BQM2b �Mi2`BQ`2b v TQbi2`BQ`K2Mi2

b2 �Ƣ�/B2`QM H�b bQHm+BQM2b +Q``2bTQM/B2Mi2b � != 2- H�b +m�H2b +Q``2bTQM/2M �H bB;mB2Mi2

bBbi2K� /2 2+m�+BQM2b

d2ψ320

dr2 = 2(V00 − γ320)ψ320 −
6
r

dψ320

dr
, UkXk8�V

v
d2V00

dr2 =−2
r

dV00

dr
+5r4ψ2

320, UkXk8#V



kXRX !@2bi`2HH�b /2 #QbQM2b ky

/QM/2 γ320(r = 0) v V00(r = 0)- i�K#BûM bQM /2i2`KBM�/Qb �H miBHBx�` 2H KûiQ/Q /2 b?QQiBM;X

lM� p2x `2bm2HiQb HQb bBbi2K�b /2 2+m�+BQM2b /2 7Q`K� BM/2T2M/B2Mi2- b2 ?BxQ H� bmTQbB+BƦM

/2 [m2 H� 7mM+BƦM /2 K�b� 2b mM� bmT2`TQbB+BƦM /2 2bi�b bQHm+BQM2b- TQ` HQ [m2 H� 2tT`2bBƦM

T�`� M(r) iQi�H 2b

MhPh(r) = M!=0(r)+M!=1(r)+M!=2(r). UkXkeV

1bi� 2tT`2bBƦM MQb T2`KBi2 2b+`B#B` � H� `�TB/2x +B`+mH�` iQi�H /2 H� bB;mB2Mi2 7Q`K�

Vc,hPh =
√

V 2
c,!=0 +V 2

c,!=1 +V 2
c,!=2, UkXkdV

/QM/2 Vc,!=0 2b H� 2+m�+BƦM UkXkRV- Vc,!=1 H� 2+m�+BƦM v Vc,!=2 2b

V 2
c,!=2(r) = 8.95×1010 ε2

2
R

∫ R

0
r6ψ2

320dr
(

km
s

)2
. UkXk3V

1b BKTQ`i�Mi2 MQi�` [m2 2M H� 2tT`2bBƦM �Mi2`BQ` b2 +�K#BƦ ε TQ` ε2- +QKT�`�M/Q +QM

H� 2+m�+BƦM ;2M2`�H UkXR3VX 1biQ b2 /2#2 � [m2 T�`� 2H +�bQ /2 bmT2`TQbB+BƦM b2 iQK�`QM

+QKQ T�`�K2i`Qb HB#`2b ma v ε! T�`� +�/� 2bi�/Q /2#B/Q � bm `2H�+BƦM +QM H� �KTHBim/

+2Mi`�H /2 ûbi2X SQ` HQ [m2 HQb T�`�K2i`Qb HB#`2b bQM ma- ε0-ε1 v ε2X

kXRXk aQHm+BQM2b �+QTH�/�b

S�`� `2bQHp2` 2H bBbi2K� /2 2+m�+BQM2b �+QTH�/Q 7Q`K�/Q TQ` H�b 2+m�+BQM2b UkX3#V v UkX3�V-

b2 /2+B/BƦ Q#i2M2` H�b bQHm+BQM2b 2bi�#H2b- 2b /2+B`- �[m2HH�b [m2 MQ iB2M2M MQ/Qb v [m2

bB;m2M H� `2;H� /2 b2H2++BƦM n− 1− ! = 0 (k3)X �/2K�b- b2 iQK�`QM H�b bQHm+BQM2b ?�bi�

! = 2 TQ`[m2 HQb `2bmHi�/Qb /2H +�bQ /2 bmT2`TQbB+BƦM MQb BM/B+�#�M [m2 ! = 2 iB2M2 mM

#m2M �H+�M+2 T�`� ;`�M/2b 2ti2MbBQM2b `�/B�H2b- 2M 2H +�TőimHQ 8 b2 /Bb+mi2 � /2i�HH2 HQb

`2bmHi�/Qb Q#i2MB/QbX SQ` Qi`Q H�/Q- 2M 2H �TûM/B+2 2M+QMi`�`�M `2bmHi�/Qb T`2HBKBM�`2b �H

iQK�` ?�bi� != 3X

1H bBbi2K� /2 2+m�+BQM2b /2 aS �+QTH�/Q `2bm2HiQ 2b

d2ψ100

dr2 = 2(V00 − γ100)ψ100 −
2
r

dψ100

dr
, UkXkN�V



kXRX !@2bi`2HH�b /2 #QbQM2b kR
d2ψ210

dr2 = 2(V00 − γ210)ψ210 −
4
r

dψ210

dr
, UkXkN#V

d2ψ320

dr2 = 2(V00 − γ320)ψ320 −
6
r

dψ320

dr
, UkXkN+V

d2V00

dr2 =−2
r

dV00

dr
+ψ2

100 +3r2ψ2
210 +5r4ψ2

320. UkXkN/V

S�`� 2M+QMi`�` H�b bQHm+BQM2b `2bQHpBKQb 2H T`Q#H2K� /2 2B;2Mp�HQ`2b /2 H�b 7`2+m2M+B�b γ100-

γ210 v γ320 miBHBx�M/Q 2H KûiQ/Q /2 b?QQiBM;X S�`i2 /2 H�b +QM/B+BQM2b BMB+B�H2b BKTHB+�M

ψ100(r = 0) = C1- ψ210(r = 0) = C2 v ψ320(r = 0) = C3X SQ` HQ i�MiQ- ψ100UyV- ψ210UyV

v ψ320UyV b2 +QMpB2`i2M 2M T�`�K2i`Qb HB#`2b- 2M +QMDmMiQ +QM ε v ma T�`� 2bi2 +�bQX 1b

BKTQ`i�Mi2 K2M+BQM�` [m2 �Ƣ�/B` H�b �KTHBim/2b +2Mi`�H2b +QKQ T�`�K2i`Qb HB#`2b BKTHB+�

`2bQHp2` 2H T`Q#H2K� /2 2B;2Mp�HQ`2b � +�/� T�bQ /2H b�KTH2Q- ?�+B2M/Q �H �H;Q`BiKQ K�b

+QbiQbQ +QKTmi�+BQM�HK2Mi2X G� 2tT`2bBƦM T�`� 2H MȹK2`Q /2 T�`iő+mH�b 2M +�/� 2bi�/Q

i�K#BûM 2b T�`i2 /2H bBbi2K� /2 2+m�+BQM2b- HQ +m�H bB;MB}+� [m2 i�K#BûM H�b bQHm+BQM2b

T�`� N!=0- N!=1 v N!=2 2bi�M bB2M/Q 2M+QMi`�/�bX

kXRXj *�`�+i2`őbiB+�b /2 H�b bQHm+BQM2b

�H `2bQHp2` MmKû`B+�K2Mi2 2H bBbi2K� /2 2+m�+BQM2b /2 aS b2 Q#b2`p�`QM +�`�+i2`őbiB+�b

BMi2`2b�Mi2bX 1M 2H +�bQ /2 H�b bQHm+BQM2b BM/2T2M/B2Mi2b Uψ100- ψ210 v ψ320V b2 Tm/Q

Q#b2`p�` [m2 7Q`K�M mM� 7�KBHB�- 2b /2+B`- [m2 �H iQK�` H� bQHm+BƦM T�`� +B2`i� �KTHBim/

+2Mi`�H ψn!0(0) TQ/2KQb miBHBx�` H� 2tT`2bBƦM

λ =

(
1

ψn!0(0)

)(1/(!+2))
, UkXjyV

T�`� Q#i2M2` H� bQHm+BƦM +Q``2bTQM/B2Mi2 � mM� �KTHBim/ +2Mi`�H ψn!0(0) /B72`2Mi2 bBM

M2+2bB/�/ /2 pQHp2` � `2bQHp2` 2H bBbi2K� /2 2+m�+BQM2b- p2` 6B;m`� kXRX 1biQ b2 /2#2 � H�b

T`QTB2/�/2b /2 `22b+�H�KB2MiQ /2H bBbi2K� /2 2+m�+BQM2b- H�b +m�H2b Tm2/2M b2` 2M+QMi`�/�b

�H miBHBx�` H� i`�Mb7Q`K�+BƦM (r,ψn!0,V00)→ (rλ ,ψn!0/λ !+2,V00/λ 2)X SQ` HQ i�MiQ- T�`� H�b

bQHm+BQM2b BM/2T2M/B2Mi2b 2H T�`�K2i`Q λ 2b �M�HQ;Q �H T�`�K2i`Q ε - 2bi� 2[mBp�H2M+B�



kXRX !@2bi`2HH�b /2 #QbQM2b kk

b2 /2D� /2 +mKTHB` 2M 2H +�bQ /2 H�b bQHm+BQM2b /2 KmHiB2bi�/Qb- 2biQ b2 Tm2/2 p2` 2M H�

2+m�+BƦM UkXRdV- /QM/2 2H T�`�K2i`Q ε 2bi� KmHiBTHB+�M/Q H� bmK� bQ#`2 n v !- TQ` HQ i�MiQ

bB 2H T�`�K2i`Q ε +�K#B�- +�K#B�`ő� iQ/Qb HQb 2bi�/Qb 2M H� bmK� TQ` B;m�HX

6B;m`� kXR, aQHm+BQM2b MmKû`B+�b T�`� 2H bBbi2K� /2 2+m�+BQM2b /2H 2bi�/Q #�b2- /2b+`BiQ 2M
H� b2++BƦM kXRXRXRX *�/� bQHm+BƦM 7m2 Q#i2MB/� miBHBx�M/Q H� 2tT`2bBƦM UkXjyV +QM ψ100 = 1
+QKQ T`BM+BT�HX

1M H� 6B;m`� kXk v 6B;m`� kXj- b2 Km2bi`�M HQb T2`}H2b /2 /2MbB/�/ MmKû`B+Qb T�`� HQb bBb@

i2K�b /2 2+m�+BQM2b /2b+`BiQb 2M H�b b2++BQM2b kXRXR v kXRXk- `2bT2+iBp�K2Mi2X �H +QKT�`�`

2bi�b ;`�}+�b b2 Tm2/2 Q#b2`p�` [m2 2M H� 6B;m`� kXk +�/� /2MbB/�/ MmKû`B+� iB2M2 mM�

K�vQ` �KTHBim/ v 2ti2MbBƦM `�/B�H [m2 H�b /2MbB/�/2b MmKû`B+�b /2 H� 6B;m`� kXj- /B+?�b

/Bb+`2T�M+B�b Tm2/2M b2` �i`B#mB/�b � H� BMi2`�++BƦM ;`�pBi�+BQM�H 2Mi`2 HQb 2bi�/Qb v �H

bBbi2K� /2 2+m�+BQM2b �+QTH�/Q [m2 H�b 2+m�+BQM2b UkXkN� @ kXkN/V `2T`2b2Mi�MX �/2K�b-

2b MQiQ`B� H� /B72`2M+B� 2Mi`2 mM� +QMi`B#m+BƦM BM/2T2M/B2Mi2- BX2X `2bQHp2` BM/2T2M/B2Mi2@

K2Mi2 +�/� 2bi�/Q v iQK�` H� bmT2`TQbB+BƦM /2 2HHQbc v H� +QMi`B#m+BƦM �+QTH�/� /2 +�/�

2bi�/Q � H� +m`p� /2 `Qi�+BƦM iQi�HX .2#B/Q � [m2 2bi�b bQHm+BQM2b 2bi�M `2H�+BQM�/�b +QM

HQb �`KƦMB+Qb 2b7û`B+Qb- b2 Tm2/2 p2` [m2 T�`� H�b bQHm+BQM2b /2 KmHiB2bi�/Qb- +�/� mMQ /2

2HHQb iB2M2 mM� +QMi`B#m+BƦM KmHiBTQH�`X S�`� K�b /2i�HH2b �+2`+� /2 H�b +�`�+i2`őbiB+�b /2

H�b !@2bi`2HH�b v 2M Qi`Q +QMi2tiQ b2 `2+QKB2M/� +QMbmHi�` (j- 8- 9)X



kXRX !@2bi`2HH�b /2 #QbQM2b kj

6B;m`� kXk, S2`}H2b /2 /2MbB/�/ MmKû`B+Qb T�`� +�/� 2bi�/Q- `2bQHpB2M/Q 2H bBbi2K� /2
2+m�+BQM2b /2b+`BiQ 2M H� b2++BƦM kXRXRXR T�`� 2H 2bi�/Q #�b2 Uψ100V- /2b+`BiQ 2M H� b2++BƦM
kXRXRXk T�`� 2H 2bi�/Q 2t+Bi�/Q Uψ210V v 2H bBbi2K� /2 2+m�+BQM2b UkXk8�V@UkXk8#V T�`� 2H
2bi�/Q ψ320X G� HőM2� �xmH +Q``2bTQM/2 �H 2bi�/Q ψ100- H� HőM2� p2`/2 �H 2bi�/Q ψ210 v H�
HőM2� M�`�MD� +Q``2bTQM/2 �H 2bi�/Q ψ320X

6B;m`� kXj, S2`}H2b /2 /2MbB/�/ MmKû`B+Qb T�`� +�/� 2bi�/Q- `2bQHpB2M/Q 2H bBbi2K� /2
2+m�+BQM2b UkXkN� @ kXkN/VX G� HőM2� �xmH +Q``2bTQM/2 �H 2bi�/Q ψ100- H� HőM2� p2`/2 �H
2bi�/Q ψ210 v H� HőM2� M�`�MD� +Q``2bTQM/2 �H 2bi�/Q ψ320X



*�TőimHQ j

.�iQb miBHBx�/Qb

a2 ?� K2M+BQM�/Q 2M 2H +�TőimHQ R H� BKTQ`i�M+B� /2 H�b Q#b2`p�+BQM2b /2 H�b +m`p�b /2

`Qi�+BƦM T�`� H� BM72`2M+B� /2 H� 2tBbi2M+B� /2 K�i2`B� Qb+m`� � 2b+�H� ;�H�+iB+� v +QKQ H�b

Q#b2`p�+BQM2b /2 JjR `2�HBx�/�b TQ` o2`� _m#BM v E2Mi 6Q`/ 2M RNdy 7m2`QM BKTQ`i�Mi2b

T�`� [m2 H� +QKmMB/�/ +B2Miő}+� +QK2Mx�`� � �i�+�` 2H T`Q#H2K� /2 H� K�i2`B� Qb+m`�

/2b/2 /BbiBMiQb �M;mHQbX

�+im�HK2Mi2- b2 b�#2 [m2 H�b ;�H�tB�b /2 #�DQ #`BHHQ bmT2`}+B�H UGa":- TQ` bmb bB;H�b 2M

BM;HûbV bQM ;�H�tB�b T`QTB+B�b T�`� T`Q#�` KQ/2HQb /2 K�i2`B� Qb+m`� (9d- R9)- /2#B/Q � bm

#�D� pBbB#BHB/�/ 2M 2H 2bT2+i`Q ƦTiB+Q v bm 7QiQK2i`ő� 2M >A- HQ +m�H Tm2/2 BM/B+�` [m2 H�

/BM�KB+� /2 bm +m`p� /2 `Qi�+BƦM T`BM+BT�HK2Mi2 /2T2M/2 /2 H� +QMi`B#m+BƦM /2 H� K�i2`B�

Qb+m`�X

SQ` HQ �Mi2`BQ`- /2+B/BKQb miHBx�` mM +QMDmMiQ /2 Rd Ga":- #�b�M/QMQb 2M H� #m2M� +�HB/�/

/2 HQb /�iQb [m2 7m2 +H�bB}+�/� TQ` (9y) v 2M bm KQ/2HQ /2 K�b� (Rd- k9- RR)X

1M H� i�#H� jXR b2 Km2bi`� H� KQ`7QHQ;ő� /2 +�/� ;�H�tB� /2H +QMDmMiQ b2H2++BQM�/Q- T�`�

K�vQ`2b /2i�HH2b bQ#`2 H�b +�`�+i2`őbiB+�b /2 HQb /�iQb +QMbmHi�` (9y)X G� KQ`7QHQ;ő� /2

+�/� ;�H�tB� MQb Tm2/2 /�` BM7Q`K�+BƦM /2 bm ?BbiQ`B� /2 7Q`K�+BƦM- bBM 2K#�`;Q- �H

MQ 2M+QMi`�` MBM;mM� `2H�+BƦM 2Mi`2 bm KQ`7QHQ;ő� v HQb T�`�K2i`Qb HB#`2b /2H KQ/2HQ-

k9



jX .�iQb miBHBx�/Qb k8

b2 /2+B/BƦ KQbi`�b HQb `2bmi�/Qb #�b�M/QMQb 2M H� 2ti2MbBƦM `�/B�H /2 H�b ;�H�tB�b v bm

+QKTQ`i�KB2MiQ HBM2�HX 1b /2+B`- b2 /BpB/B2`QM 2M �[m2HH�b +QM r < 10 FT+ v r > 10 FT+-

�Ƣ�/B2M/Q mM� +�i2;Q`ő� 2ti`� T�`� j ;�H�tB�b +QM r < 10 FT+- v� [m2 HQb /�iQb T�`2+2M

BM/B+�` [m2 bQM mM� HőM2� `2+i�X

:�H�tB� JQ`7QHQ;ő�
1aPjykyRky 1bTB`�H- BM/B+BQ /2 #�``�\
1aPjy8yyNy 1bTB`�H #�``�/�
1aP933y9Ny "�``� /2 J�;�HH�M2b BM+HBM�/�
l:*RR88d 1bTB`�H /B7mb�- Mȹ+H2Q T2[m2ƢQ
l:*RReRe .B7mb�- B``2;mH�`
l:*9RR8 Lm/Qb� v /B7mb�

1aPyR9yy9y "mH#Q- #`�xQb 2bTB`�H2b DmbiQb
1aPy39y9RR 1/;2@QM
1aPRkyykRR #�``� /2 J�;�HH�M2b /B7mb�
1aPR3dy8Ry 1bTB`�H B``2;mH�`- ~Q+mH�Mi2
1aPkyeyR9y 1bTB`�H
1aP9k8yR3y 1bTB`�H #�``�/� �#B2`i�

6djy@oR 1bTB`�H
l:*RR989 1bTB`�H /B7mb�- Mȹ+H2Q T2[m2ƢQ
l:*RR83j "�``� /2 J�;�HH�M2b i2Mm2
l:*RRe93 A``2;mH�`
l:*RRd93 A``2;mH�`- Mȹ+H2Qf#�``� #`BHH�Mi2\

h�#H� jXR, JQ`7QHQ;ő� /2 +�/� ;�H�tB� 2M 2H +QMDmMiQ /2 /�iQb b2H2++BQM�/Q- T�`� K�b
/2i�HH2b +QMbmHi�` (9y)X



*�TőimHQ 9

�M�HBbBb

1M 2bi2 +�TőimHQ 2tTHB+�`2KQb HQb KûiQ/Qb 2bi�/őbiB+Qb miBHBx�/Qb T�`� 2H �M�HBbBb /2 HQb

/�iQb /2 H�b Ga": 2tTHB+�/�b 2M 2H +�TőimHQ j v 2H T`Q+2/BKB2MiQ [m2 b2 bB;mBƦ 2M ûHX

*QKQ T`BK2` T�bQ 2M Mm2bi`Q �M�HBbBb +�H+mH�KQb H� χ2 KőMBK�- H� +m�H 2bi� /2b+`Bi� 2M

H� b2++BƦM 9XRX *QK2Mx�M/Q TQ` 2H 2bi�/Q #�b2 v H� bmT2`TQbB+BƦM- �Ƣ�/B2M/Q bBbi2K�iB@

+�K2Mi2 2bi�/Qb- 2b /2+B`- ψ100 +ψ210 v ψ100 +ψ210 +ψ320- ûbiQb ȹHiBKQb `2bmHi�/Qb MQb

/B2`QM BM7Q`K�+BƦM /2 +QKQ +QMi`B#mv2 +�/� mMQ /2 HQb 2bi�/Qb � H� +m`p� /2 `Qi�+BƦM

iQi�HX *QM+Hmv2M/Q [m2 T�`� H� K�vQ`ő� /2 H�b ;�H�tB�b 2M H� Km2bi`� /2#2`ő�M BM+HmB` �H

K2MQb i`2b 2bi�/Qb UmM 2bi�/Q #�b2 v /Qb 2bi�/Qb 2t+Bi�/QbVX

.2#B/Q � HQb `2bmHi�/Qb K2M+BQM�/Qb �Mi2`BQ`K2Mi2- b2 /2+B/BƦ +2Mi`�` 2H i`�#�DQ 2M 2H

KQ/2HQ /2b+`BiQ 2M H� b2++BƦM kXRXk- v� [m2 bB`pB2`QM +QKQ mM� T`BK2`� �T`QtBK�+BƦM �H

bBbi2K� �+QTH�/Q- v miBHBx�` +QKQ H� BM7Q`K�+BƦM � T`BQ`B 2M 2H �H;Q`BiKQ /2 Km2bi`2Q

�MB/�/Q- HQb `2bmHi�/Qb /2 H� χ2 /2 H� bmT2`TQbB+BƦM /2 2bi�/QbX *QKQ 2b mM bBbi2K� /2

2+m�+BQM2b �+QTH�/Q- MQ b2 Tm2/2 miBHBx�` 2H T�`�K2i`Q ε T�`� +�/� 2bi�/Q +QKQ b2 ?BxQ 2M

2H +�bQ /2 bmT2`TQbB+BƦMX 1M H� 2+m�+BƦM UkXR3V b2 Tm2/2 Q#b2`p�` [m2 ε b2 +QMpB2`i2 2M mM

T�`�K2i`Q ;HQ#�H T�`� 2bi2 +�bQX SQ` HQ i�MiQ- b2 2HB;BƦ H� �KTHBim/ +2Mi`�H /2 +�/� 2bi�/Q

Uψn!UyVV +QKQ T�`�K2i`Q HB#`2- H� +m�H 2b T�`i2 /2 H�b +QM/B+BQM2b BMB+B�H2b M2+2b�`B�b T�@

`� `2bQHp2` 2H bBbi2K� /2 2+m�+BQM2b MmKû`B+�K2Mi2X 1bi2 +�K#BQ ?BxQ [m2 H� 2biBK�+BƦM

/2 T�`�K2i`Qb 7m2`� K�b +QbiQb� +QKTmi�+BQM�HK2Mi2 /2#B/Q � [m2 H� BMi2;`�+BƦM +QM 2H

KûiQ/Q /2 b?QQiBM; b2 i2Mő� [m2 ?�+2` � +�/� T�bQ /2H �H;Q`BiKQ /2 Km2bi`2Q �MB/�/QX

GQb T�`�K2i`Qb HB#`2b T�`� 2H +�bQ /2 KmHiB2bi�/Qb bQM, ma- ε - ψ100(0)- ψ210(0) �M/ ψ320(0)X

1H2;BKQb HQb bB;mB2Mi2b T`BQ`b TH�MQb −26 ≤ log(ma[2o/c2]) ≤ −20- −6 ≤ log(ε) ≤ −2-

ke



9X �M�HBbBb kd

−5 ≤ log(ψ100(0)) ≤ 0- −6 ≤ log(ψ210(0)) ≤ 0 v −6 ≤ log(ψ320(0)) ≤ 0X S�`� HQb +�bQb

BM/2T2M/B2Mi2b- 2bi�/Q #�b2 Uψ100V v T`BK2` 2bi�/Q 2t+Bi�/Q Uψ210V 2H2;BKQb HQb KBbKQb

T`BQ`b T�`� HQb T�`�K2i`Qb HB#`2b ma v ε - `2bT2+iBp�K2Mi2X S�`� 2H MȹK2`Q /2 ǳHBp2 TQBMibǴ

M2+2b�`BQb T�`� 2H �H;Q`BiKQ /2 Km2bi`2Q �MB/�/Q b2 bB;mBƦ H� `2;H� 50×k- /QM/2 k +Q``2b@

TQM/2 � H� /BK2M+BQM�HB/�/ /2H p2+iQ` /2 T�`�K2i`Qb HB#`2b- +QKQ mM MȹK2`Q KőMBKQX a2

KQ/B}+Ʀ aBKTH2J*- mM +Ʀ/B;Q [m2 miBHBx� /vM2biv (j9)- 2bi2 KûiQ/Q /2 b�KTH2Q MQb T2`@

KBiBƦ Q#i2M2` H� 2pB/2M+B� #�v2bB�M�- H� +m�H miBHBx�KQb T�`� Q#i2M2` 2H 7�+iQ` /2 "�v2bX

1bi2 �H;Q`BiKQ 2b /2b+`BiQ 2M H� b2++BƦM 9XkXRX

�/B+BQM�HK2Mi2- b2 miBHBxƦ H� HB#`2`ő� 7;Bp2Mt (kN) T�`� H� pBbm�HBx�+BƦM /2H �M�HBbBb Q#i2MB/Q

+QM 2H Km2bi`2Q �MB/�/QX GQb +QMiQ`MQb � kσ Q#i2MB/Qb �H miBHBx�` 2bi� HB#`2`ő� Tm2/2M b2`

Q#b2`p�/Qb 2M H�b };m`�bX

S�`� +QMQ+2` +m�H /2 HQb i`2b +�bQb +QMbB/2`�/Qb 2M 2bi2 i`�#�DQ 2b 7�pQ`2+B/Q TQ` HQb

/�iQb +QKQ +QKTQM2Mi2 /2 K�i2`B� Qb+m`�- +�H+mH�KQb HQb +`Bi2`BQb /2 BM7Q`K�+BƦM /2

�F�BF2 v #�v2bB�MQ- 2M +QMDmMiQ +QM 2H 7�+iQ` /2 "�v2bX S�`� 2bi2 ȹHiBKQ iQK�KQb �H

2bi�/Q #�b2 Uψ100- b2+iBQM kXRXRXRV +QKQ 2H KQ/2HQ #�b2- /2#B/Q � bm bBKTHB+B/�/ v � bm

+Q``2bTQM/2M+B� +QM 2H T2`}H bQHBiƦMB+Q Q#i2MB/Q /2 H�b bBKmH�+BQM2b /2 +�KTQ 2b+�H�` (8R)-

[m2 mbm�HK2Mi2 2b miBHBx�/Q 2M H� HBi2`�im`� +QM mM T2`}H L6q 2M H� T�`i2 2ti2`BQ` (kk-

93)X �/B+BQM�HK2Mi2- iQK�KQb H�b +Qi�b T�`� H� K�b� /2H +�KTQ 2b+�H�` 2M+QMi`�/�b 2M

(RR) T�`� 2bi2 +�bQ- 0.212×10−23 < ma[2o/c2]< 27.0×10−23X

1M H�b bB;mB2Mi2b b2++BQM2b- �/B+BQM�H � H� 2tTHB+�+BƦM /2 H�b Kûi`B+�b miBHBx�/�b 2M 2H

�M�HBbBb- b2 /�`� mM� #`2p2 BMi`Q/m++BƦM � 2bi�/őbiB+� #�v2bB�M�- H� +m�H 2b +H�p2 2M 2H

Km2bi`2Q �MB/�/Q miBHBx�/Q 2M 2bi2 i`�#�DQX



9XRX χ2 k3

9XR χ2

*QKQ b2 K2M+BQMƦ �Mi2`BQ`K2Mi2- 2M H� T`BK2`� T�`i2 /2H �M�HBbBb b2 KBMBKBxƦ 2H 2``Q` �

i`�pûb /2 H� bB;mB2Mi2 2tT`2bBƦM

χ2 = ∑
i

(VQ#b −V (xi,θ))2

σ2
VQ#b

, U9XRV

/QM/2 VQ#b 2b H� `�TB/2x +B`+mH�` Q#b2`p�/�- σ2
VQ#b 2b H� p�`B�Mx� /2 VQ#b- θ bQM HQb T�`�@

K2i`Qb HB#`2b v V (xi,θ) 2b 2H KQ/2HQ 2p�Hm�/Q 2M HQb TmMiQb Q#b2`p�/QbX

9Xk 1bi�/őbiB+� "�v2bB�M�

� /B72`2M+B� /2 H� 2bi�/őbiB+� 7`2+m2Mi�bi2- H� 2bi�/őbiB+� "�v2bB�M� /2}M2 H� T`Q#�#BHB/�/

+QKQ mM� K2/B/� /2 [m2 i�M TQbB#H2 2b [m2 mM 2p2MiQ Q H� TQbB+BƦM /2 mM� T�`iő+mH�

b2� +B2`i�- /�/Q Qi`Q 2p2MiQ [m2 b�#2KQb [m2 2b +B2`iQ- P(A|B)X � 2bi� +�MiB/�/ b2 H2

+QMQ+2 +QKQ H� T`Q#�#BHB/�/ +QM/B+BQM�H- /2#B/Q � [m2 /2T2M/2 /2 [m2 2H Q#b2`p�/Q`

i2M;� BM7Q`K�+BƦM /2H 2p2MiQ v Tm2/2 �+im�HBx�`b2 �H i2M2` K�b BM7Q`K�+BƦMX G� 2bi�/őbiB+�

"�v2bB�M� b2 #�b� 2M 2H i2Q`2K� /2 "�v2b- /2}MB/Q /2 H� bB;mB2Mi2 7Q`K�

P(Θ) =
L (Θ)π(Θ)

z
, U9XkV

/QM/2

P(Θ) 2b 2H TQbi2`BQ` v MQb /� H� T`Q#�#BHB/�/ /2 mM� ?BTƦi2bBb /�/� H� 2pB/2M+B�

Q#b2`p�/�X

L (Θ) 2b 2H HBF2HB?QQ/ Q p2`QbBKBHBim/- 2b H� T`Q#�#BHB/�/ /2 Q#b2`p�` HQb /�iQb #�DQ

H� bmTQbB+BƦM /2 mM KQ/2HQX a2 7Q`K� � T�`iB` /2 H� /Bbi`B#m+BƦM /2 T`Q#�#BHB/�/

+QMDmMi� /2 H� Km2bi`�X



9XkX 1bi�/őbiB+� "�v2bB�M� kN

π(Θ) 2b 2H T`BQ`- 2b /2+B`- 2H ;`�/Q /2 Mm2bi`� +`22M+B� � T`BQ`B /2 H� ?BTƦi2bBb #�b�/�

2M Mm2bi`Q +QMQ+BKB2MiQ T`2pBQX

z 2b H� 2pB/2M+B�- H� T`Q#�#BHB/�/ /2 HQb /�iQb 2M iQ/�b bmb TQbB#BHB/�/2b v 2bi� /�/�

TQ` H� bB;mB2Mi2 BMi2;`�H bQ#`2 iQ/Q 2H 2bT�+BQ /2 T�`�K2i`Qb

z =
∫

ΩΘ
L (Θ)π(Θ)dΘ. U9XjV

9XkXR Jm2bi`2Q �MB/�/Q

1H Km2bi`2Q �MB/�/Q UM2bi2/ b�KTH2` 2M BM;HûbV 2b mM �H;Q`BiKQ BMi`Q/m+B/Q TQ` (89) 2M 2H

kyy9- /B+?Q �H;Q`BiKQ 2b Kmv ȹiBH T�`� HB/B�` +QM 2bT�+BQb /2 T�`�K2i`Qb ;`�M/2b Q 2M +�bQb

2M 2H [m2 2H +�H+mHQ /2H HBF2HB?QQ/ 2b K�b +QbiQbQ +QKTmi�+BQM�HK2Mi2X � +QMiBMm�+BƦM b2

T`2b2Mi� mM� #`2#2 2tTHB+�+BƦM /2 +QKQ 7mM+BQM�

AMB+B�HBx�+BƦM, *QKB2Mx� +QM mM +QMDmMiQ /2 TmMiQb /2 H� /Bbi`B#m+BƦM /2 HQb T�`�@

K2i`Qb /2H KQ/2HQX 1biQb TmMiQb bQM +QMQ+B/Qb +QKQ HBp2 TQBMib v Tm2/2M b2` pBbiQb

+QKQ mM +QMDmMiQ /2 T�`iő+mH�b 2M 2H 2bT�+BQ /2 T�`�K2i`QbX

Ai2`�+BƦM, SQbi2`BQ`K2Mi2- � +�/� Bi2`�+BƦM 2H �H;Q`BiKQ B/2MiB}+� 2H TmMiQ +QM 2H

K2MQ` p�HQ` /2H HBF2HB?QQ/- HQ 2HBKBM� v HQ `22KTH�x� +QM mM TmMiQ Km2bi`2�/Q /2H

T`BQ`- +QM H� `2bi`B++BƦM /2 [m2 bm T`Q#�#BHB/�/ b2� K�vQ` [m2 H� /2H TmMiQ 2HBKBM�/QX

1bi2 T`Q+2bQ +QMiBMm� ?�bi� �H+�Mx�` +B2`iQ mK#`�H /2 T`Q#�#BHB/�/X

Jm2bi`2Q /2H S`BQ` /2Mi`Q /2 H�b +QMbi`B++BQM2b /2H HBF2HB?QQ/, �H 2tTHQ`�` ;`�/m�H@

K2Mi2 2H 2bT�+BQ /2 T�`�K2i`Qb 2HB;B2M/Q Km2bi`2Qb /2H T`BQ` /2Mi`Q /2 H� `2;BƦM

/QM/2 HBF2HB?QQ/- H� +m�H 2b /2}MB/� TQ` �[m2H TmMiQ +QM 2H K2MQ` HBF2HB?QQ/- b2 T2`@

KBi2 [m2 2H �H;Q`BiKQ b2 +2Mi`2 ȹMB+�K2Mi2 2M H�b `2;BQM2b +QM K�vQ` THBF2HB??Q/X

� +�/� Bi2`�+BƦM 2H �`2� /2H HBF2?QQ/ p� /BbKBMmv2M/Q v HQb HBp2 TQBMib +QMiBMm�M

2tTHQ`�M/Q 2H 2bT�+BQ /2 T�`�K2i`Qb 2M �[m2HH�b `2;BQM2b +QM K�vQ` HBF2HB?QQ/X 1bi2

T`Q+2bQ +QMiBMm� ?�bi� [m2 2H ?mK#`�H /2H HBF2?QQ/ 2b Kmv +2`+�MQ �H /2H K�tBKQ

HBF2HB?QQ/ /2H KQ/2HQX



9XkX 1bi�/őbiB+� "�v2bB�M� jy

1biBK�+BƦK /2 2pB/2M+B� v TQbi2`BQ`b, GQb HBp2 TQBMib MQb �vm/�M � 2biBK�` 2H p�HQ`

/2 H� 2pB/2M+B� v i�K#BĕM Tm2/2M b2` miBHBx�/Qb T�`� �T`QtBK�` H�b /Bbi`B#m+BQM2b

TQbi2`BQ` /2H KQ/2HQX

S�`� K�vQ` /2i�HH2 bQ#`2 +QKQ 7mM+BQM� 2H Km2bi`2Q �MB/�/Q- b2 `2+QKB2M/� +QMbmHi�`

(kR)X

9XkXk 6�+iQ` /2 "�v2b

1H 7�+iQ` /2 "�v2b- B12- 2b `�xƦM 2Mi`2 2H TQbi2`BQ` /2 mM KQ/2HQ UM1V +QKT�`�/Q +QM

Qi`Q KQ/2HQ UM2V- /�/Q +B2`iQ +QMDmMiQ /2 /�iQb UDV- T2`KBiBûM/QMQb +QKT�`�`HQb 2Mi`2

bőX 1M 2b+�H� HQ;�`őiKB+�

logB12 ≡ log
(

z1(D|M1)

z2(D|M2)

)
U9X9V

= log [z1(D|M1)]− log [z2(D|M2)], U9X8V

/QM/2 z(D|M) 2b H� 2pB/2M+B� #�v2bB�M�- H� +m�H 2bi� /2}MB/� +QKQ

z(D|M) =
∫

P(θ |M)L (D|θ ,M)dθ . U9XeV

a2 `2+QKB2M/� H� `2pBbBƦM (9e- 8d) �+2`+� /2 2bi�/őbiB+� #�v2bB�M� v b2H2++BƦM /2 KQ/2HQbX

aB log(B12) 2b K�vQ` [m2 H� mMB/�/- HQb /�iQb 7�pQ`2+2M HB;2`�K2Mi2 2H KQ/2HQ M1- /2 HQ

+QMi`�`BQ Ulog(B12) 2b K�b T2[m2ƢQ [m2 H� mMB/�/V- HQb /�iQb 7�pQ`2+2M �H KQ/2HQ M2X G�

i�#H� 9XR +QMiB2M2 H� BM7Q`K�+BƦM [m2 MQb /� H� 2pB/2M+B� b2;ȹM H� 2b+�H� /2 C2z`2v (jR)-

H� +m�H +m�MiB}+� [mû i�M #B2MQ 2b mM KQ/2HQ `2bT2+iQ /2 Qi`QX



9XjX *`Bi2`BQb /2 BM7Q`K�+BƦM jR
logB12 AM7Q`K�+BƦM
<RXy AM+QM+HmbQ U�TQv� �H M2V
RXy .û#BH
kX8 JQ/2`�/Q
8Xy 6m2`i2
>8 Jmv 7m2`i2

h�#H� 9XR, 1b+�H� /2 C2z`2v T�`� +m�MiB}+�` [m2 i�M #m2MQ 2b mM KQ/2HQ `2bT2+iQ � Qi`QX

9Xj *`Bi2`BQb /2 BM7Q`K�+BƦM

9XjXR *`Bi2`BQ /2 BM7Q`K�+BƦM /2 �F�BF2 U�A*V

1H *`Bi2`BQ /2 BM7Q`K�+BƦM /2 �F�BF2 U�A*- TQ` bmb bB;H�b 2M BM;HûbV 2bi� #�b�/Q 2M H�

i2Q`ő� /2 H� BM7Q`K�+BƦM v MQb /� mM� 7Q`K� /2 +QKT�`�` KQ/2HQb /�/Q mM +QMDmMiQ /2

/�iQb (k)

�A* =−2lnL +2k+
2k(k+1)
n− k−1

, U9XdV

/QM/2 k 2b 2H MȹK2`Q /2 T�`�K2i`Qb HB#`2b 2M Mm2bi`Q KQ/2HQ- n 2b 2H MȹK2`Q /2 /�iQb

/2 +�/� ;�H�tB� v L 2b 2H p�HQ` K�tBKQ /2H HBF2HB?QQ/- 2H +m�H 2b +�H+mH�/Q T`2pB�K2Mi2

T�`� +�/� KQ/2HQX 1H T`BK2` iû`KBMQ �T`2KB� 2H �Dmbi2- KB2Mi`�b [m2 2H b2;mM/Q T2M�HBx�

�H KQ/2HQ �H BM+HmB` 2H MȹK2`Q /2 T�`�K2i`Qb HB#`2b- HQ +m�H ?�+2 [m2 BM+`2K2Mi2 2H p�HQ`

/2 H� 7mM+BƦM- �bő- 2H �A* /2b�HB2Mi� 2H bQ#`2�Dmbi2X �/2K�b- �H �Ƣ�/B` 2H ȹHiBKQ iû`KBMQ

T2M�HBx� 2H i`�#�D�` +QM mM� Km2bi`� T2[m2Ƣ� /2 /�iQb (88)- HQ +m�H 2b Mm2bi`Q +�bQ /2#B/Q

� [m2 H�b ;�H�tB�b /2 #�DQ #`BHHQ iB2M2M TQ+Qb TmMiQb Q#b2`p�#H2bX

9XjXk *`Bi2`BQ /2 AM7Q`K�+BƦM "�v2bB�MQ U"A*V

aBKBH�` �H �A*- 2H "A* 2b mM +`Bi2`BQ /2 b2H2++BƦM /2 KQ/2HQb v 2bi� /2}MB/Q /2 H� bB;mB2Mi2

7Q`K� (8k)

BIC =−2lnL + k lnn, U9X3V



9XjX *`Bi2`BQb /2 BM7Q`K�+BƦM jk

/QM/2 2H T`BK2` iû`KBMQ +QMiB2M2 BM7Q`K�+BƦM /2 [mû i�M #m2MQ 2b 2H �Dmbi2 /2H KQ/2HQ-

KB2Mi`�b [m2 2H b2;mM/Q iû`KBMQ HQ T2M�HBx� �H BM+HmB` HQb T�`�K2i`Qb HB#`2b UkV v 2H MȹK2`Q

/2 /�iQb miBHBx�/Qb 2M 2H �Dmbi2 UnVX



*�TőimHQ 8

_2bmHi�/Qb

8XR *�bQb BM/2T2M/B2Mi2b

G� h�#H� 8XR Km2bi`� H� 2biBK�+BƦM /2 T�`�K2i`Qb Q#i2MB/� +QM 2H Km2bi`2Q �MB/�/Q- 2H

p�HQ` /2 H� 2pB/2M+B� Ulog(E)V v −2lnL - T�`� HQb +�bQb kXRXRXR v kXRXRXkc 2H p�HQ` K2/BQ

2bi� `2TQ`i�/Q +QM mM� +QM}/2M+B� /2 1σ X GQb p�HQ`2b /2 −2lnL v log(E) 2M H� h�#H� 8XR-

Km2bi`�M [m2 T�`� 2H +QMDmMiQ /2 ;�H�tB�b HQb +�bQb 2M HQb [m2 bQH�K2Mi2 H� +QMi`B#m+BƦM

/2H 2bi�/Q #�b2 Uψ100V 2bi� T`2b2Mi2 b2 iB2M2 mM K2DQ` �Dmbi2 +QKT�`�/Q +QM HQb +�bQb 2M

HQb [m2 bQH�K2Mi2 b2 iB2M2 mM 2bi�/Q 2t+Bi�/Q Uψ210VX �/2K�b- b2 Tm2/2 MQi�` [m2 T�`�

iQ/�b H�b ;�H�tB�b 2H p�HQ` /2 H� K�b� /2H +�KTQ 2b+�H�` UmaV 2b K�vQ` T�`� HQb +�bQb +QM

2H 2bi�/Q 2t+Bi�/Q [m2 T�`� �[m2HH�b +QM bQH�K2Mi2 2H 2bi�/Q #�b2X

*QKQ b2 K2M+BQMƦ 2M 2H +�TőimHQ j- T`2b2Mi�KQb HQb `2bmHi�/Qb #�b�M/QMQb 2M H� 2ti2MbBƦM

`�/B�H /2 H�b ;�H�tB�b- H�b +m�H2b 2bi�M /BpB/B/�b 2M /Qb b2++BQM2b, r < 10FT+ v r > 10FT+c

�Ƣ�/B2M/Q mM� `2bi`B++BƦM 2ti`� T�`� HQb /�iQb +QM mM +QKTQ`i�KB2MiQ HBM2�H- 2b /2+B`-

�[m2HH�b ;�H�tB�b +QM +m`p� /2 `Qi�+BƦM bBKBH�` � mM� HőM2� `2+i�X G�b `2;BQM2b bQK#`2�/�b

+Q``2bTQM/2M � H�b +Qi�b T�`� H� K�b� /2H +�KTQ 2b+�H�` 2M+QMi`�/�b 2M (RR)- +QKQ b2

K2M+BQMƦ �Mi2`BQ`K2Mi2X 1bi� +H�bB}+�+BƦM b2 2M+m2Mi`� 2M H� 6B;m`� 8XR v 8Xk- T�`� HQb

+�bQb BM/2T2M/B2Mi2b- ψ100 vψ210- `2bT2+iBp�K2Mi2X a2 Tm2/2 MQi�` [m2 H� K�vQ`ő� /2

H�b ;�H�tB�b +QM r < 10 FT+ iB2M/2M � i2M2` mM� K�b� K�b ;`�M/2 KB2Mi`�b [m2 �[m2HH�b

;�H�tB�b +QM r > 10 FT+ iB2M/2M � i2M2` K�b�b K�b HB;2`�bX 1M H�b ;`�}+�b /2 +QMiQ`MQb

b2 Tm2/2 MQi�` mM +�bQ T�`iB+mH�`- H� ;�H�tB� l:*RReRe iB2M2 mM� 2ti2MbBƦM `�/B�H /2

jj



8XRX *�bQb BM/2T2M/B2Mi2b j9

r = 9.6FT+- /2#B/Q � H� +2`+�Mő� �H p�HQ` r = 10FT+- b2 Tm2/2 �bmKB` [m2 2bi� ;�H�tB� iB2M2

mM +QKTQ`i�KB2MiQ bBKBH�` � �[m2HH�b +QM r > 10 FT+Xff SQ` Qi`Q H�/Q- H�b ;�H�tB�b +QM

+QKTQ`i�KB2MiQ HBM2�H v r < 10FT+ 2bi�M �Hi�K2Mi2 +Q``2H�+BQM�/�b 2Mi`2 bmb T�`�K2i`Qb

HB#`2b 2M 2H 2bi�/Q #�b2 Uψ100V- 2bi� +Q``2H�+BƦM T�`2+2 `QKT2`b2 2M 2H +�bQ /2 mM bQHQ

2bi�/Q 2t+Bi�/Q Uψ210VX



8XRX*�bQbBM/2T2M/B2Mi2b
j8

ψ100 ψ210
:�H�tv log(ma) log(ε) log(E) −2logL log(ma) log(ε) log(E) −2lnL

1aPjykyRky @kjXky+0.08
−0.10 @jX9k+0.03

−0.04 @dXNj± yXje yXNe @kjXy8+0.07
−0.07 @jX9k+0.03

−0.04 @RRX3d ± yXje 3XeR
1aPjy8yyNy @kkX33+0.15

−0.25 @jXek+0.09
−0.05 @dXy8 ± yXjk yXN3 @kkXej +0.03

−0.04 @jXed+0.04
−0.04 @RjX99 ± yXjd RRXRR

1aP933y9Ny @kjXyN+0.08
−0.09 −3.40+0.03

−0.02 @3X3N ± yXje kX3 @kkXNk+0.05
−0.05 @jX9k+0.02

−0.02 @kyX3d ± yXjN k9Xd
l:*RR88d @kjX98+0.25

−1.49 @jXjN+0.71
−0.10 @eXeR ± yXjj yX8k @kjXyj+0.08

−0.22 @jX8j+0.05
−0.04 @RRXj8 ± yXje dXeR

l:*RReRe @kjXjR+0.03
−0.03 @jXk8+0.01

−0.01 @kRXyk ± yX9R kjX99 @kjXR3+0.02
−0.02 @jXke+0.01

−0.01 @ekXee ± yX9Rd Ry8XNd
l:*9RR8 @kkXjN+0.29

−1.60 @jXed+0.76
−0.12 @8Xd8 ± yXjR yXy9 @kRXN8+0.11

−0.13 @jX3k+0.06
−0.05 @NXNd ± yXje 9Xdd

1aPyR9yy9y @k9Xy8+0.04
−0.03 @kXNy+0.01

−0.01 @R8Xek ± yXjN RjXje @kjXN3+0.03
−0.03 @kXNy+0.01

−0.01 @j3Xyd ± yX9R 8dXkd
1aPy39y9RR @kjXkN+0.20

−2.20 @jX89+1.04
−0.08 @eX93y ± yXjky yX98 @kjXyy+0.06

−0.08 @jXe9+0.03
−0.03 @RjX9d ± yXje RkXkR

1aPRkyykRR @kkXRk+0.17
−0.21 @jXNN+0.06

−0.05 @dX8d ± yXj9 RX8e @kRXN3+0.10
−0.11 @9XyR+0.04

−0.04 @3X83 ± yXjj 9X8R
1aPR3dy8Ry @kkX9d+0.12

−0.16 @jXdd+0.06
−0.05 @dXde ± yXj8 yX3k @kkXjy+0.09

−0.09 @jX3R+0.04
−0.04 @RRXee ± yXje 3XRe

1aPkyeyR9y @kjXjy+0.04
−0.03 @jXk3+0.01

−0.01 @kRXjR ± yX9k kjXje @kjXky+0.03
−0.02 @jXk3+0.01

−0.01 @89X9N ± yX9k 3NXNe
1aP9k8yR3y @kjXdk+0.21

−0.41 @jXkj+0.15
−0.05 @eX33 ± yXjk RXk8 @kjX8j+0.12

−0.17 @jXk3+0.05
−0.03 @NX83 ± yXj8 jyXke

6djy@oR @kjX9k+0.05
−0.05 @jXkR+0.01

−0.01 @kRXdN ± yXk3 k8Xje @kjXke+0.03
−0.04 @jXkk+0.02

−0.02 @89XNd ± yX9 NRXd9
l:*RR989 @kjX8k+0.03

−0.03 @jXRN+0.01
−0.01 @j8X98 ± yXjR 9NXNd @kjXk3+0.02

−0.02 @jXkR+0.01
−0.01 @Rk3Xk3 ± yX9j kjeX8d

l:*RR83j @kkXRe+0.18
−0.31 @jX3k+0.11

−0.06 @eX8d ± yXjk yX8 @kRXN3+0.09
−0.10 @jX3e+0.04

−0.04 @3Xkj ± yXj8 kXRN
l:*RRe93 @kjX8j+0.02

−0.03 @jXk9+0.01
−0.01 @RRjXj8 ± yX9j kyeX9d @kjX9R+0.02

−0.02 @jXke+0.01
−0.01 @jR8X8e ± yX99 eyNXk

l:*RRd93 @kjXeN+0.01
−0.01 @kXNk+0.01

−0.01 @RkkX9k ± yX9e 9e8Xke @kjXej+0.01
−0.01 @kXNk+0.004

−0.004 @k99XkR ± yX9e kkkXye

h�#H� 8XR, *QMbi`B++BƦM /2 T�`�K2i`Qb- log(E) v −2lnL T�`� +�/� ;�H�tB�X GQb +�bQb ψ100 v ψ210 iB2M2M HQb KBbKQb T�`�K2i`Qb HB#`2b- log(ma)
(2of+2) v log(ε)X GQb 2``Q`2b 2bi�M `2TQ`i�/Qb +QM 1σ X



8XRX *�bQb BM/2T2M/B2Mi2b je

6B;m`� 8XR, .Bbi`B#m+BQM2b /2 TQbi2`BQ`b 2M k.- /2 HQb T�`�K2i`Qb HB#`2b T�`� 2H +�bQ /2H
2bi�/Q #�b2 Uψ100VX G� HőM2� TmMi2�/� p2`iB+�H `2T`2b2Mi� 2H p�HQ` /2 H� K�b� /2H +�KTQ
2b+�H�` ma = 1.11×10−23 2ofc2 M2+2b�`B� T�`� i2M2` 2H +Q`i2 2M 2H 2bT2+i`Q /2 TQi2M+B�b
(jN)X G� #�M/� ;`Bb `2T`2b2Mi� H�b +Qi�b � H� K�b� 2M+QMi`�/�b 2M (RR)X 1M H� ;`�}+� /2 H�
Bx[mB2`/� b2 2M+m2Mi`�M H�b ;�H�tB�b +QM r < 10FT+X G� ;`�}+� /2 2M K2/BQ �[m2HH�b ;�H�tB�b
+QM r > 10FT+ v H� ;`�}+� /2 H� /2`2+?� +QMiB2M2 � H�b ;�H�tB�b +QM +QKTQ`i�KB2MiQ HBM2�H-
2b�b i`2b ;�H�tB�b iB2M2M r < 10 FT+ v MQ 2bi�M BM+HmB/�b 2M H� ;`�}+� /2 H� Bx[mB2`/�X

8Xk bmT2`TQbB+BƦM

1M H� 6B;m`� 8Xj b2 2M+m2Mi`�M H�b +m`p�b /2 `Qi�+BƦM `2bmHi�Mi2b T�`� mM� bm#Km2bi`� /2

H� Km2bi`� /2 ;�H�tB�b �M�HBx�/�b

8XkXR != 0 Y != 1

8XkXk != 0 Y != 1 Y != 2

8Xj �+QTH�/Qb

G� h�#H� 8Xk +QMiB2M2 H� +QMbi`B++BƦM /2 T�`�K2i`Qb- log(E) v −2lnL T�`� 2H +�bQ /2

KmHiB@2bi�/Qb UkXRXkVX GQb p�HQ`2b K2/BQb 2bi�M `2TQ`i�/Qb +QM mM� +QM}/2M+B� /2 1σ X

G�b ;`�}+�b /2 +QMiQ`MQb /2 2biQb `2bmHi�/Qb b2 2M+m2Mi`�M 2M H� 6B;m`� 8X9- /QM/2 b2 ?�

b2;mB/Q H� +H�bB}+�+BƦM K2M+BQM�/� �Mi2`BQ`K2Mi2X G�b ;�H�tB�b bB;m2M H� KBbK� i2M/2M@

+B� [m2 2M HQb +�bQb BM/2T2M/B2Mi2b- �[m2HH�b +QM r < 10 FT+ iB2M/2M � i2M2` K�b�b K�b

;`�M/2b KB2Mi`�b [m2 H�b ;�H�tB�b +QM r > 10 FT+ iB2M/2M � T`272`B` K�b�b K�b HB;2`�bX



8XjX �+QTH�/Qb jd

6B;m`� 8Xk, .Bbi`B#m+BQM2b /2 TQbi2`BQ`b 2M k.- /2 HQb T�`�K2i`Qb HB#`2b T�`� 2H +�bQ /2
mM 2bi�/Q 2t+Bi�/Q Uψ210VX G� HőM2� TmMi2�/� p2`iB+�H `2T`2b2Mi� 2H p�HQ` /2 H� K�b� /2H
+�KTQ 2b+�H�` ma = 1.11× 10−23 2ofc2 M2+2b�`B� T�`� i2M2` 2H +Q`i2 2M 2H 2bT2+i`Q /2
TQi2M+B�b (jN)X G� #�M/� ;`Bb `2T`2b2Mi� H�b +Qi�b � H� K�b� 2M+QMi`�/�b 2M (RR)X 1M H�
;`�}+� /2 H� Bx[mB2`/� b2 2M+m2Mi`�M H�b ;�H�tB�b +QM r < 10 FT+X G� ;`�}+� /2 2M K2/BQ
�[m2HH�b ;�H�tB�b +QM r > 10 FT+ v H� ;`�}+� /2 H� /2`2+?� +QMiB2M2 � H�b ;�H�tB�b +QM
+QKTQ`i�KB2MiQ HBM2�H- 2b�b i`2b ;�H�tB�b iB2M2M r < 10 FT+ v MQ 2bi�M BM+HmB/�b 2M H�
;`�}+� /2 H� Bx[mB2`/�X

6B;m`� 8Xj, *m`p�b /2 `Qi�+BƦM T�`� H� bmT2`TQbB+BƦM /2 HQb 2bi�/Qb ψ100 v ψ210X G� HőM2�
M�`�MD� `2T`2b2Mi� H� +m`p� /2 `Qi�+BƦM `2bmHi�Mi2- H� HőM2� p2`/2 +Q``2bTQM/2 �H 2bi�/Q
#�b2 Uψ100V v H� HőM2� `QD� �H T`BK2` 2bi�/Q 2t+Bi�/Q Uψ210VX



8XjX �+QTH�/Qb j3

S�`� H�b ;�H�tB�b +QM +QKTQ`i�KB2MiQ HBM2�H H� +Q``2H�+BƦM 2Mi`2 HQb T�`�K2i`Qb ma v ε

T�`2+2 /2b�T�`2+2`X aBM 2K#�`;Q- T�`� iQ/�b H�b ;�H�tB�b H� +Q``2H�+BƦM T2`bBbi2 2Mi`2 ma

v H� �KTHBim/ +2Mi`�H /2H T`BK2` 2bi�/Q Uψ100UyVV- +QKQ b2 Tm2/2 Q#b2`p�` 2M H� 6B;m`�

8XeX S�`� p2` H�b /B2+BbB2i2 ;`�}+�b i`B�M;mH�`2b T�`� 2bi2 +�bQ v HQb +�bQb BM/2T2M/B2Mi2b-

p2� 2H `2TQbBiQ`BQRX G�b ;`�}+�b 2M H� 6B;m`� 8X8 Km2bi`�M HQb `2bmHi�/Qb /2 H� 2biBK�@

+BƦM /2 T�`�K2i`Qb `2TQ`i�/Qb 2M H� i�#H� 8Xk � Rσ v kσ +QKQ Km2bi`� H� #�``� ;`BbX

SQ/2KQb Q#b2`p�` [m2 H� K�vQ`ő� /2 H�b ;�H�tB�b iB2M2M mM +QKTQ`i�KB2MiQ BMi2`2b�Mi2-

`272`2Mi2 � H� +QMi`B#m+BƦM /2 +�/� 2bi�/Q � H� +m`p� /2 `Qi�+BƦM `2bmHi�Mi2 UHőM2� �xmH Qb@

+m`QV- /QM/2 H� HőM2� �xmH [m2 +Q``2bTQM/2 �H 2bi�/Q #�b2 Uψ100V Km2bi`� mM� +QMi`B#m+BƦM

T`2/QKBM�Mi2- 2H 2bi�/Q 2t+Bi�/Q ψ210 `2T`2b2Mi�/Q TQ` H� HőM2� p2`/2 +QMi`B#mv2 K2MQb

[m2 2H b2;mM/Q 2bi�/Q 2t+Bi�/Q ψ320 UHőM2� M�`�MD�VX �K#Qb 2bi�/Qb +QMi`B#mv2M � `�/BQb

K�vQ`2b KB2Mi`�b [m2 2H 2bi�/Q #�b2 Uψ100V T2`K�M2+2 2M 2H +2Mi`Q- bm;B`B2M/Q [m2 H�

+QMi`B#m+BƦM /2H 2bi�/Q ψ210 2b +2`+�M� � +2`QX a2 Tm2/2 MQi�` [m2 H� ;�H�tB� l:*RR83j-

H� +m�H iB2M2 mM� 2ti2MbBƦM `�/B�H /2 r = 1.5 FT+ bB2M/Q mM� /2 H�b K�b T2[m2Ƣ�b- iB2M2

mM� +QMi`B#m+BƦM /BbiBMi� /2 +�/� 2bi�/Q- /QM/2 2H 2bi�/Q ψ210 2b 2H T`2/QKBM�Mi2 v ψ320

iB2M2 mM� �KTHBim/ K�b T2[m2Ƣ�X � T2b�` /2 Q#i2M2` mM� BM72`2M+B� /2 T�`�K2i`Qb �+2T@

i�#H2 T�`� iQ/�b H�b ;�H�tB�b 2M 2H +QMDmMiQ /2 /�iQb- /2 �+m2`/Q � HQb +QMiQ`MQb ;`Bb2b-

b2 Tm2/2 Q#b2`p�` [m2 H�b +m`p�b /2 `Qi�+BƦM T�`� H�b ;�H�tB�b l:*RRe93 v l:*RRd93-

2H +�bQ /2 KmHiB@2bi�/Qb MQ b2 �Dmbi� Kmv #B2M � HQb /�iQbX 1b BKTQ`i�Mi2 K2M+BQM�` [m2

� /B72`2M+B� /2 HQb `2bmHi�/Qb /2H Km2bi`2Q �MB/�/Q T�`� HQb +�bQb BM/2T2M/B2Mi2b /QM/2

H� +QMp2`;2M+B� 2b +H�`�- 2M 2H +�bQ /2 KmHiB@2bi�/Qb- 2bT2+ő}+�K2Mi2 T�`� H�b �KTHBim/2b

+2Mi`�H2b /2 +�/� 2bi�/Q H� +QMp2`;2M+B� MQ 2b i�M +H�`�- T�`iB+mH�`K2Mi2 2M H� �KTHBim/

+2Mi`�H /2H 2bi�/Q #�b2 Uψ100(0)V T�`2+2 ?�#2` mM� 7`QMi2`� [m2 +Q``2bTQM/2 �H HőKBi2 bm@

T2`BQ` /2H T`BQ`- logψ100(0) = 0X GQb `2bmHi�/Qb /2H Km2bi`2Q �MB/�/Q mb�/Qb T�`� Q#i2M2`

H�b ;`�}+�b v H�b ;`�}+�b KBbK�b Tm2/2M b2` +QMbmHi�/�b 2M 2H `2TQbBiQ`BQkX

1M H� h�#H� 8Xj- HQb p�HQ`2b T�`� 2H �A*- "A*- log(B12) v −2lnL 2bi�M `2TQ`i�/Qb T�`�

+�/� +�bQX GQb p�HQ`2b /2H �A* v "A* T�`� HQb i`2b +�bQb bQM bBKBH�`2b +QM mM /2+`2K2MiQ

MQi�#H2 2M 2H 2bi�/Q #�b2X 1M +m�MiQ �H p�HQ` /2 −2lnL - b2 Tm2/2 MQi�` [m2 T�`� iQ/�b

H�b ;�H�tB�b 2H p�HQ` 2b K�vQ` 2M 2H +�bQ /2H 2bi�/Q 2t+Bi�/Q Uψ210V v 2M 2H +�bQ /2 KmHiB@

RX ?iiTb,ff;Bi?m#X+QKf�i�HB�M#fh`B�M;H2nTHQibn2HHn#QbQMnbi�`b
kX ?iiTb,ff;Bi?m#X+QKf�i�HB�M#f7;Bp2MtnTHQib

https://github.com/atalianb/Triangle_plots_ell_boson_stars
https://github.com/atalianb/fgivenx_plots
https://github.com/atalianb/Triangle_plots_ell_boson_stars
https://github.com/atalianb/fgivenx_plots
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2bi�/Qb 2b K2MQ` [m2 2M 2H 2bi�/Q #�b2- 2t+2TiQ T�`� H� ;�H�tB� l:*RRe93- /QM/2 ?�v mM

T2[m2ƢQ BM+`2K2MiQX S�`iB+mH�`K2Mi2- 2H 7�+iQ` /2 "�v2b /2 +�/� ;�H�tB� 2b `2T`2b2Mi�/Q

2M H� 6B;m`� \\- /QM/2 H�b `2;BQM2b bQK#`2�/�b +Q``2bTQM/2M �H p�HQ` /2 H� 2b+�H� /2

C2z`2v K2M+BQM�/� 2M H� h�#H� 9XRX

G�b ;�H�tB�b +QM �bi2`Bb+Q U∗V iB2M2M mM log(B12) K2MQ` T�`� 2H +�bQ /2 mM bQHQ 2bi�/Q

2t+Bi�/Q Uψ210V v �[m2HH�b Ul:*RRd93V +QM mM K�b U+V iB2M2M mM p�HQ` K�vQ` /2 log(B12)

T�`� 2H +�bQ /2 KmHiB@2bi�/Qb- 2bi�b ;�H�tB�b MQ �T�`2+2M 2M H� };m`� T2`Q Tm2/2M b2`

+QMbmHi�/�b 2M H� h�#H� 8XjX G� TQbB+BƦM /2 HQb TmMiQb �xmH2b BM/B+� [m2 H� K�vQ`ő� /2 H�b

;�H�tB�b T`2}2`2M 2H 2bi�/Q #�b2 2M p2x [m2 2H 2bi�/Q 2t+Bi�/Q ψ210- 2t+2TiQ TQ` H�b ;�H�tB�b

l:*RR83j v 1aPRkyykRR [m2 T�`2+2M T`272`B` HB;2`�K2Mi2 2H 2bi�/Q 2t+Bi�/QX SQ` Qi`Q

H�/Q- H� TQbB+BƦM /2 H�b 2bi`2HH�b p2`/2b bm;B2`2 [m2 HQb /�iQb 7�pQ`2+2M KQ/2`�/�K2Mi2 2H

+�bQ /2 KmHiB@2bi�/Qb- � T2b�` /2 [m2 2H MȹK2`Q /2 T�`�K2i`Qb HB#`2b 2b K�vQ` +QKT�`�/Q

+QM 2H 2bi�/Q #�b2X �H;mM�b ;�H�tB�b bQM K�b MQiQ`B�b- l:*RReRe +QM mM log(B12) =

−12.40 [m2 �TQv� �H +�bQ /2H 2bi�/Q #�b2- v H�b ;�H�tB�b l:*RRe93 v l:*RR989 v

�TQv�M 7m2`i2K2Mi2 �H +�bQ /2 KmHiB@2bi�/QbX
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9y

:�H�tB� log(ma) log(ε) log(ψ100(0)) log(ψ210(0)) log(ψ320(0)) log(E) −2lnL
1aPjykyRky @kjXRe+0.14

−0.15 @jX8j+0.04
−0.05 @yXyR+0.01

−0.78 @jX9R+3.37
−1.58 @yXN9+0.46

−1.06 @dXk3 ± yXkk yX9R
1aPjy8yyNy @kkXd9+0.17

−0.56 @jXe9+0.51
−0.11 @yXyN+0.09

−0.79 @RX8N+1.57
−0.41 @yX89+0.48

−1.46 @eXd9 ± yXky yX88
1aP933y9Ny @kjXyR+0.07

−0.53 @jX9e+1.02
−0.08 yXyd+0.10

−1.54 @jXj3+3.20
−1.61 @yX8j+0.49

−4.46 @NX3k ± yXk9 RX83
l:*RR88d @kjXkN+0.25

−2.35 @jXj9+1.34
−0.32 @yXkj+0.53

−1.78 @RXe8+1.95
−2.35 yXd3+1.05

−3.22 @dXeN ±yXRR yXj8
l:*RReRe @kjXkd+0.05

−0.05 @jXk8+0.25
−0.02 @yXyR+0.01

−0.51 @RXdj+1.19
−0.27 @yXN8+0.21

−1.05 @R3X3y ± yXkd R8X9d
l:*9RR8 @kkXR8+0.28

−1.75 @jXjN+0.39
−0.52 @yXd3+0.95

−0.60 @jXN8+2.05
−4.10 @RX3k+4.18

−1.98 @dXRj ± yXRR yXyR
1aPyR9yy9y @kjXN3+0.04

−0.09 @kXNR+0.44
−0.02 @yXyj+0.03

−0.83 @kX38+2.26
−0.15 @yX3j+0.23

−2.17 @ReXdj ± yXyk RyX9d
1aPy39y9RR @kjXky+0.19

−2.80 @jXe9+2.64
−0.13 yXyj+0.14

−3.21 @jXe8+3.81
−2.35 @yXke+0.43

−5.74 @dX8k ± yXRR yXkR
1aPRkyykRR @kkXyN+0.24

−1.42 @jXNk+1.84
−0.27 @yXR8+0.45

−3.78 @kXNe+3.25
−2.04 @RXk3+1.54

−3.72 @3X8R ± yXRe RXkR
1aPR3dy8Ry @kkXj3+0.13

−0.44 @jX3e+0.83
−0.09 yXRk+0.18

−1.40 @kXN3+3.27
−1.02 @yXj9+0.53

−3.66 @3Xd8±yXRd yX93
1aPkyeyR9y @kjXke+0.07

−0.08 @jXkN+0.36
−0.02 @yXyyR+0.001

−0.72 @jXee+3.19
−2.34 @RXyk+0.38

−4.98 @kkXy9 ± yXR8 RdX8j
1aP9k8yR3y @kjXeN+0.28

−1.01 @jXR3+1.18
−0.13 @yXRk+0.12

−4.59 @9XNR+4.89
−1.09 @yXNy+0.69

−5.09 @3XNy±yXyk yXN8
6djy@oR @kjXj3+0.10

−0.09 @jXkk+0.37
−0.02 @yXyye+0.01

−0.70 RX33+1.34
−3.12 @yXNe+0.27

−3.98 @kkX8e ± yXkR R3X3k
l:*RR989 @kjX9e+0.04

−0.04 @jXky+0.32
−0.02 @yXyR+0.01

−0.63 @RXeN+1.00
−3.31 @yX3j+0.18

−1.24 @jkXRy ± yXkj j8XRN
l:*RR83j @kkXyk+0.18

−1.48 @jXee+1.65
−0.26 @yX88+0.55

−4.39 @yXd9+0.73
−4.26 @kXke+2.21

−2.74 @dXNj ± yXRe yXj9
l:*RRe93 @kjX9e+0.03

−0.04 @jXke+0.27
−0.02 @kXyk+0.02

−0.54 @RXyd+0.14
−3.93 @yXdd+0.09

−1.06 @RyjX8y ± yXkj RdeX33
l:*RRd93 @kjXdR+0.19

−0.01 @jXyy+0.42
−0.07 yXRN+0.11

−3.96 @8X93+5.39
−0.48 @RXjj+0.91

−4.66 @Rk9XeR ± d9X8d kk9X39

h�#H� 8Xk, *QMbi`B++BƦM /2 T�`�K2i`Qb- log(E) v −2lnL T�`� 2H +�bQ /2 KmHiB@2bi�/Qb T�`� +�/� ;�H�tB�X GQb T�`�K2i`Qb HB#`2b bQM logma (2of+2)-
logε - logψ100(0)- logψ210(0) v logψ320(0)X GQb 2``Q`2b 2bi�M `2TQ`i�/Qb +QM 1σ X
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6B;m`� 8X9, .Bbi`B#m+BQM2b /2 TQbi2`BQ`b 2M k.- /2 HQb T�`�K2i`Qb HB#`2b T�`� 2H +�bQ /2
KmHiB@2bi�/Qb Uψ100- ψ210 v ψ320VX G� HőM2� TmMi2�/� p2`iB+�H `2T`2b2Mi� 2H p�HQ` /2 H� K�b�
/2H +�KTQ 2b+�H�` ma = 1.11×10−23 2ofc2 M2+2b�`B� T�`� i2M2` 2H +Q`i2 2M 2H 2bT2+i`Q /2
TQi2M+B�b (jN)X G� #�M/� ;`Bb `2T`2b2Mi� H�b +Qi�b � H� K�b� 2M+QMi`�/�b 2M (RR)X 1M H�
;`�}+� /2 H� Bx[mB2`/� b2 2M+m2Mi`�M H�b ;�H�tB�b +QM r < 10 FT+X G� ;`�}+� /2 2M K2/BQ
�[m2HH�b ;�H�tB�b +QM r > 10 FT+ v H� ;`�}+� /2 H� /2`2+?� +QMiB2M2 � H�b ;�H�tB�b +QM
+QKTQ`i�KB2MiQ HBM2�H- 2b�b i`2b ;�H�tB�b iB2M2M r < 10 FT+ v MQ 2bi�M BM+HmB/�b 2M H�
;`�}+� /2 H� Bx[mB2`/�X
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9k

:�H�tB� ψ100 ψ210 JmHiB@2bi�/Qb
�A* "A* −2lnL �A* "A* log(B12) −2lnL �A* "A* log(B12) −2lnL

1aPjykyRky eX9e 8Xde yXNe R9XRR RjX9y @jXN9 3XeR kkX9R RkX9y yXe8 yX9R
1aPjy8yyNy 8XNR eX8j yXN3 ReXy9 ReXee @eXjN RRXRR ReXe9 R9X8y yXjR yX88
1aP933y9Ny 3Xjy dX8N kX3y jyXky kNX8y @RRXN3 k9Xdy kjXd8 RjXd9 @yXNj RX83
l:*RR88d eXkj 8XRk yX8k RjXjj RkXkk @9XN8 dXeR k8Xjj RRX39 @RXkN yXj8
l:*RReRe k3Xe9 k3X8d kjX99 RRRXRd RRRXR @8eXke Ry8XNd j8XkR kNX9e @RkX9y R8X9d
l:*9RR8 8Xk9 8XRd yXy9 NXNd NXNy @9Xkk 9Xdd R3X83 RkX39 @RXj3 yXyR

1aPyR9yy9y RNXde RdX8k RjXje ejXed eRX9j @kkX98 8dXkd 8yX8d kyXNd @RXRR RyX9d
1aPy39y9RR eX98 9X39 yX98 R3XkR ReXe @eXNN RkXkR jyXkR RRXRN @RXy9 yXkR
1aPRkyykRR eXe8 eX39 RX8e NXe NXd3 @RXyR 9X8R R3XdR R9X9R @yXN9 RXkR
1aPR3dy8Ry eXjk 8XeR yX3k RjXee RkXN8 @jXNy 3XRe kkX93 RkX9d @yXNN yX93
1aPkyeyR9y k3Xje k3Xdd kjXje N9XNe N8Xjd @jjXR3 3NXNe j9Xky jRXyd @yXdj RdX8j
1aP9k8yR3y dXe8 8X9R RXk8 jeXee j9X9k @kXdy jyXke 9yXN8 RRXj8 @kXyk yXN8

6djy@oR jRXde kNX8k k8Xje N3XR9 N8XNy @jjXR3 NRXd9 8NXR9 kNX8j @yXdd R3X3k
l:*RR989 88XjR 89XN9 9NXNd k9RXNy k9RX89 @NkX3j kjeX8d 88XRN 9dXeR jXj8 j8XRN
l:*RR83j eXkR 8XRy yX8y dXNR eXdN @RXee kXRN k8Xj9 RRX38 @RXje yXj9
l:*RRe93 kRRXR kRkXe8 kyeX9d eR9X88 eReXk @kykXkR eyNXNk k9RXyR k9kXdR NX38 RdeX33
l:*RRd93 kkeX3e kkdX39 kkkXye 9dyXye 9dRXy9 @RkRXdN 9e8Xke RNNXy3 RN3X8j R3XNk kk9X39

h�#H� 8Xj, _2bmHi�/Qb T�`� H� +QKT�`�+BƦM 2Mi`2 HQb KQ/2HQb ψ100- ψ210 v KmHiB@2bi�/Qb T�`� +�/� ;�H�tB�X



8XjX �+QTH�/Qb 9j

6B;m`� 8X8, *m`p�b /2 `Qi�+BƦM T�`� +�/� ;�H�tB� +QM H� 2biBK�+BƦM /2 T�`�K2i`Qb Q#i2MB/�
/2H Km2bi`2Q �MB/�/QX GQb +QMiQ`MQb BM/B+�M H� 2t�+iBim/ /2 H� 2biBK�+BƦM � Rσ v kσ +QKQ
HQ BM/B+� H� #�``� ;`BbX G� HőM2� �xmH Qb+m`� +Q``2bTQM/2 � H� +m`p� /2 `Qi�+BƦM `2bmHi�Mi2-
H� HőM2� �xmH +H�`� BM/B+� H� +QMi`B#m+BƦM /2H 2bi�/Q ψ100- H� p2`/2 BM/B+� H� +QMi`B#m+BƦM
/2H 2bi�/Q ψ210 v H� HőM2� M�`�MD� H� +QMi`B#m+BƦM /2H 2bi�/Q ψ320X
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6B;m`� 8Xe, :`�}+� i`B�M;mH�` T�`� H� ;�H�tB� 1aPjykyRkyX



*�TőimHQ e

*QM+HmbBQM2b v .Bb+mbBƦM

1bi2 i`�#�DQ �M�HBx� H� pB�#BHB/�/ /2 H�b !@2bi`2HH�b /2 #QbQM2b +QKQ +QKTQM2Mi2 /2 K�i2@

`B� Qb+m`� 2M H�b +m`p�b /2 `Qi�+BƦM- miBHBx�M/Q ?2``�KB2Mi�b /2 2bi�/őbiB+� #�v2bB�M� i�H2b

+QKQ 2H Km2bi`2Q �MB/�/Q ULaV- 2H 7�+iQ` /2 "�v2b- �H B;m�H [m2 +`Bi2`BQb /2 BM7Q`K�+BƦM

T�`� +QMQ+2` 2H +�bQ [m2 2b 7�pQ`2+B/Q TQ` HQb /�iQb- bB2M/Q 2H +�bQ /2 KmHiB@2bi�/QbX a2

�M�HBx�`QM /B2+BbB2i2 ;�H�tB�b /2 #�DQ #`BHHQ- iQK�M/Q 2M +m2Mi� i`2b +�bQb T`BM+BT�H2b- 2H

2bi�/Q #�b2- 2H +m�H b2 iQK� +QKQ KQ/2HQ #�b2 2M 2H 7�+iQ` /2 "�v2bc mM bQHQ 2bi�/Q 2t+B@

i�/Q v HQb KmHiB@2bi�/QbX .QM/2 iQ/�b H�b ;�H�tB�b BM/B+�M [m2 bm +QKTQM2Mi2 /2 K�i2`B�

Qb+m`� 2b T`272`B#H2 [m2 2biû ?2+?� /2 KmHiB@2bi�/Qb +QKQ H� 6B;m`� \\ Km2bi`�X

GQb +QMiQ`MQb /2 H�b 6B;m`�b 8X8 MQb +QM}`K�M H� BM7Q`K�+BƦM Q#i2MB/� /2H 7�+iQ` /2

"�v2b bQ#`2 HQb /�iQb- Q#i2MB2M/Q mM� BM72`2M+B� /2 T�`�K2i`Qb #�bi�Mi2 #m2M� T�`� 2H

+�bQ /2 KmHiB@2bi�/QbX >�v �H;mM�b ;�H�tB�b 2M H� Km2bi`� +QKQ l:*RRe93 v l:*RRd93-

[m2 iB2M2M mM �Dmbi2 TQ#`2 v [m2 +H�`�K2Mi2 MQ bB;m2M 2H +QKTQ`i�KB2MiQ /2H KQ/2HQX

�/2K�b- 2b BKTQ`i�Mi2 MQi�` [m2 T�`� H� K�vQ`ő� /2 H�b ;�H�tB�b H� K�vQ` +QMi`B#m+BƦM

T�`� H� +m`p� /2 `Qi�+BƦM iQi�H UHőM2� �xmH Qb+m`�V 2b TQ` T�`i2 /2H 2bi�/Q #�b2 Uψ100-

HőM2� �xmHV v 2H b2;mM/Q 2bi�/Q 2t+Bi�/Q Uψ210- HőM2� M�`�MD�V- 2biQ b2 Tm2/2 /2#2` � [m2

2bi�KQb �bmKB2M/Q bBK2i`ő� 2b7û`B+�- HQ [m2 BKTHB+� [m2 2b BKTQ`i�Mi2 `2�HBx�` mM �M�HBbBb

K�b 2t?�mbiBpQ 2M 2bi� /B`2++BƦM- T�`� 2HHQ b2 i2M/`ő� [m2 `2bQHp2` 2H bBbi2K� /2 2+m�+BQ@

M2b �tB�H T�`� KmHiB@2bi�/Qb K2M+BQM�/Q 2M (k3)X �/2K�b- 2b BKTQ`i�Mi2 K2M+BQM�` [m2

�H �Ƣ�/B` K�b 2bi�/Qb v TQ` HQ i�MiQ- BM+`2K2Mi�` 2H MȹK2`Q /2 T�`�K2i`Qb HB#`2b- H� K�b�

/2H +�KTQ � 2b+�H�` iB2M/2 � pQHp2`b2 mM TQ+Q K�b ;`�M/2 +QKT�`�/� +QM bQH�K2Mi2 2H

2bi�/Q #�b2- 2biQ b2 Tm2/2 Q#b2`p�` 2M H�b T`BK2`�b +QHmKM�b /2 H�b i�#H�b 6m`i?2`KQ`2-

98
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Bi Bb BKTQ`i�Mi iQ K2MiBQM i?�i #v �//BM; KQ`2 bi�i2b �M/ i?2`27Q`2- BM+`2�bBM; i?2 7`22

T�`�K2i2`b- i?2 b+�H�` }2H/ K�bb i2M/b iQ #2+QK2 bHB;?iHv #B;;2` i?�M i?2 ;`QmM/ bi�i2-

i?Bb +QmH/ #2 b22M BM i?2 }`bi +QHmKMb Q7 i?2 i�#H2b 8XR v 8XkX .2b�7Q`imM�/�K2Mi2- 2biQ

MQ b�iBb7�+2 H�b +QMbi`B++BQM2b /2 GvKK�M@α (ek- 98)X

� T2b�` /2 [m2 2H Km2bi`2Q �MB/�/Q +QMp2`;2 T�`� 2H +�bQ /2 KmHiB@2bi�/Qb- H� +QMp2`@

;2M+B� MQ 2b i�M +H�`� +QKQ 2M 2H +�bQ /2 HQb 2bi�/Qb BM/2T2M/B2Mi2b- 2bT2+B�HK2Mi2 T�`�

H� �KTHBim/ +2Mi`�H /2H 2bi�/Q #�b2 Uψ100(0)V- H� +m�H T`2b2Mi� mM HőKBi2 bmT2`BQ` 2M

log(ψ100(0)) = 0- 2biQ Tm2/2 b2` BMi2`T`2i�/Q +QKQ mM� M2+2bB/�/ T�`� 2ti2M/2` 2H p�HQ`

/2H T`BQ` T�`� 2bi2 T�`�K2i`Q- bBM 2K#�`;Q- 2M ;2M2`�H 2b TQbB#H2 2M+QMi`�` mM� 7Q`K� /2

`2T�`�K2i`Bx�`HQX lMQ /2 HQb `2bmHi�/Qb K�b BKTQ`i�Mi2b /2 2bi2 i`�#�DQ b2 Tm2/2 Q#b2`@

p�` 2M H�b 6B;m`�b 8XR- 8Xk v 8X9- /QM/2 H� +Q``2H�+BƦM 2Mi`2 HQb T�`�K2i`Qb ma v ε T�`2+2

/2b�T�`2+2` T�`� 2H +�bQ /2 mM 2bi�/Q 2t+Bi�/Q Uψ210V v i�K#BûM T�`� HQb KmHiB@2bi�/QbX

aBM 2K#�`;Q- �H Q#b2`p�` HQb TQbi2`BQ`b /2 HQb /2K�b T�`�K2i`Qb HB#`2b U6B;m`�b 8Xe - H�b

+m�H2b i�K#BûM Tm2/2M b2` 2M+QMi`�/�b 2M 2H `2TQbBiQ`BQRV- b2 Tm2/2 Q#b2`p�` [m2 H� +Q@

``2H�+BƦM 2Mi`2 T�`�K2i`Qb bB;m2 T`2b2`p�M/Qb2- 2M 2bi2 +�bQ +QM HQb T�`�K2i`Qb ma v H�

�KTHBim/ +2Mi`�H /2H 2bi�/Q #�b2- ψ100(0)X

1bi�b +Q``2H�+BQM2b 2Mi`2 T�`�K2i`Qb T�`� HQb T2`}H2b /2 /2MbB/�/ /2 K�i2`B� Qb+m`� ?�

bB/Q 2bim/B�/� 2M (ey)- /QM/2 #�b�M/Qb2 2M H� `2H�+BƦM /2 /Bb+`2T�M+B� /2 K�b� �+2H2`�@

+BƦM UJ.�_ TQ` bmb bB;H�b 2M BM;HûbV v 2M [m2 +m�H[mB2` ?�HQ /2 K�i2`B� Qb+m`� i2M/`�

mM� �+2H2`�+BƦM K�tBK�- Tm/B2`QM 2HBKBM�` H� +Q``2H�+BƦM 2Mi`2 T�`�K2i`Qb K2/B�Mi2 mM�

`2T�`�K2i`Bx�+BƦM- i2M/B2M/Q mM bƦHQ T�`�K2i`Q HB#`2X Pi`� 7Q`K� 2M H� [m2 b2 TQ/`ő�

2HBKBM�` H� +Q``2H�+BƦM 2Mi`2 T�`�K2i`Qb T�`� 2bi2 +�bQ- 2b mM� `2T�`�K2i`Bx�+BƦM +QM 2H

MȹK2`Q /2 T�`iő+mH�b 2M +�/� 2bi�/Q- }D�M/Q 2H MȹK2`Q /2 T�`iő+mH�b iQi�H v �Ƣ�/B2M/Q

� H�b +QM/B+BQM2b /2 7`QMi2`� 2M 2H KûiQ/Q /2 b?QQiBM; H�b i�x�b /2H MȹK2`Q /2 T�`iő+mH�b

2M /B72`2Mi2b 2bi�/Qb +QM `2bT2+iQ �H 2bi�/Q #�b2 (83)X aBM 2K#�`;Q- �H BMi2Mi�` HQ �Mi2`BQ`

Q#b2`p�KQb [m2 H�b 7mM+BQM2b /2 /Bbi`B#m+BƦM /2 HQb TQbi2`BQ`b /2 H�b i�x�b /2H MȹK2`Q /2

T�`iő+mH�b- 2`�M T`�+iB+�K2Mi2 TH�MQbX SQ` HQ i�MiQ- b2`ő� M2+2b�`BQ `2�HBx�` K�b �M�HBbBb

2M 2bi� /B`2+BƦM- iQK�M/Q 2M +m2Mi� 2H T`Q+2/BKB2MiQ b2;mB/Q 2M (ey)X

a2 ?� K2M+BQM�/Q 2M H� HBi2`�im`� TQ` (jy) v bmb `272`2M+B�b- [m2 �H �Ƣ�/B` K�b 2bi�/Qb �H

RX ?iiTb,ff;Bi?m#X+QKf�i�HB�M#fh`B�M;H2nTHQibn2HHn#QbQMnbi�`b

https://github.com/atalianb/Triangle_plots_ell_boson_stars
https://github.com/atalianb/Triangle_plots_ell_boson_stars
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KQ/2HQ TQ/`ő� HH2p�` � mM� K2DQ` 2biBK�+BƦM /2 T�`�K2i`Qb v i�K#BûM b2 +QMp2`iB`ő� K�b

+QbiQ +QKTmi�+BQM�HK2Mi2X SQ` HQ [m2- i�H p2x �H +QK#BM�` H�b �Hi2`M�iBp�b K2M+BQM�/�b

�Mi2`BQ`K2Mi2 v �Ƣ�/B2M/Q 2H iû`KBMQ /2 �miQ@BMi2`�++BƦM 2M 2H TQi2M+B�H b2 Q#i2M/`ő� mM

�M�HBbBb K�b +QKTH2iQ v � bm p2x- Q#i2M2` mM� 7Q`K� /2 `2bi`BM;B` 2H MȹK2`Q /2 2bi�/QbX



�TT2M/B+2b

� _2bmHi�/Qb /2 H� χ2 +QM HQb 2bi�/Qb ψ100-ψ210-ψ320 v ψ430

1M 2bi� b2++BƦM b2 Km2bi`�M HQb `2bmHi�/Qb Q#i2MB/Qb +QM H� KőMBK� χ2 +QM H� 2tT�MbBƦM

/2 HQb 2bi�/Qb �+QTH�/Qb /2H bBbi2K� /2 2+m�+BQM2b aS UkX3#@kX3�V i`mM+�/� 2M 2H +m�`iQ

iû`KBMQ- 2b /2+B`- 2bi�KQb �Ƣ�/B2M/Q 2H iû`KBMQ v 2+m�+BQM2b +Q``2bTQM/B2Mi2b �H 2bi�/Q

ψ430- HQb T�`�K2i`Qb HB#`2b bQM ma- ε - ψ100(0)- ψ210(0)- ψ320(0) v ψ430(0)X

.QM/2 b2 ?�M 2H2;B/Q H�b ;�H�tB�b 1aPjy8yyNy v l:*RReRe /2#B/Q �H p�HQ` Q#i2MB/Q /2H

K�tBKQ HBF2HB?QQ/ 2M 2H +�bQ /2 KmHiB@2bi�/Qb- /2b+`BiQ �Mi2`BQ`K2Mi2 UBX2X mM 2bi�/Q #�b2

v /Qb 2bi�/Qb 2t+Bi�/QbV v bm 2ti2M+BƦM `�/B�H /2 H� ;�H�tB�X

G� i�#H� R Km2bi`� H� 2biBK�+BƦM /2 T�`�i`Qb Q#i2MB/� �H KBMBKBx�` H� χ2 T�`� H�b ;�H�tB�b

1aPjy8yyNy v l:*RReRe- H� i�#H� k +QMiB2M2 HQb p�HQ`2b /2H �A*- "A* v χ2X

:�H�tB� log(ma) log(ε) log(ψ100(0)) log(ψ210(0)) log(ψ320(0)) log(ψ430(0))
1aPjy8yyNy @kkXee @jXdR @eXjy×10−3 @RX9e @RX9y @yXey
l:*RReRe @kjXk9 @jX9y yXkd @kXd9 @RXjy @yX8N

h�#H� R, 1biBK�+BƦM /2 T�`�K2i`Qb T�`� H�b ;�H�tB�b 1aPjy8yyNy v l:*RReRe +QM H�
χ2 T�`� 2H +�bQ /2 KmHiB@2bi�/Qb +QM i`2b 2bi�/Qb 2t+Bi�/QbX GQb T�`�K2i`Qb HB#`2b bQM
log(ma) (2of+2)- log(ε)- log(ψ100(0))- log(ψ210(0))- log(ψ320(0)) v log(ψ430(0))X
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:�H�tB� �A* "A* χ2

1aPjy8yyNy kRXe9 ReXN8 yXjR
l:*RReRe jeXdN keXR3 RyXdN

h�#H� k, _2bmHi�/Qb T�`� H�b ;�H�tB�b 1aPjy8yyNy v l:*RReRe T�`� 2H +�bQ /2 KmHiB@
2bi�/Qb +QM i`2b 2bi�/Qb 2t+Bi�/QbX �A*- "A* v χ2X

6B;m`� R, *m`p�b /2 `Qi�+BƦM T�`� H�b ;�H�tB�b 1aPjy8yyNy v l:*RReRe +QM H� 2biB@
K�+BƦM /2 T�`�K2i`Qb Q#i2MB/Qb +QM H� χ2X G� HőM2� �xmH Qb+m`� +Q``2bTQM/2 � H� +m`p�
`Qi�+BQM�H `2bmHi�Mi2- H� HőM2� �xmH BM/B+� H� +QMi`B#m+BƦM /2H 2bi�/Q ψ100- H� HőM2� p2`/2
� H� +QMi`B#m+BƦM /2H 2bi�/Q ψ210- H� HőM2� M�`�MD� � H� +QMi`B#m+BƦM /2H 2bi�/Q ψ320 v H�
HőM2� `Qb� � H� +QMi`B#m+BƦM /2H 2bi�/Q ψ430X
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T�;bX ReyR@ReR9X /QB, RyXRRRRfDXRje8@kNeeXkyyNXR9893XtX �`sBp, y3yNXj9jd

(�bi`Q@T?)X

(kk) �HK� sX :QMx�H2x@JQ`�H2b 2i �HX ĿlM#B�b2/ +QMbi`�BMib QM mHi`�HB;?i �tBQM K�bb

7`QK /r�`7 bT?2`QB/�H ;�H�tB2bŀX 1M, 9dkXk U/B+X /2 kyRdV- T�;bX Rj9e@RjeyX /QB,

RyXRyNjfKM`�bfbitRN9RX �`sBp, ReyNXy838e (�bi`Q@T?X*P)X

(kj) 6X :mxK�M v GX l`2Ƣ�@GƦT2xX ĿL2riQMB�M +QHH�Tb2 Q7 b+�H�` }2H/ /�`F K�ii2`ŀX

1M, e3Xk- yk9ykj UDmHX /2 kyyjV- T�;X yk9ykjX /QB, RyXRRyjfS?vb_2p.Xe3Xyk9ykjX

�`sBp, �bi`Q@T?fyjyj99y (�bi`Q@T?)X

(k9) 6X aX :mxK�M v 6X .X GQ`�@*H�pBDQX Ŀ_Qi�iBQM +m`p2b Q7 mHi`�HB;?i "1* /�`F K�ii2`

?�HQb rBi? `Qi�iBQMŀX 1M, :2M2`�H _2H�iBpBiv �M/ :`�pBi�iBQM 9d- kR UK�`X /2 kyR8V-

T�;X kRX /QB, RyXRyydfbRydR9@yR8@R3e8@NX �`sBp, R8yRXye88j (�bi`Q@T?X:�)X

(k8) 6X aB//?�`i?� :mxK�M v GX �`im`Q l`2Ƣ�@GƦT2xX Ŀ1pQHmiBQM Q7 i?2 a+?`ƺ/BM;2`@

L2riQM bvbi2K 7Q` � b2H7@;`�pBi�iBM; b+�H�` }2H/ŀX 1M, eNXRk- Rk9yjj UDmMX /2 kyy9V-

T�;X Rk9yjjX /QB, RyXRRyjfS?vb_2p.XeNXRk9yjjX �`sBp, ;`@[+fy9y9yR9 (;`@[+)X

(ke) 6X aB//?�`i?� :mxK�M v GX �`im`Q l`2Ƣ�@GƦT2xX Ŀ:`�pBi�iBQM�H *QQHBM; Q7 a2H7@

;`�pBi�iBM; "Qb2 *QM/2Mb�i2bŀX 1M, e98Xk UDmHX /2 kyyeV- T�;bX 3R9@3RNX /QB, RyX

Ry3ef8y98y3X �`sBp, �bi`Q@T?fyeyjeRj (�bi`Q@T?)X

https://doi.org/10.1086/518755
https://doi.org/10.1086%2F518755
https://doi.org/10.1086%2F518755
https://doi.org/10.1086/466512
https://arxiv.org/abs/astro-ph/0501171
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https://doi.org/10.1088/1742-6596/1010/1/012005
https://arxiv.org/abs/1708.06681
https://doi.org/10.1111/j.1365-2966.2009.14548.x
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https://arxiv.org/abs/0809.3437
https://doi.org/10.1093/mnras/stx1941
https://arxiv.org/abs/1609.05856
https://doi.org/10.1103/PhysRevD.68.024023
https://arxiv.org/abs/astro-ph/0303440
https://doi.org/10.1007/s10714-015-1865-9
https://arxiv.org/abs/1501.06553
https://doi.org/10.1103/PhysRevD.69.124033
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(kd) 6`�M+Bb+Q aX :mxK�MX Ŀai�#BHBiv Q7 KmHiBbi�i2 +QM};m`�iBQMb Q7 7mxxv /�`F K�ii2`ŀX

1M, �bi`QMQKBb+?2 L�+?`B+?i2M j9kXR@k UkykRV- T�;bX jN3@9yjX /QB, ?iiTb,ff/QBX

Q`;fRyXRyykf�bM�XkykRRjN9RX 2T`BMi, ?iiTb,ffQMHBM2HB#`�`vXrBH2vX+QKf

/QBfT/7fRyXRyykf�bM�XkykRRjN9RX m`H, ?iiTb,ffQMHBM2HB#`�`vXrBH2vX+QKf

/QBf�#bfRyXRyykf�bM�XkykRRjN9RX

(k3) 6XgaX :mxK�M v GX �`im`Q l`2Ƣ�@GƦT2xX Ŀ:`�pBi�iBQM�H �iQKb, :2M2`�H 7`�K2rQ`F

7Q` i?2 +QMbi`m+iBQM Q7 KmHiBbi�i2 �tB�HHv bvKK2i`B+ bQHmiBQMb Q7 i?2 a+?`ƺ/BM;2`@

SQBbbQM bvbi2KŀX 1M, S?vbB+�H _2pB2r . RyRX3 UkykyVX BbbM, k9dy@yykNX /QB, RyX

RRyjfT?vb`2p/XRyRXy3RjykX m`H, ?iiT,ff/tX/QBXQ`;fRyXRRyjfS?vb_2p.XRyRX

y3RjykX

(kN) qBHH >�M/H2vX Ŀ7;Bp2Mt, 6mM+iBQM�H SQbi2`BQ` SHQii2`ŀX 1M, h?2 CQm`M�H Q7 PT2M

aQm`+2 aQ7ir�`2 jXk3 UkyR3VX /QB, RyXkRRy8fDQbbXyy39NX m`H, ?iiT,ff/tX/QBX

Q`;fRyXkRRy8fDQbbXyy39NX

(jy) �X >2`M�M/2x@�HK�/� v JB;m2H �X :�`+ő�@�bT2BiB�X ĿJmHiBbi�i2 b+�H�` }2H/ /�`F

K�ii2` �M/ Bib +Q``2H�iBQM rBi? ;�H�+iB+ T`QT2`iB2bŀX 1M, AMi2`M�iBQM�H CQm`M�H Q7

JQ/2`M S?vbB+b . kdXj- R38yyjR U2M2X /2 kyR3V- T�;X R38yyjRX /QB, Ry X RR9k f

aykR3kdR3R38yyjRRX �`sBp, RdRRXyRj33 (�bi`Q@T?X:�)X

(jR) >X C2z`2vbX h?2Q`v Q7 S`Q#�#BHBivX h?B`/X Pt7Q`/- 1M;H�M/, Pt7Q`/- RNeRX

(jk) .�pB/ CX E�mTX ĿEH2BM@:Q`/QM :2QMŀX 1M, S?vbX _2pX Rdk U8 RNe3VX .PA,?iiTb,ff/QBXQ`;fRyXRRyjfS?vb_2pXRdkXRjjR-

T�;bX RjjR@Rj9kX /QB, RyXRRyjfS?vb_2pXRdkXRjjRX m`H, ?iiTb,ffHBMFX�TbXQ`;f

/QBfRyXRRyjfS?vb_2pXRdkXRjjRX

(jj) ai�+v uX EBK- �MMBF� >X :X S2i2` v CQM�i?�M _X >�`;BbX ĿJBbbBM; a�i2HHBi2b

S`Q#H2K, *QKTH2i2M2bb *Q``2+iBQMb iQ i?2 LmK#2` Q7 a�i2HHBi2 :�H�tB2b BM i?2

JBHFv q�v �`2 *QMbBbi2Mi rBi? *QH/ .�`F J�ii2` S`2/B+iBQMbŀX 1M, RkRXkR- kRRjyk

UMQpX /2 kyR3V- T�;X kRRjykX /QB, Ry X RRyj f S?vb_2pG2ii X RkR X kRRjykX �`sBp,

RdRRXyeked (�bi`Q@T?X*P)X

(j9) a2`;2v EQTQbQp 2i �HX DQb?bT2�;H2f/vM2biv, pRXkXjX o2`X pRXkXjX CmMX /2 kykkX /QB,

RyX8k3Rfx2MQ/QXeeyNkNeX m`H, ?iiTb,ff/QBXQ`;fRyX8k3Rfx2MQ/QXeeyNkNeX

(j8) hX GBMX Ŀ.�`F K�ii2` KQ/2Hb �M/ /B`2+i /2i2+iBQMŀX 1M, h�aA kyR3 @ h?2Q`v BM �M

1`� Q7 .�i�X CmMX /2 kyR3- N- T�;X NX /QB, RyXkkjkjfRXjjjXyyyNX
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(je) oX GQ`� 2i �HX ĿPM i?2 K�bb Q7 mHi`�@HB;?i #QbQMB+ /�`F K�ii2` 7`QK ;�H�+iB+ /v@

M�KB+bŀX 1M, kyRkXk- yRR U72#X /2 kyRkVX �`sBp,RRRyXke39- T�;X yRRX /QB, RyXRy33f

R9d8@d8RefkyRkfykfyRRX �`sBp, RRRyXke39 (�bi`Q@T?X:�)X

(jd) GX �X J�`iBM2x@J2/BM�- oX >X _Q#H2b v hX J�iQbX Ŀ.r�`7 ;�H�tB2b BM KmHiBbi�i2

b+�H�` }2H/ /�`F K�ii2` ?�HQbŀX 1M, NRXk- ykj8RN U2M2X /2 kyR8V- T�;X ykj8RNX /QB,

RyXRRyjfS?vb_2p.XNRXykj8RNX �`sBp, R9RyX9Rej (�bi`Q@T?X:�)X

(j3) hQM�iBm? J�iQb v GX �`im`Q l`2Ƣ�ĜGƦT2xX Ŀ6H�i `Qi�iBQM +m`p2b BM b+�H�` }2H/ ;�@

H�tv ?�HQbŀX 1M, :2M2`�H _2H�iBpBiv �M/ :`�pBi�iBQM jNX3 U�;QX /2 kyydV- T�;bX RkdN@Rk3eX

/QB, RyXRyydfbRydR9@yyd@y9dy@vX

(jN) hQM�iBm? J�iQb v GX �`im`Q l`2Ƣ �@GƦT2xX Ŀ6m`i?2` �M�HvbBb Q7 � +QbKQHQ;B+�H KQ@

/2H rBi? [mBMi2bb2M+2 �M/ b+�H�` /�`F K�ii2`ŀX 1M, S?vbB+�H _2pB2r . ejXe UkyyRVX

/QB, RyXRRyjfT?vb`2p/XejXyej8yeX m`H, ?iiTb,ff/QBXQ`;fRyXRRyjWk6T?vb`2p/X

ejXyej8yeX

(9y) ai�+v aX J+:�m;?- o2`� *X _m#BM v qX CX :X /2 "HQFX Ŀ>B;?@_2bQHmiBQM _Qi�iBQM

*m`p2b Q7 GQr am`7�+2 "`B;?iM2bb :�H�tB2bX AX .�i�ŀX 1M, RkkX8 UMQpX /2 kyyRV-

T�;bX kj3R@kjN8X /QB, RyXRy3efjkj993X �`sBp, �bi`Q@T?fyRydjke (�bi`Q@T?)X

(9R) �M/ LX �;?�MBK 2i �HX ĿBSH�M+FfBkyR3 `2bmHibŀX 1M, �bi`QMQKv ��KT �bi`QT?vbB+b

e9R UkykyV- �eX /QB, RyXRy8Rfyyy9@ejeRfkyR3jjNRyX m`H, ?iiTb,ff/QBXQ`;fRyX

Ry8RWk6yyy9@ejeRWk6kyR3jjNRyX

(9k) 1a�f>m##H2 L�a�X >m##H2 +�Tim`2b � ǳHm+FvǴ ;�H�tv �HB;MK2MiX m`H, ?iiTb,ff

2b�?m##H2XQ`;fBK�;2bfTQirRR8R�fX

(9j) L�a�fCSG@*�Hi2+?f1a�X *QbKB+ JB+`Qr�p2 "�+F;`QmM/ U*J"VX m`H, ?iiTb,ff

H�K#/�X;b7+XM�b�X;Qpf2/m+�iBQMf;`�T?B+n?BbiQ`vfKB+`Qr�p2bX?iKHX

(99) CmHBQ 6X L�p�``Q- *�`HQb aX 6`2MF v aBKQM .X JX q?Bi2X Ŀh?2 ai`m+im`2 Q7 *QH/

.�`F J�ii2` >�HQbŀX 1M, 9ek UK�vQ /2 RNNeV- T�;X 8ejX /QB, RyXRy3efRddRdjX

�`sBp, �bi`Q@T?fN8y3yk8 (�bi`Q@T?)X

(98) J�ii2Q LQ`B 2i �HX ĿGvK�M α 7Q`2bi �M/ MQM@HBM2�` bi`m+im`2 +?�`�+i2`Bx�iBQM BM

6mxxv .�`F J�ii2` +QbKQHQ;B2bŀX 1M, 93kXj U2M2X /2 kyRNV- T�;bX jkkd@jk9jX /QB,

RyXRyNjfKM`�bfbivk333X �`sBp, R3yNXyNeRN (�bi`Q@T?X*P)X

(9e) GmBb 1X S�/BHH� 2i �HX Ŀ*QbKQHQ;B+�H S�`�K2i2` AM72`2M+2 rBi? "�v2bB�M ai�iBbiB+bŀX

1M, lMBp2`b2 dXd UkykRVX �`sBp, RNyjXRRRkd- T�;X kRjX /QB, RyXjjNyfmMBp2`b2dydykRjX

�`sBp, RNyjXRRRkd (�bi`Q@T?X*P)X
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https://doi.org/10.1103/physrevd.63.063506
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https://arxiv.org/abs/1809.09619
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(9d) Ab?� S�?r� v E�M�F a�?�X Ŀai`m+im`�H T`QT2`iB2b Q7 7�BMi HQr@bm`7�+2@#`B;?iM2bb

;�H�tB2bŀX 1M, JQMi?Hv LQiB+2b Q7 i?2 _Qv�H �bi`QMQKB+�H aQ+B2iv 9d3X9 UkyR3VX

�`sBp,R3y8Xyy9NN- T�;bX 9e8d@9ee3X /QB, RyXRyNjfKM`�bfbivRRjNX �`sBp, R3y8X

yy9NN (�bi`Q@T?X:�)X m`H, ?iiTb,ff/QBXQ`;fRyXRyNjWk6KM`�bWk6bivRRjNX

(93) �Hp�`Q SQxQ 2i �HX .2i2+iBQM Q7 � mMBp2`b�H +Q`2@?�HQ i`�MbBiBQM BM /r�`7 ;�H�tB2b �b

T`2/B+i2/ #v "Qb2@1BMbi2BM /�`F K�ii2`X kykRX �`sBp, kyRyXRyjjd (�bi`Q@T?X:�)X

(9N) oB+iQ` >X _Q#H2b v hX J�iQbX Ŀ1t�+i aQHmiBQM iQ 6BMBi2 h2KT2`�im`2 a6.J, L�im@

`�H *Q`2b rBi?Qmi 622/#�+FŀX 1M, dejXR- RN U2M2X /2 kyRjV- T�;X RNX /QB, RyXRy33f

yyy9@ejdsfdejfRfRNX �`sBp, RkydX8383 (�bi`Q@T?X*P)X

(8y) _2KQ _m{MB v aBHp�MQ "QM�xxQH�X Ŀavbi2Kb Q7 a2H7@:`�pBi�iBM; S�`iB+H2b BM :2M2`�H

_2H�iBpBiv �M/ i?2 *QM+2Ti Q7 �M 1[m�iBQM Q7 ai�i2ŀX 1M, S?vbX _2pX R3d U8 RNeNVX

.PA,?iiTb,ff/QBXQ`;fRyXRRyjfS?vb_2pXR3dXRded- T�;bX Rded@Rd3jX /QB, Ry X RRyj f

S?vb_2pXR3dXRdedX m`H, ?iiTb,ffHBMFX�TbXQ`;f/QBfRyXRRyjfS?vb_2pXR3dX

RdedX

(8R) >bB@um a+?Bp2- hxB?QM; *?Bm2? v hQK "`Q�/?m`biX Ŀ*QbKB+ bi`m+im`2 �b i?2 [m�M@

imK BMi2`72`2M+2 Q7 � +Q?2`2Mi /�`F r�p2ŀX 1M, L�im`2 S?vbB+b RyXd UDmHX /2 kyR9V-

T�;bX 9Ne@9NNX /QB, RyXRyj3fMT?vbkNNeX �`sBp, R9yeXe83e (�bi`Q@T?X:�)X

(8k) :B/2QM a+?r�`xX Ŀ1biBK�iBM; i?2 .BK2MbBQM Q7 � JQ/2HŀX 1M, �MM�Hb Q7 ai�iBbiB+b

e URNd3V- T�;bX 9eR@9e9X

(8j) 1/r�`/ a2B/2H v q�B@JQ am2MX Ŀ.vM�KB+�H 2pQHmiBQM Q7 #QbQM bi�`b, S2`im`#BM;

i?2 ;`QmM/ bi�i2ŀX 1M, S?vbX _2pX . 9k Uk RNNyV- T�;bX j39@9yjX /QB, RyXRRyjf

S?vb_2p.X9kXj39X m`H, ?iiTb,ffHBMFX�TbXQ`;f/QBfRyXRRyjfS?vb_2p.X9kXj39X

(89) CQ?M aFBHHBM;X ĿL2bi2/ a�KTHBM;ŀX 1M, "�v2bB�M AM72`2M+2 �M/ J�tBKmK 1Mi`QTv

J2i?Q/b BM a+B2M+2 �M/ 1M;BM22`BM;, k9i? AMi2`M�iBQM�H qQ`Fb?QT QM "�v2bB�M

AM72`2M+2 �M/ J�tBKmK 1Mi`QTv J2i?Q/b BM a+B2M+2 �M/ 1M;BM22`BM;X 1/X TQ`

_�BM2` 6Bb+?2`- _QH�M/ S`2mbb v l/Q oQM hQmbb�BMiX oQHX dj8X �K2`B+�M AMbiBimi2

Q7 S?vbB+b *QM72`2M+2 a2`B2bX LQpX /2 kyy9- T�;bX jN8@9y8X /QB, RyXRyejfRXR3j8kj3X

(88) L�`B�FB am;Bm`�X Ŀ6m`i?2` �M�HvbBb Q7 i?2 /�i� #v �F�BF2Ƕb BM7Q`K�iBQM +`Bi2`BQM �M/

i?2 }MBi2 +Q``2+iBQMbŀX 1M, *QKKmMB+�iBQMb BM ai�iBbiB+b @ h?2Q`v �M/ J2i?Q/b

dXR URNd3V- T�;bX Rj@keX /QB, Ry X Ry3y f yjeRyNkd3y33kd8NNX 2T`BMi, ?iiTb , f f

/QB X Q`; f Ry X Ry3y f yjeRyNkd3y33kd8NNX m`H, ?iiTb , f f /QB X Q`; f Ry X Ry3y f

yjeRyNkd3y33kd8NNX
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https://doi.org/10.1093%2Fmnras%2Fsty1139
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