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Linear Systems

This chapter deals with simultaneous linear algebraic equations that can be represented gener-

ally as

E\,: apxy+apx+- - +apux, =b,
Ey: anx)+anx;+ - -+ anx, = by,

En: amXy 4 apxy+ -+ dppxy = by,

1.0.1 The graphical method

A graphical solution is obtainable for two equations by plotting them on Cartesian coordinates

with one axis corresponding to x; and the other to .
a1121 + a12r2 = by (1.1)

a21%1 + A22%2 = by (1.2)

Both equations can be solved for x:

o= () 2 (14)



1. LINEAR SYSTEMS

Thus, the equations are now in the form of straight lines; that is, zo = (slope) z1 + intercept.
These lines can be graphed on Cartesian coordinates with x5 as the ordinate and z; as the
abscissa. The values of z; and x5 at the intersection of the lines represent the solution.

Example

301421, = 18 (1.5)

—T1 + 21‘2 = 2 (16)

xn

For three simultaneous equations, each equation would be represented by a plane in a three-

dimensional coordinate system. The point where the three planes intersect would represent the

solution.

By a sequence of operation, a linear system can be transformed to a more easily solved

linear system that has the same solutions.

Ey xr1  + T2 + 3z4 = 4,
Ey 2x1  + Tro — r3 + ry = 1,
E3 : 3271 — T - I3 + 21‘4 = —3,
E4 : —X1 + 23’]2 + 3:133 - T4 = 4,



will be solved for z1,x9,x3 and x4. We use E; to eliminate the unknown z; from FEs, F3

and E4 by performing (Fy — 2F1) — (F2), (E5 —3E;) —

resulting system is

by
Es
E3
E,

Z1

+

T2
T2
4‘752
3%2

+

z3
T3
31‘3

+

(Eg) and (E4 + El) — (E4) The

3$4
5584
7.’E4
21}4

= -7,
= 15,
= 87

In the new system, F» is used to eliminate x5 from E5 and Ej4 by performing (E3 = 4E5) —

(E3) and (B4 + 3F») — (Ey)

Ey
Es
Es
Ey

The system of equations is now in triangular (or reduced)

T

+

T2
T2

T3
31‘3

+

+ 1
- 1

31}4
5.%4
3$4
3584

= 47
_7,
13,
= 13,

form and can be solved for

the unknowns by a backward-substitution process. The solution is therefore 4 = —1,z5 =

2,x3 =0 and x4 = 1.

The only variation from system to system occurred in the coefficients of the unknowns and

in the values on the right side. For this reason, a linear system is often replaced by a matrix.

Definition: An n X m matrix is a rectangular array of elements with n rows and m columns.

The notation for an n x m matrix will be capital letter such as A for the matrix and lowercase

letter with double subscripts, such as a;; to refer to the entry at the intersection of the ith row

and jth columns.

The 1 x n matrix

anl

@12
a22

an2

A=lan a2

A1m
a2m

a

aln]

nm

is called an n-dimensional row vector, and an n x 1 matrix
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is called an n-dimensional column vector.

An n x (n+ 1) matrix can be used to represent the linear system

a1171 + a2 + - a1y, = by, (1.7

G211 + a2%o + - -+ agnTy, = bo, (1.8
(1.9

an1T1 + ap2Z2 + -+ AppTn = b’ru (110

by first constructing
a1 a12 A1m by
a1 ag a2m by
A= . and b=
an1 an2 Anm bn

and then combining these matrices to form the augmented matrix

aix aiz -+ Qim b1
4,8] = azi  asy - Qg - ba
an1l an?2 o Gpm bn
So the matrix in the example:
1 1 0 3 4 1 1 0 3 : 4
2 1 -1 1 1 0 -1 -1 -5 : =7
. % .
3 -1 -1 2 : =3 0 O 3 13 : 13
-2 2 3 -2 : 4 0 0 0 -13 : —13

The procedure involved is called Gaussian elimination with backward substitution.

The general Gaussian procedure: first form the augmented matrix A

= = D —



a1l Q12 -+ Qip - A1+l

A= a1 Q22 -+ Q2p 1 A2 p41

Anl Gnz 0 Gpn © Gpntd
Provided a11 # 0, the operations corresponding to (E; — (a;1/a11)E1) — (E;) are performed
for each j = 2,3,---,n to eliminate the coefficient of x; in each of these rows. With this
in mind, we follow the sequential procedure for ¢ = 2,3,--- ,n and perform the operation
(E; — (aji/ai;)E;) — (Ej) foreach j =i+ 1,i+2,--- ,n.

The resulting matrix has the form

ai;r aiz2 - Qip - Glp4l

= 0 a e a Ca
A _ 22 2n 2,n+1
0 ... ...O ann N an7n+1

where the values of a;; are not expected to agree with those in the original matrix A. For
these linear system, a backward substitution can be performed. Solving the nth equation for

T, gives

An,n+1

Ty = ———
ann

Solving the (n — 1)st equation for x,,_; and using x,, yields

An—1,n+1 — An—1,nTn

Tp—1 =
An—1,n—1
Continuing this process, we obtain
it = S 0447
- Gin+l — QinTn — Qin—1Tn—1 — " — Gji+1Tiy1 _ Tin+l j=it1 AijLj
P = =
Qij Qij

foreachi=n—-1,n—-2,---,2,1.

The Gaussian elimination procedure can be presented more precisely

1 2 3) (n—1) (n)

The procedure will fail if one of the elements ayy’, agy , agy, -+, a1 ;,—1, ann 1S zero because
the step
(%)
@ik
(Ez — }c Ek> — F;
o)
kk

cannot be performed.
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.'[:ﬁn- wheni-—-l.z,...,k—landj:1_2.,,_,"+1,
w10 wheni=k k+1,... ,nand j=12,... k-1,
a; = a[k-l:
- = - . ,
a!{f " - {j::-n] aﬁ:.]}* wheni=kk+1,... nand j=kk+1,....n+4+1
Akt k-1
- 1 TR B
“H] aﬂ) aﬁi’ “E.Izn af*’ “{n’ a].i:ﬂ
) 2
0. afy afy - agy  ay oAy Gy
7 : k= k-1 =1y (k=1
AW = ' "..Ia.LI_IJZ-I “i-l,l: “l‘-l.:: “}:-L:H (6.6)
ook
0 ﬂ{.:) et ain] ' at,nH
I XEEESTRRIETPPRRIRTS 0 a® ... el aﬁ_“ |
Example
El : Iy — To + 22173 — Ty = —8,
E2 : 2:]'}1 - 22172 - 31‘3 - 3$4 = —20,
Es : a1 + x2 4+ x3 = -2
Ey T, - ro + 4dxs + 3xy = 4,
1 -1 2 -1 -8
A_dm_ |2 23 -3 -2
1 1 1 0 —2
1 -2 4 3 4

and performing the operations

(Ey —2E1) — (E3),(E3 — E1) — (F3), and (FE4— FE1) — (E4)

gives
1 -1 2 -1 —8
A@ _ o 0 -1 -1 —4
o 2 -1 1 6
0 0 2 4 12




Since aé?, called the pivot element, is zero, the procedure cannot continue in its present

form. Since ag) # 0, the operation (Fs) <> (F3) is performed to obtain a new matrix

—_
\
—_
[N}
\
[t
\
oo

g 0 2 -1 1 6
0 0 -1 -1 : —4
00 2 4 12

A®) will be 121(2),, and the computations continue with the operation (E4 + 2E3) — (Ey),

giving

1 -1 2 -1 1 -8
g _ 0 2 -1 1 6
0 0 -1 -1 i —4
00 0 2 4

. %: ), (1.11)
v = M:Z (1.12)
v - (6 — 24 —2 (=Dzs] _ 3. (1.13)
o T8 (—1)z4 —1 223 — (—D)xy _ 7. (1.14)

If ag,? = 0 for each p, it can be shown (Thm) that the linear system does not have a unique
solution and the procedure stops.

The first system has an infinite number of solutions, and the second leads to a contradiction,
hence no solution exists.

https://numpy.org/doc/stable/reference/routines.linalg.html

https://docs.scipy.org/doc/scipy /reference /linalg.html

(hw: from a geometrical standpointzy + 2z = 3, 2x1 +4x2 = 6. Using Gaussian elimination
with backward sustitution: 4z — 29 + x3 = 8,221 + bxo + 223 = 3,21 + 225 + 43 = 11.

)
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X1+ xn+ x3=4, X1+ x4+ x3=4,
2xp 4+ 2x24 x3=06, and 2x; 4+2x;4 x =4,
X4+ x2+2x3 =6, X+ X2+ 2x3 = 6.

These systems produce matrices

CTr 11 Cofr o114
A=|2 2 1:6 and A=[|2 2 1 @ 4
1 1 26 (11 26
Since ay; = 1, we perform (E; — 2E)) — (E;) and (E; — E;) — (Ej3) to produce
) 11 1! 47 v 1 4
A=|0 0 -1 :-=2 and A=|0 0 -1 :—4
00 1: 2 00 1! 2

Al this point, a; = a3z = 0. The algorithm requires that the procedure be halted, and no
solution to either system is obtained. Writing the equations for each system gives

x+x2+ x3i= 4, +x2+ x3= 4,
—x3 = —2, and —x3 = —4,
Xy = 2, X3 = 2.

First we require (n—t) divisions. The replacement of E; by (E; —m;; E;) requires (n—i)(n—

i+1) multiplications. Then each term is subtracted, which requires (n—i)(n—i+1) subtractions.

Multiplications/divisions
n—i)+(n—i)n—i+1)=Mn—-i)(n—1+2)
Additions/subtractions
(n—d)(n—i+1)
Multiplications/divisions
S (i i+ 2) = W
i=1

Additions/subtractions




For the backward substitution, requires (n — ) multiplications and (n —¢ — 1) additions for
each summation term, and one subtraction and one division.

Multiplications/divisions

n—1 n2—|—n
1 —1i)+1) =
+;((n )+1) ="
Additions/subtractions
n—1 2
doln—i-1)+1)="5"

Giving a total number

Multiplications/divisions

208 +3n% —5n  n*+n  nd 5 M
=—+n" -
6 2 3 3
Additions/subtractions
n3—n+n2—n_n_3+n_2_5n
3 2 3 2 6
n Multiplications/Divisions Additions/Subtractions
3 17 11
10 430 375
50 44,150 42 875
1000 343,300 338,250

1.0.2 Gauss-Jordan

The GJ method requires: Multiplications/divisions

Additions/subtractions

w

n
2
(hw: make a table comparing the required operation for n = 3,10,50,100. Which method

requires less computation?)
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- ) oM
a), 0 - 0 : a,,
2 . . . (2)
0 ay ' C Gy
' 0 :
s (n) | (n)
- 0 0 am: . an.n-l-l
(hw: solve:
0.003000z1 + 59.14z, = 59.17 (1.15)
5.291z; — 6.130z, = 46.78 (1.16)

nxX) = eXa+ v2x3 — /3x, = V11,

i+ exa— exi+ 3x4=0,

\/gxl_\/ax2+ Ia—ﬁx-z:ﬂ.
w3x, + e2xy— /Tx3 + §X4 = V2.
Actual solution (0.78839378, —3.12541367, 0.16759660, 4.55700252)".

1.1 Pivoting Strategies

To reduce roundoff error, it is often necessary to perform row interchanges even when the pivot

elements are not zero. If a,(clz) is small in magnitude compared to ay,i), the magnitude of the

multiplier

will be much larger that 1. Also, when performing the backward substitution.

The linear system

0.0030001 + 59.14x, 59.17 (1.17)

5291z, —6.130z, = 46.78 (1.18)

-10-
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has exact solution z; = 10.00 and x2 = 1.000. Performing (Fy — mo1E1) — (E2) and the

appropriate rounding gives

0.003000z; + 59.14z5 59.17 (1.19)

—104300z5 —104400 (1.20)

The disparity in the magnitudes of moja13 and as3 has introduced roundoff error, but the

roundoff error has not yet been propagated. Backward substitution yields

x5 = 1.001,

and
_ 99.17 — (59.14)(1.001)

= 0.003000

To avoid this problem, pivoting is performed by selecting a larger element al(,];) for the pivot

= —10.00,

and interchanging the kth and gth columns, if necessary. We determine the smallest p > k such

that

k
o) [maxy<i<nlal ],

and perform (Ej) < (Ep).

Consider the same example. The pivoting procedure just described results in first finding
max {[af], [afy| } = max{0.003000].[5.291]} = |5.291] = [af}].

The operation (E2) <> (E1) is then performed to give the system

5.291x1 — 6.1300, = 46.78 (1.21)
0.003000x7 + 59.1425 = 59.17, (1.22)
which reduces to
5.291z; — 6.130z2 = 46.78 (1.23)
59.14z, = 59.14 (1.24)

The correct values 7 = 10.00 and x5 = 1.000. This technique is called partial pivoting

or mazximal column pivoting.

-11-
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1.2 Linear Algebra and Matrix Inversion

Equal matrices, sum, multiplication by scalar, matrix product, transpose,

An upper-triangular n x n matrix U = (u;;) has, for each j =1,2,--- ,n, the entries
u;; =0, foreachi=j+1,7+2,---,n

and a lower-triangular matrix L = (;;) has, for each j = 1,2,--- ,n, the entries
lij =0, foreachi=j7+1,7+2,---,n

An n x n matrix A is said to be nonsingular (or invertible) if an n x n matrix A~! exist

with AA=1 = A=1A = I. The matrix A~! is called the inverse of A.

If we have the inverse of A, we can easily solve a linear system of the form Az = b.

1 2 —-1| |z 2
2 1 0 To| = |3
-2 1 2 T3 4

and then multiply both sides by the inverse, gives the solution z; = 7/9,20 = 13/9 and
x3 =15/3.

Even though it is easier to solve a linear system of the form Az = b if A~! is known, it is not
computationally efficient to determine A~! in order to solve the system.

To determine the inverse of the matrix

1 2 -1
2 1 0
-2 1 2

let us first consider the product AB, where B is an arbitrary 3 x 3 matrix.

1 2 -1 by bya bya
AB = 2 1 0 b2y b2 by
—1 1 2 bj| b;‘.‘ b33

by + 2byy — by bi2 + 2bzz — b3z bys + 2bay — by
= 2byy + b 2by2 + b2z 2by3 + b
—by + by + 2bs, —by2 + bz + 2b3yz —bys + by + 2byy
If B = A~ then AB = [, so we must have
by + 2byy — by =1, b2 + 2byp — baz =0, bys + 2byy — by =0,
2b;y + b2 =0, 2byz + b =1, 2byy + b = 0,
—byy + b2y +2by; =0, —bya+ brn 4+ 2bypp =0, —byizs+ baxn+ 2byz = 1.

-12-



1.3 Matrix Factorization

Notice that the coefficients in each of the systems of equations are the same, the only change

in the systems occurs on the right side of the equations, therefore

1 2 -1 :100
2 1 0 010
-2 1 2 0 0 1
First performing (E; — 2E1) — (Es3) and (E5 + E1) — (E3), followed by (E3 + E2) — (E3)

produces

1 2 -1 : 1 00 1 2 -1 : 1 00
0 -3 2 © —2.10 and 0 -3 2 —2.10
0 3 1 : 1 01 0 0 3 : -1 11

Backward substitution gives (three systems of eqns.)

2 5 _1
T L B
- 9 9 ?
SRR |

3 3 3

As we saw in that example, it is convenient to set up a larger augmented matrix, [AEI ].

Upon performing the elimination in accordance, we obtain an augmented matrix of the form

[U:L].

1.3 Matrix Factorization

The steps used to solve a system of the form Az = b can be used to factor a matrix. The
factorization is particularly useful when it has the form A = LU.

If A has been factored into the triangular form A = LU, then we can solve for x more easily
by using a two-step process. First we let y = Uz and solve the system Ly = b for y. Since
L is triangular, determining y from this equation requires only O(n?) operations. Once ¥ is
known, the upper triangular system Uz = y requires only an additional O(n?) to determine

the solution z. Then, the number of operations is reduced from O(n?) to O(n?).

-13-
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If Gaussian elimination can be performed on the linear system Ax = b without row inter-
changes, then the matrix A can be factored into the product of a lower-tnangular matnx L
and an upper-triangular matrix U/,

A=LU,
(i) , (i)
where m ;; =a, /a’,
] (1) (1
aQ, Gy, 1 0:ooooe0
) . . ., :
0 a ., my 1. e,
U= ., B . . and L=|"2 e, T : -
’ (n=1) . : . 0
: L I m!. ‘" I.']
e " L T * Mig.n—-
The linear system
Ty + D) +  3x4 = 4,
2¢1 + x2 — T3 4+ 1q = 1,
3r1 - Ty — r3 4+ 2x4 = =3,
—x1 + 2z + 3x3 — T4 = 4,
The system can be converted to the triangular system
r1 + 29 + 3ry = 4,
- T2 - xr3 < — Sry = -7,
3rs + 13xz4 = 13,
- 13zy = -13,

The multipliers m;; and the upper triangular matrix produce the factorization

1 1 0 3 1 0 0 O |1 1 0 3
2 1 -2 1 2 1 0 0[]0 -1 -1 =5

A= 3 -1 -1 2| |3 4 1 0[]0 O 3 13 = LU
-1 2 3 -1 -1 -3 0 1] (0 O 0 -13

A matrix A is positive definite if its symmetric and if 2t Az > 0 for every n-dimensional

vector x # 0.
The matrix A is positive definite if and only if A can be factored in the form LDL?, where

L is lower triangular with 1’s on its diagonal and D is a diagonal matrix with positive diagonal

entries.

-14-
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The matrix A is positive definite if and only if A can be factored in the form LL!, where
L is lower triangular with nonzero diagonal entries.
They offer computational advantages because only half the storage is needed and, in most cases,

only half of the computation time is required for their solution.

4 -1
A=] —I 4.25 75
1 2.75 .5

is positive definite. The factorization L DL’ of A given in Algorithm 6.5 is

1 0 0 4 0 O 1 —0.25 025
A=LDL' =} —0.25 1 0 0 4 0 0 1 0.75 | .
025 0.75 1 0o 0 1 0 0 |

and Choleski's Algorithm 6.6 produces the factorization

The matrix

N o=

1.4 TIterative techniques in Matrix Algebra

1.4.1 Gauss-Seidel

Suppose that for conciseness we limit ourselves to a 3 X 3 set of equations. The equations to

solve yield (Ax = b):

b1 — a1272 — a13x3

T = 1.25

! a11 ( )
bo — _

P 2 — 2171 — A23T3 (1.26)
a22
ba — _

P 3 — a31T1 — 43272 (1'27)
a33

Now, we can start the solution process by choosing guesses for the z’s. A simple way to obtain
initial guesses is to assume that they are all zero. These zeros can be substituted into Egs.

which can be used to calculate a new value for 1 = by /a11. Example:

33?1 - O.Il‘Q - 0.2$3 = 7.85
0.1x;y + Txo — 03z3 = —19.3,
0.3z7 — 029 + 10z3 = 71.4,

-15-
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Solve each of the equations for its unknown on the diagonal

7.85+ 0.1z9 + 0.2z3

o : (1.28)
Ty = —19.3 - 0-;961 + 0.3x3 (1.29)
— 714 — 0.?1:81 +0.2z2 (1.30)

By assuming that x5 and 3 are zero, the first Eq. can be used to compute

7.85+0+4+0
21 = % — 2.616667
This value, along with the assumed value of x3 = 0, can be substituted into the second to
calculate
oy = —-19.3 — 0.1(3.616667) +0 9704594

and then use both of them to compute x3 and so on. The true solution is 1 = 3,29 =

—2.5, r3 = 7.

X2

/

The diagonal coefficient in each of the equations must be larger that the sum of the absolute

values of the other coefficients in the equation.

-16-
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(hw: Tarea)

**Find «o’s such that has no solution, infinite number of solutions, the solution.

T — X +ars = —2 (1.31)
-1 +2T0 —ax3 = 3 (1.32)
ar] +x9+x3 = 2 (1.33)

Prove:
e The product of two symmetric matrices is symmetric
e The product of two n x n lower (upper) triangular matrix is lower (upper) triangular.

***PFind all values of o that make the matrix singular

1 -1 «
A=12 2 1
0 a -—3/2
**Find « so that is positive definite
2 o -1
A=|a 2 1
-1 1 4

**Find all values of @ and (3 s.t. is singular, strictly diagonally dominant, symmetric, positive

definite.

A=

[=Reyel
— N
N = O

a) Factor the following matrix into LU decomposition

21756 40231 21732 5.1967

-4,0231  6.0000 0 11973
-1,0000 ~52107 L1111 0
6.0235  7.0000 0 -—4.1561

-17-
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