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0.1 Numerical Differentiation and Integration

0.1 Numerical Differentiation and Integration

f/(-rO) — .f(xO +h})L_ f(JCo) _ gf//(g)

This formula is known as the forward-difference formula if h > 0 and the backward-
difference formula if h < 0. To obtain general derivative approximation formulas, suppose
that [zo,21,...,%,] are (n + 1) distinct numbers in some interval I and that f € C"F1(I).

From Theorem (eq 67)

o) = 32 e tate) + SR )

for some £(z) in I, where Ly (z) denotes the k-th Lagrange coefficient polynomial for f at

20,1, ... &y Differentiating this expression gives (at z;)

FODE ) o

(n+1)! (2 = @x).

Fl@) =" flan)Ly(x;) +
k=0

which is called an (n+1)-point formula to approximate f’(x;).

We first derive some useful three-point formulas. Since

2r —x1 — To

(xo — z1)(T0 — T2)

(x —x1)(x — x2)

Lo(=) = (xo — z1)(T0 — T2)

,  we have Ly(z) =

Hence

QZ‘J‘ — X1 — X2
(500 - xl)(xo - xz)
2x; —x0 — T

(z2 — z0)(T2 — 71)

237j — Xy — T2

(»Tl - zo)(xl - 582)

Fla) = S| [+ s |

+ S| |+ 0@, -2, )

for each j = 0,1,2. Using with x; = xg, 21 = 29 + h and x2 = xo + 2h gives

1

Plan) = 1 | =3 (ao) + 21(an) = 3 1(aa)] + 1)

Doing the same for z; =z, and z; = x»

2
P = 3 |50 + )] + 1)

—_

Paa) = 3 [ 760 - 200 + S6aa)] + 51900

Since x1 = 29 + h and x9 = xg + 2h

and rewriting



1 h?
f(xp) = % ["':;‘f(-"u} + 2f(xo+ h) — Ef(-fo +2h'}] + ?fﬁ){&-}

1 1 1 h?
f(xo+h)= 7 [“Ef(-‘n} + Efixu +2ﬁ}] — -G—fm(%'l), and
. 111 3 . h? (3)
f(-\'n+2h)=3 Ef(xu)—zf(l'ﬁ+h}+§f(rn—v—2h) +'§'f (E2).

1 h*
f(xp) = ‘i‘ﬁ‘[—f*f(m} + 4 f(xo0+ k) — fixo+ 2h)] + ?fm(&'u),

hz
f/0) = e l—f (¥ — ) + f o+ W] — & fDE),  and
1 h?
fxp) = ﬁ[f(-fn —2h) —4f(xo —h) +3f(x0)] + ?f'a'?(%'zl

The last of these equations can be obtained from the first by replacing h with —h. Although

errors are O(h?), the middle is approximately half, because uses both sides of z.

Similarly there are five-point formulas whose error term is O(h*)

1 h .
fl(xo) = m[f(xn —2h) —8f(xo—h) +8f(xo+ h) — f(xo+ 2h)] + Ef@("‘f]a

1
Fi(xp) = ﬂ1”25f(-’-’u} + 48 f(x0 + k) — 36f (xo + 2h)

hil
4+ 16 f(xg + 3h) — 3 f(xg + 4h)] + —_,;f‘”(a),

(hw: f'(z) = (x + 1)e” and error, in range:[1.8, 2.2, 0.1], using three-point f/b: h=0.1, -0.1,

middle: h=0.1, 0.2. middle five point: h=0.1)



0.2 Numerical integration

2
1" (x0) = 5 [f (w0 — h) — 2f (o) + f(xo + )] % FOE©

0.2 Numerical integration

The basic method involved in approximating f; f(x)dx is called numerical quadrature. It uses

a sum

Z a; f(z;)
1=0

to approximate f: f(x)dz. The methods of quadrature are based on the interpolation poly-

nomials. We integrate the Lagrange interpolating polynomial

n

Pula) = Y f(wi) Lia)

=0

and its truncation error term over [a,b] to obtain

b b o (-1}
[ rerax— [T raoLico dx +f [Te - =i —E52 a

=0 =0

= Z“' GO Gy 1:n f l‘Iu —x)fPE ) dx,

i=0

where &(z) is in [a, b] for each z and

b
a; = / L;(x)dx foreachi=0,1,..n

The quadrature formula is therefore

b n
/ f(z)dz ~ Zaif(mi)
a i=0

0.3 Trapezoidal rule
Let x9 = a,x1 = b, h = b — a and use the linear Lagrange polynomial:

r —X
Py(x) = = f(zo) +
T — 1 T — g

T — X

f(x1)




Then

To — T1 X1

Consequently

b (g —xqp)? x—x0)? 3
[ s = [ ) 4 {0 pe)| e - e @
T —x h3 .,
= Sl wo) + )] = 5 (3)
and therefore
b h h3

[ @ = 3 (#@0) + sa)) - 15£(6) )

y y r

f !

P”‘/ 4 /-OKP

v

0.4 Simpson’s rule

Results from integrating over [a, b] the second Lagrange polynomial with nodes zo = a,22 = b
and 1 = a + h, where h = (b — a)/2, or an alternative formula. Suppose that f is expanded in

the third Taylor polynomial about z;. Then for each z in [x0, 22]

FW(E()
24

@t L0 g

: @=z)" ()

[ t@e = [ e —an+ L5 @ -+ -+ L@ oyt o



0.5 closed Newton- Cotes

However h = o — x1 = 7 — = 4+ 0. Consequently

T2 3
| t@dn =2t + L p @) + O)

If we now replace f”(x1) by the approximation, we have
T2 3
[ it@s = 2o+ 5 {8 o) = 2600 + 100 + 0020 ) + 00)

/f dzfg o:o)+4f(x1)+f(x2)]+0(go)

0.5 closed Newton- Cotes

n = 1: Trapezoidal rule

3
[ s = S50 + 1) = 3570 (©
n = 2: Simpson’s rule
22 _h S
| r@yn =5 1rGeo) + 4f@) + )] + 55 7€) (7
n = 3: Simpson’s 3/8 rule
3h° )
[ e Flwo) +3f (1) +3f(e2) + flas)] + S O )
n=4:
[ v = S )+ 327(en) 4 125 ) + 321 00) + TH ) - G OO )
0.6 open Newton- Cotes
n = 0: Midpoint rule
T hS
[ fade =20sm0) + 510 (10)

3

307 ey (11)

| swe = 3 w0 + s + 2

2



Suppose that ) "_, a; f(x;) denotes the (n + 1)-point closed Newton-Cotes formula with
Xxo=a,x, =b,and h = (b — a)/n. There exists £ € (a, b) for which

b _ n hn+3 f(n+2}{E] n
j; f(I}dx—gﬂif(li)-i-W

if n is even and f € C"*?[a, b], and

t(t=1)---(t—n)dt,
0

b _ n hn+2 f(u+ll(£) n
/;ffx)dx—gﬂif(li)-l-w i

if nisodd and f € C"*'[a, b). "

¥y

tt=1)---(t =n)dt,

a= * x X, x,=b :
n=2
/x i f(x)dx = % [2f (z0) — fx1) + 2f(x2)] + % F9(¢) (12)
n=3
/x4 fz)ds = % [11f(z0) + f(21) + f(x2) + 11f(23)] + %f@x)(g) (13)

(hw: f(2)[0,2], 2%, 2%, 1/(1 + x), V1 + 22, sin x, e®, Trapezoidal, Simpsons, Simpsons 3/8)



0.8 Unequal Segments

Suppose that Z:_oqf(x;)dmﬂw(n+l)-pmMOpenN:mm-Cmfmﬂawnh
X_y = @, Xpy1 = b, and h = (b— a)/(n + 2). There exists £ € (a, b) for which

B fe D) b e p
f I(I)dr-z:ﬁif(&H ol (e = 1) (t—n) 1,

if nis even and f € C"*?[a, b), and

n+1 £in+1)
ff(x)dx—-za:f(x} - (fm,“” -1 mr
1

if nisoddand f € C"*'[a, b).

(hw: f02 e?® sin 3xdx, n =? , h, Midpoint, Trapezoidal, Simpson, 1074 )



Let f € C¥a,b), nbe even, h = (b—a)/(n +2), and x; = a + (j + 1)k for each
j=-010,...,n+ . Thereexists a uu € (a, b) for which the Composite Midpoint rule
fun+2mbim15canbewmtmwilhilsmtﬂ'mas

f fx)dx = 2h): fox)) + h’f"(u) .

Let f € C*[a,b), h = (b—a)/n,and x; = a+ jh, foreach j =0, 1,... , n. There exists
a i1 € (a, b) for which the Composite Trapezoidal rule for n subintervals can be written
with its error term as

b -
[ f(x)dx——[f(amim,nﬂb)]—‘%h’f'(m. ;

j=1

Let f € C%la, b), nbeeven, h = (b —a)/n, and xj=a+ jh foreach j=0,1,... n
There exists a ;© € (a, b) for which the Composite Simpson’s rule for n subintervals can

be written with its error term as

in/2)-
f f(x)dx = - [ffa} +2 z
=|

1

b -
f(Iz;J+4Zf(Iz; n+f{b1] ™ —h* f 9 u).



0.7 Composite Numerical Integration

0.7 Composite Numerical Integration
0.8 Unequal Segments

0.9 Romberg integration

Richardson’s extrapolation, are error-correction techniques use two estimates of an integral to

compute a third, more accurate approximation.

m—1

b
/ fla)de = [f(a)+f(b)+2_z f(arj)] e (14)

z; = a+ jh. We use m; = 1,my = 2,m3 = 4, and m,, = 27~1. The step size corresponding

to my, is hy = (b—a)/my, = (b —a)/2*~1. Then,

b 2k—1_q

/ f(x)dx:% [f(a)+f(b)+2 ( Z f(a—i—ih;g))] — h? Ky (15)
The parenthesis, we call it Ry,, to then

Rip = 2170 + 0] = U525 - 10 (16)
Roa = "2[f(0)+ F0) +2f(a + ha) a7)
— L;“) {f(a)+f(b)+2f <a+(b;a)>] (18)
_ %[Rl,l +huf(a+ ho)] (19)
Ry = % Ri—11+ hg—1 Z fla+ (20— 1)hk)] (20)

(py: do it)

0.10 Richardon’s extrapolation

Suppose that we have a formula N (h) that approximates a unknown value M and the truncation

error has the form



M = N(h) + K1h + Kyh® + K3h® . ..

Consider the result when we replace the parameter i by half its value. Then

h h? h3
)+K1§+KQZ +K3§

h

Substracting them (x2)

=) (0 2) ) () e )

We define
h h
Na(h) = Ny <§> + |:N1 (§> —Nl(h)}
Therefore, we have the O(h?)

Ky, 3K

il RS — ...
2 4

M = Na(h) —

If we replace h by h/2 in this formula we have
and after some algebra, we have

In gral
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0.11 Adaptative Quadrature Methods

m—1
M =N(h)+ > Kk +O(h™)
j=1
then for each 7 =2,3,...,m

Nj(h) = Nj—1 (Z) - Njfl(};é%)l—ffjﬂ(h)

Applied to Trapezoidal formula, with £ =2,3,...,n

Ry j—1— Rip—1,-1

Ryj = Ry j—1 +

P11
Ry

Ry, Ry

R, Ri» Ray

Ry R Rss R4

Rn' | Rﬂ 1 Rn.] Rn 4 Rr:n

1

0.11 Adaptative Quadrature Methods

Adaptive quadrature methods adjust the step size so that small intervals are used in regions of

rapid variations and larger intervals are used where the function changes gradually.

Apply Simpson’s with step size h = (b — a)/2

’ xdszab—}iM)
f(a)dz = $(a,b) ~ 5= O (p)

where

S(a,b) = 517(a) + 4f(a+ h) + FO)

Now, we apply the Composite Simpson’s rule with n = 4 and step size (b — a)/4 = h/2

/abf(x)dx:Z[f(a)+4f <a+g> +2f(a+h)+4f<a+32h>+f(b)]

(2 e

-11-



To simplify notation

a+b h h
S(ﬂ, T)=E[f(a)+4f(ﬂ+i)+_f(a+h}]

and

2

- = - - -

b a+b (a+b 1 /h () s -
/;f(x)dx-S(a. > )+S‘ 5 ,b)—ﬁ(%)f ().

s(”b.b) = %[f(a+h)+4f(a+3?h) +f(b}].

b b ho ho
5(a"52) 5 (450a) - 5 (55) 0w ~ S@t - 3/ 22
SO
hd @, \ . 16 a+b a+b
WO ~ 1 [S<a,b>—s(a, ! )—5(7)] (23)

o a+b a+b
j f(x}dx—S(a, > )—S( > ,b).

a+b a+b
S(a.b)—S(a, > )—S( 5 ,b)l.

P —

15

Thus if,

When the approximation differ by more than 15¢, we apply the Simpson’s rule technique
individually to the subintervals [a, (a +b)/2] and [(a+b)/2,b]. Then we use the error estimation
procedure to determine if the approximation to the integral on each subinterval is within a
tolerance of €/2. If so, we sum the approximations.

(hw: integral in first hw, w/ Exact, Trapez, Sim, Quad)

-12-



0.12 Multiple Integrals

a+b a+b
S(a.b)—S(a. : )—S(—z—,b)

b a+b a+b
./;f(Jc)d.t—.Sf(.a.—2 )—S( > .b)

< 15¢,

we expect to have

@ (b)

Figure 5.5 Adaptive quadrature applied to fix)=1 +sin e3*, Tolerance is set
to TOL=0.005. (a) Adaptive Trapezoid Rule requires 140 subintervals. (b) Adaptive
Simpson’s Rule requires 20 subintervals.

0.12 Multiple Integrals

(py: github)

-13-



0.13 (Gaussian Quadrature

All the Newton-Cotes formulas use values of the function at equally-spaced points. Gaussian
quadrature chooses the points for evaluation in an optimal, rather than equally spaced way.
This restriction is convenient when the formulas are combined to form the composite rules, but

it can significantly decrease the accuracy of the approximation.

)’.lr YA YA

Y

= ¥

Gaussian quadrature chooses the points for evaluation in an optimal, rather than equally
spaced, way. The nodes 1, za, ...x, in the interval [a, b] and coefficients ¢y, ¢, ...c,, are chosen

to minimize the expected error obtained in the approximation

b n
/ f@yds ~ Y eif ()
a =1

For illustration, we select the coefficients and nodes when n = 2 and the interval of integra-
tion is [—1, 1].

Suppose we want to determine cq, co, z1 and xo

-14-




0.13 Gaussian Quadrature

1
/71 f(x)dx = c1 f(21) + caf(x2)

gives the exact result whenever f(x) is a polynomial of degree 3 or less, that is, when

fl@)=ao+ a1z + asx? + aga®
with a little of algebra

0121, 62:1, Tl =——F7 T2 =

V3 V3
3 3

which gives the approximation formula

[1 f@)dr ~ f (—?) +f (?)

This technique could be used to determine the nodes and coefficients for formulas that give

exact results for higher-degree polynomials.

1. Foreach n, P,(x) is a polynomial of degree n.
2. J"_'I P(x)P,(x) dx = 0 whenever P(x) is a polynomial of degree less than n.

The first few Legendre polynomials are

b | I
Py(x) =1, Pix)=nx, lefx}=x'—:i,

3 3
Pi(x) = x* — ;1‘, and Py(x) = x4 - gxl + —.

An integral f: f(z)dz over an arbitrary [a, b] can be transformed into an integral over [—1, 1]

by using the change of variables

2c—a—1» 1

This permits Gaussian quadrature to be applied to any interval [a, b], since

/abf(x)dx:/llf<(b_a)t;(b+a)> (b;a)dt

(hw: foﬂ/4 2?2 sin zdz, fol r?e~%dx, n=3,4. Romberg n=4)

t

-15-



Suppose that x;, x3, ..., x, are the roots of the nth Legendre polynomial P, (x) and that
foreachi = 1,2,..., n, the numbers ¢; are defined by

1 n x - X
= — dx.
j-l [l, Xj— X
J®
If P(x) is any polynomial of degree less than 2n, then
1 n
P(x)dx = C,'F .

j: P dx=) cPx) .

Roots 7, Coefficients c, ,
0.5773502692 1.0000000000
~0.5773502692 10000000000
07745966692 0.5555555556
0.0000000000 0.8888888889
~0.7745966692 05555555556
08611363116 03478548451
03399810436 06521451549
—0.3399810436 06521451549
~0.8611363116 0.3478548451
0.9061798459 0.2369268850
0.5384693101 04786286705
00000000000 0.5688888889
~0.5384693101 04786286705
~0.9061798459 0.2369268850

-16-



0.13 Gaussian Quadrature

Data Points Data Points
Required for Required for  Truncation Programming
Method One Application n Applications Error Application Effort Comments
Trapezoidal nile 2 n+ 1 =h'Flg| Wide Easy
Simpson's 1/3 nle 3 Zn+ 1 =hf|"*l£l Wide Easy
Simpson’s rule Jo d =3 =g Wide Easy
11/3 and 3/8| .
Higherarder =5 N/A =K )¢ Rare Easy
MNewton-Cates
Romberg integration 3 Requires flx Maderaie Inopproprigie for
be known tabular data
Gouss quadralure =2 N/A Requires flx Easy Inoppropriate for
be known tabular data
Method Formulation Graphic Interpretations Error
flal + fibl fix) 4 - al?
Trapezoidal nle l=|b-a 7 o _[b]_;t'c.m
a b X
fi lb=al..
el + 23 A + ix) bt ST
Mulipleapplication I=|b-a -Qn
tiapezoidal ke -
a -JU X
flxgl + dhx) + dx;) fix) lb-al
Smpun 1= b o B N a0
1/3 nle
I N -
a=x, b=y, X
F[n:t‘--’l_zlﬂnl‘-?_ziﬂnl*ﬂn.l _[b—GFFJ
Mulipl-application l=|b-q - 3 — 1800
Simpson’s 1/3 nle ! R
X
Singaeny l= b= al flxd) + 3] ; ] + flxl fix) & _[Zﬂgt'“m
3/8 nle
a=x, b=x, X
& s -1, bt ——s | o
Romberg lk= - ' '
inlegrafion 47 -1 [ ,_'-’./
Gauss l=coflxgl + ol | 4+ =+ il fix) =2~
quadiaiue

-17-
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