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Homework

The Two-sphere

Let us consider the two-dimensional geometry of the surface of a sphere in terms of its radius
(p € [0,a]) and zenith angle (¢ e [0,27]), assuming it is embedded in a three-dimensional

Euclidean space (see Figure 1).
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Figure 1: 2D - Sphere.

with some algebra we obtain

a’

ds* = —— p dp® + p*de*. (1)

a2
Note that the line element contains a ‘hidden symmetry’, namely our freedom to choose an
arbitrary point on the sphere as the origin p = 0. There is also a coordinate singularity, which
has resulted simply from choosing coordinates with a restricted domain of validity. From

Eqn. (1) we see that this coordinate system is orthogonal, with g,, = a?/(a®—p?) and gy = p*.



a) Compute the distance in the surface D from the centre to a particular radius p = R, at

. 1 (R
D= / @z 1/2d =asin~! (a) . (2)

b) Compute the circumference of the c1rcle, given by

constant ¢, is

27
C= [ Rdp=2nR. (3)
0

¢) Similarly, compute the area within the circumference C

27 R2
A= / / 1/2pdpd¢—27ra 1- (1_a2> 1 . (4)

d) For completeness, show the total area, by symmetry, is given by

21
Aot = 2/ / IV ——_rdrd¢ = 4mwa®. (5)

2
ds* = ﬁdﬂ +72d6? + 1% sin® Odg?. (6)

Compute the Volume of the 3D sphere. Hint:

27
ar sm9
/ / / L UEESCI Y] drdfde,

[the total volume Vit is found when R = a).
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