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CMB

1. Cosmic Microwave Background — Observational cosmology, history.
Recombination, Decoupling, Last Scattering — Pettini

Black body radiation
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Physical Implications, Cosmology
Codes

What else, Non-gaussianity, Primordial Gravitational waves

The cosmic microwave background (CMB) is the thermal radiation left over from the ”Big
Bang”, also known as "relic radiation”. It is fundamental to observational cosmology because
it is the oldest light in the universe, dating to the epoch of recombination. With a traditional
optical telescope, the space between stars and galaxies (the background) is completely dark.
However, a sufficiently sensitive radio telescope shows a faint background glow, almost exactly
the same in all directions, that is not associated with any star, galaxy, or other object. This
glow is strongest in the microwave region of the radio spectrum.

The CMB is a snapshot of the oldest light in our Universe, imprinted on the sky when the

Universe was just 380,000 years old. It shows tiny temperature fluctuations that correspond to



1. CMB

regions of slightly different densities, representing the seeds of all future structure: the stars

and galaxies of today.

1.1 Isotropic CMB

The Cosmic Microwave Background radiation was discovered in 1965 by two American radio
astronomers, Arno Penzias and Robert Wilson, while trying to identify sources of noise
in microwave satellite communications at Bell Laboratories in New Jersey. Their discovery
was announced alongside the interpretation of the CMB as relic thermal radiation from the
Big Bang by Robert Dicke and collaborators working at the nearby Princeton University.
Interestingly, the possibility of a cosmic thermal background were first entertained by Gamow,
Alpher and Herman in 1948 as a consequence of Big Bang nucleosynthesis, but the idea was

so beyond the experimental

Figure 1.1: Discovery of the CMB.

The original detection by Penzias and Wilson was at a wavelength of 73.5 mm, this being
the wavelength of the telecommunication signals they were working with; this wavelength is

two orders of magnitude longer than Apeax = 1.1mm of a 7' = 2.7255K blackbody.

At any angular position (6, ¢) on the sky, the spectrum of the CMB is a near-perfect black-
body (see Figure 1.2). The CMB is in fact the closest approximation we have to an ideal black-



1.1 Isotropic CMB

Frecuencia [GHz)

300 150 100 75 &0
400 T : - : : -
Ajuste cusrpo negroa 2.720 K— ©
E7 Medidas de CORE > '
B Y :
5 ) 'x; :
= 300 3 :
= I % ;
£ + K :
s + B :
= ~ H
] % -
b 200 i " :
£ j ks i
g o Y H
i S :

100 ff . :

. N

. _:

e - .- —5

1 2 3 4 5

longitud de anda [(mm)

Figure 1.2: Blackbody radiation.

body. With T'(6, ¢) denoting the temperature at a given point on the sky, the mean temperature

averaged over the whole sky is

(T) = 4i / (6, 6) sin 6d0dé — 2.7255 + 0.0006 K (1.1)
™

The deviations from this mean temperature from point to point on the sky are tiny. Defining

the dimensionless T fluctuations:

oT B T(,¢)—(T)
?(9#’) =T (1.2)

is found that

<<%T)>1/2 =11x107° (1.3)

Such deviations were first reported in 1992 by the COBE team. Subsequent CMB missions
(WMAP and Planck) have significantly improved the angular resolution and precision in the

mapping of the CMB sky, as illustrated in Figure 1.3.



1. CMB

Figure 1.3: CMB seen by Planck.



The Boltzmann equation

Thomson
Scattering

Figure 2.1: Interactions between the different forms of matter in the universe.

The Boltzmann equation

af
an = Clf] (2.1)

The expansion of the Universe is slow compared to the microwave frequency of the CMB. It is

hence adiabatic, as far as the photons are concerned. The distribution function of the cosmic

microwave background with temperature 7T is

- [ ()1 o2




2. THE BOLTZMANN EQUATION

We see that f depends just upon the energy E of a photon. Writing 7' = Topa ™', we see that

f is a function of aF only:

flaE) = {exp (‘;f) - 1} 71. (2.3)

0
To make the connection, we note that in General Relativity, the energy of a photon is given by

E = —u,p", (2.4)

and for observers in the unperturbed background at rest, i.e. u, = a(1,0,0,0), we haven

then E = —ap, where p = |p| = \/p'p?d;j, in the background p° = p.

Them f depends solely of P = a’p, and therefore use P as an argument for f.

The full distribution function is naively a function of (z*, p*). Yet, the physics governing the
evolution of f respects the mass shell condition p,p* = m?. Therefore, f is a function f(z*,p)
only. Use p® as a function of p’ right from the start. In order to do this, let us split the spatial
momentum

Pt = pn’ (2.5)
into its magnitude p and the unit vector of photon momentum n, so §ijninj = 1. Hence, we

arrive at our final set of variables for f

f = f(TIvX?Pv 1’1) (26)

The complete distribution function for each species can be split into background plus a
perturbation part:

f(n,x, Pn) = f(P) + F(n,x, P,n), (2.7)

Useful relations, got them from g, p*p” = 0

P’ = p(1-V—d) (2.8)
po = —a’p(l+ [V —d]) (2.9)
pi = a’pni(1—2®) (2.10)
V=g = a*(1+ 7T -30) (2.11)

and p = kT“, and a useful formula

Op _ OVomap™p™ _ 12p;
apt p' 20

= n, (2.12)



2.1 Collisionless Part

2.1 Collisionless Part

The evolution of perturbations in the universe is quantified by the Boltzmann equation:

<8f> Of 0’ 8f8£ of on’
om)p

52 o T 9P or  onion — CIH G (2.13)

which relates the effects of gravity on the photon distribution function f to the rate of
interactions with other species, given by the collision term C|[f,G]. The previous distribution
applies to polarization as well by simply replacing FF — G (we use G to denote the linear

polarization distribution function) and f = f’ — 0

On the Boltzmann equation the last term vanishes, because it is of second order in perturba-
tion theory: f does not depend on n’ and hence df/dn’ is a perturbation. In addition dn’/dn,
is a change in photon direction that can only come from a spatially inhomogeneous scattering
process. So all in all the last term is of second order and we can safely discard it.

The most difficult term is the third one.

OP 0 ,
—_— = — 2.14
on o P (2.14)
op
= 2-a° 2= 2.15
Japta n (2.15)
and using the equation
Op _ Op Op' _ :0p (2.16)
on  Op* On an
The third term can be computed from the geodesic equation
op’ -
0 T ap°p” =0 2.17
P oy T LasP"p (2.17)
then
8]72 — 7 o
nzafn = *(po) 171¢Fa5p pB (2.18)
Collecting all the terms, we have
i By a o 20; /
il p"pY = 2p°p + p” [ipk(V — &) — 2] (2.19)



2. THE BOLTZMANN EQUATION

of oP y /
and the spatial part
of oz .
. = . 21
2 o ipkF(n,x, P,n) (2.21)

Collecting the terms involving the background only

<g£> = 0 (2.22)

The change in a distribution function of massless particles which depends solely on P is zero:
the preservation of the background black body spectrum.
As far as the perturbed distribution is concerned, it is much more exciting:
oF

<8n) . + ipkF — Pf p{ipk[® + U] + 20’} = C[f, G] (2.23)

Finally, making the substitution F — G, f’ — 0, we get the simple evolution equation for
the linear polarization G
oG

(577>p +ipkG = Cglf, G (2.24)

where Cg[f, G] is the collision term for G.
2.1.1 Perturbed temperature

Writing the temperature function 7" in terms of the photon brightness temperature perturbation

A = AT/T, we have

T(n,x,n) =T(n)[1+ A(n,x,n)], (2.25)
(PN e
f_f<1+A> - f+ap[1+A P] (2.26)
B of 1
()
_ 5, 0f
= f+6—EP(1—A—1)
o
= —a—PPA



2.2 The Collision Term from Compton Scattering

and therefore ' and A are connected via

__pdf
F(n,x,P,n) = fPa—P (n,x,n). (2.27)

So, _
G P/n) = PﬁQ (2.28
(777X7 ,1’1) - oP (ﬁaX7 1’1). . )

Then, the simplify Boltzmann equation becomes
A 4 ikpA = —ipk[® + U] — 28" + C[f, G (2.29)

where C[f,G] = C[f,G]/(Pfp)

2.2 The Collision Term from Compton Scattering

The dominant term for the coupling of photons to the baryons is via inverse Compton scattering

e (@) +v(p) = e (d) +(p) (2.30)

where we are interested how the photon distribution as a function of momentum p changes
[Thomson scattering is the low-energy limit of Compton scattering]. The amplitude can be

calculated from the Feynman rules.

1
C[f,G] = ancorf pP {i/wb + A(n,x,n) — i/_l A(n,x,n")[Po(X) Pa(p) + 2]d\ (2.31)
_i/_l Qn, x, n’)Pz(u)[—zx/%gxgo(A)}dA} (2.32)

The expansion of the temperature perturbation (A) and polarisations (@ and U), in terms
of the spherical harmonics Y;™(n), are

A(m,x,m) = Y (=)' Ay(k,n)Pi(k - ), (2.33)
l

@+ nxm) = SO(-(ED £iBI)y 5 Y, (2:34)
=2

where E and B are the electric and magnetic modes and the P;’s represent the Legendre

polynomials. So

C[f, G} = aneon,pP {i/ﬂ)b + A(?], k, n) + TloAQPQ(/L) — AO — \1/706[E2 — AQ]} (235)
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The Boltzmann equation thus yields to the evolution equation of temperature perturbations

[5]:

1 1
A +ikpA+ KA = —ipk|®+ V] — 20" + {457 —® — v, + TOPQ(,U/)[\/éEQ — AQ}} . (2.36)

Q +ikuQ + K'Q = %{g(u) —1} [\/6132 - AQ] . (2.37)

Note that the temperature perturbation A(n) is a function of either A(n,x,n) or, in Fourier
space, A(n,k,n); k' = an.or is the differential optical depth and u = k~'k - n the direction

cosine.

We have use the expressions for the first few moments of the distribution function

TV = / Vfgﬁf)fff(nx)d?’p (2.38)

§=4d + % / A(n)dQ (2.39)

We notice that (2.36) is not manifestly gauge-invariant, however by defining the gauge

invariant temperature perturbation M = A + 2®, and its multipole decomposition

M(n,x,m) = (i)' My(n, k) Pi(m), (2.40)

l

the evolution equation (2.36), in gauge-invariant components, becomes:
M+ ik pM + 5 M = ipk[® — U] + K/ {ipg —ipvp + %OPQ(M) [\/EEQ - MQ} } . (241)
The procedure is as follows: For each Legendre polynomials P,
e replace M(n, ) by its multipole expansion
e multiply by P;(u)
e integrate both 1.h.s. and r.h.s. of the new equation over u : f_ll du

e use the orthogonality relation fil AP (p) Py () = 26,/(2L 4+ 1)

-10-



2.2 The Collision Term from Compton Scattering

After integrating (2.41) for each ! and applying orthogonality relations of the Legendre poly-

nomials, the hierarchy for M is hence given by [6]:

k
M, = —ng (2.42)
2

Mll = H/(Vb — V»y) + k(\l’ — @) +k <M0 — M2> s (2.43)
My, = —KM2-C)+k ( Ms) (2.44)
M; = —k'M;+k 7/\/1 —H_l/\/l l>2 (2.45)

1 = 1 o =171 T g M ) .

and similarly for the polarisation
k
E, = —\—FE;), — K/ (By +V60), (2.46)
E = &k (;’flEH - ;fngm) —WE, 1>2 (2.47)

Here C = My — V/6E5/10 and 2k, = V12 — 4 are combinatorial factors.

Massless neutrinos follow the same multipole hierarchy as M, however without polarisation

and Thompson scattering. Hence, the perturbed neutrino distribution N satisfies [5]:

Ny = —gvy, (2.48)
NI = (U —®) 4k (NO - 2N2> , (2.49)
_ l 2

For completeness, we quote the hierarchy for the tensor multipoles, temperature AlT7 polar-

isation Af and cross-correlation A" [5, 12]:

AT = —kAT — W[AT —y] -1, (2.51)
AP — AT - WAT 44, (2.52)
ATP T’i [l - 0+ DALY - WART 1> (2.53)

where h is the longitudinal-scalar part of tensor decomposition in (??), and v is given by

3 3 6 - 3
= —AT —A AT AP+ “AD AP, 2.54
v = 1000 782 Tt — 580 T8 — gt (2.54)

The Boltzmann hierarchy is nowadays solved numerically with software packages such as

CMBFAST [11] to produce the CMB spectrum. Also, a widely used implementation is the

-11-



2. THE BOLTZMANN EQUATION

CAMB code [8], often embedded in the analysis package CosMOMC. Different codes have also
been implemented to compute the CMB spectrum, i.e. CMBEASY is fully object oriented C++
[4], CLASS is written in C [7], and CMBQUICK is written in Mathematica, but is unavoidably
slow [9].

2.3 The Line of Sight Strategy

So usually, we are interested in M(ng, ). It turns out that there is a clever way to obtain this
that even highlights the different contributions towards the final anisotropy. Let us develop this

Line of Sight strategy. Inspecting, one notices that the 1.h.s can be written as
e~k e=r(n) (2.55)

where

L = ekner p (2.56)

Hence, the Boltzmann equation translates into

. 1 1
L = erkner(m [mk(@ — ) + K <4Dg — iV, — 5(3;3 - 1)6)] (2.57)

and integrated over conformal time

0 ) 1 1
L(no) = /O dnetkner(m {mk(@ — ) + K <4D; —iuVy — 5(3;3 — 1)(3” (2.58)

The photon perturbation today is given by

0 ) 1 1
M(p,m0) = / dnetkn=m0) gr(m=r(m0) [iukj(cb —U) + & <4D3 —iuVy — 5(3u2 - I)C)}
0
(2.59)
The product g = &' exp(k(n) — k(no)) plays an important role and is called the visibility

function. Its peak defines the epoch of recombination.

Each term in the above Equation containing factors of p, can be integrated by parts, in

order to get rid of u. Applying this procedure to all terms involving p yields

mo
Mpty o) = / RO=10) S (1, )l (2.60)
0

-12-
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Figure 2.2: Visibility function. Its peak at about 1 &~ 300Mpc defines the epoch of last scattering.

where the source is

Vi 3 3
= - w&(m)—r(no) [’ _ W' AN 2 1"
St e @ \Il]—hq{k—i—kQC}—i—g 573C
1 vy C 3
+ g 1D3+T:b - (@—\If)+2+2kzc”} , (2.61)

Let us examine in more detail the temperature perturbations. The density contrast D is
the main contribution, driving the spectrum towards the oscillatory behaviour. It can be seen as
an intrinsic temperature variation over the background last-scattering surface: 67/T Dy /4.
The Doppler shift, V,-term, describes the blueshift caused by last scattering electrons moving
towards the observer. The term involving time derivatives of the potentials, (®' — ¥’), is known
as the integrated Sachs-Wolfe effect (ISW) [10]. It describes the change of the CMB photon
energy due to the evolution of the potentials along the line of sight. The terms involving C and
its derivatives describe polarisation effects and are far less important than the D] term. Finally,
the (® — ¥) term arises from the gravitational redshift when climbing out of the potential well
at last scattering. The combination D} /4 — (® — W) is known as the ordinary Sachs-Wolfe

effect (SW). This gives the main contribution on scales that at decoupling were well outside the

horizon [2, 5].

-13-
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Statistics of Random Fields

The density contrast J, introduced in the previous section, can be considered statistically as a
random field with zero mean, (§(x)) = 0. The measure of the clustering degree in the spatial
direction r is determined by the correlation function &, which is defined as the product of the

density contrast at two separate points, x and x -+ r:

£(r) = (5(x)3(x + 1)), (3.1)

Because of statistical homogeneity and isotropy of a random field, the two-point correlator
depends only on the distance r = |r| between the two points. On the other hand, the amplitude
of fluctuations on different lengths are described by the power spectrum P(k), which is simply

the inverse Fourier transform of the correlation function &:
A PO 272 ,
(0(k)a(k")) = —5 P(k)dp(k — k'), (32)

where § is the Fourier transform of the density contrast . The Dirac’s delta distribution ép
guarantees that modes relative to different wave-numbers are uncorrelated in order to preserve
homogeneity; P(k) has dependency only on the magnitude of the momenta no on k direction
because of isotropy. The normalisation factor 272 /k% in the definition of the power spectrum is

conventional and has the virtue of making P(k) dimensionless if §(x) is.

3.0.1 CMB power spectrum

The primary anisotropies carried out by physical effects before the recombination epoch, en-

coded in the fractional temperature perturbation, are expanded in terms of the spherical har-

15



3. STATISTICS OF RANDOM FIELDS

monics on the surface of last scattering by

AT

T(no,xo,n) = lzvgalmylm(n)» (3-3)

where the a;,,’s define the multipoles of the CMB anisotropy; xg is our position and 7y the
present conformal time. Assuming the a; ,,’s are Gaussian random fields, the two-point corre-

lator gives

(almaf,m,> = C0u Ommy - (3.4)

The angular CMB power spectrum CZT T is computed through the two-point correlation function
(3.1) by
AT(n) AT(n’) 20+ 1
cChH=(———=) = ——CiP(n-n). 3.5
0= (3 =S A anm ) (35)
where n-n’ = cosf, and we have used the addition theorem for spherical harmonics to express
the sum of products of Y},,,’s in terms of the Legendre polynomials. We consider initial conditions

in terms of the conformal Newtonian gauge potential ®;,; = R. Because the evolution equations

for A are independent of the direction k, we may write
Al(n(); k, Il) = (I)ini(k)Al(nm k, Il). (36)

Therefore the C}’s are found to be

T 3
O = a7 | s PR AF (AT (), (37)

where X and Y represent the temperature (T') and polarisations (E or B); Pg(k) is the power

spectrum of the initial curvature perturbations

k ns—1

Pr) = 4. (1) (38)
ko

and A, the initial scalar amplitude, quoted at a reference scale ko (one chooses ky = 0.05Mpc)

and the spectrum is a featureless power law with scalar spectral index n.

The moments obtained from the line of sight integration method [11], in terms of the spher-

ical Bessel functions j;, are given by

AT = (@41 / dnu(kl — nol) Sk, ), (3.9)

aF = ety [ et (3.10)

-16-



with the sources

Vi
—  _ef—rmo)[p! — g’ b 1
St e [ |+4d {k—&— C} g—2k2C
V) C
D’Y d— T 2 pn )
T 903 +k ( )+ 5 +2k20}, (3.11)
34C
Se. = (3.12)

where we have used x = k(9 — 1) and the visibility function g = " exp(k(n) — &(10)).
For completeness, we quote the hierarchy for the tensor multipoles, temperature Aﬂ polar-

. . X . xXT.P
isation Af and cross-correlation A, [5, 12]:

4 a3k
tens __ tens tens
O = ity [ s PO ARTRIART (), (313)

where P (k) is the initial tensor power spectrum, and the moments:

/ l 2 7o
Atens — li / d Stens 7 ) ( ), (314)

ABpy = O dnSte“(k i), (3.15)

with the sources (using (3.22)):

SE™S(k,m) = h'exp(—k) + g1, (3.16)
Stenb( ) — g{’l/i ¢+2¢_¢}

20 4y n
ens 2 ' w
SE™(k,m) = g{w+z}+2g’k- (3.18)
AT = —kAT — W[AT —y] -1, (3.19)
AV = —kEAT — K[AT + 4], (3.20)
AP = 72111 : IAY — (1 + 1)A1T+ﬂ —&APT 1>, (3.21)

where h is the longitudinal-scalar part of tensor decomposition in (??), and ¢ is given by

N 6 -~
Y= TOAT - 7AT - mAT 5A(’f + ;Ag 7—OAP (3.22)

The slow way would be to get the C;’s directly from the (vast) multipole hierarchy of the
photon distribution and the multipole hierarchy up to I = 3000. In contrast, the line of sight

-17-
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B (lensing)
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Figure 3.1: CMB spectra for all the contributions: Temperature, EF-mode, B-mode and T-F
cross-correlation. The left-hand-side displays the scalar perturbations whereas the right-hand-side

tensor perturbations (gravitational waves). Figure reprinted from Challinor [3]

integration gets the A;’s by folding the source term S with the spherical Bessel functions j;.
While the Bessel functions oscillate rapidly in this convolution, the source term is most of the
time rather slowly changing. It thus suffices to calculate the sources at few (cleverly chosen)
points and interpolate between.

Figure 3.1 shows the adiabatic CMB spectra for all the contributions: Temperature,
FE-mode, B-mode and T-E cross-correlation. The left-hand-side of the panel displays the
CMB spectra for scalar perturbations, whereas the right-hand-side tensor perturbations

(gravitational waves). All of them in units of I(I + 1)/27[uK]>.

3.1 Codes

The Boltzmann hierarchy is nowadays solved numerically with software packages such as CMB-
FAST [11] to produce the CMB spectrum. Also, a widely used implementation is the CAMB
code [8], often embedded in the analysis package CosMoMC. Different codes have also been
implemented to compute the CMB spectrum, i.e. CMBEASY is fully object oriented C++
[4], CLASS is written in C [7], and CMBQUICK is written in Mathematica, but is unavoidably

slow [9].

-18-



3.1 Codes

1995/ Fortran 77 @ COSMICS: Cosmological initial conditions and microwave anisotropy
' * Chung-Pei Ma. Edmund Bertschinger. arXiv:astro-ph/9506072

http:/fascl.net'cosmics.html

199G Fortran 77 @ CMBFAST: A microwave anisotropy code
* Seljak Uros, Zaldarriaga Matias. arXiv:astro-ph/9603033,
arXiv:astro-ph/9704265
hitp:ffascl.net'cmbfast.html

CAMB: Code for Anisotropies in the Microwave Background.
* Antony Lewis, Anthony Challiner and Anthony Lasenby.
arXiv:astro-ph/2911177

20000 Fortran 90 @

hitp:‘'camb.info/

20050 C @ CMBEASY: an Object Oriented Code for the Cosmic Microwave Background
* Michael Doran arXiv:astro-ph/0302138v2

httpz/iwww.thphys.uni-heidelberg.de/ robbers/cmbeasy/index.html .-

2001 Davis Anisotropy Shortcut (DASh)
DASh incorporates many analytic and semianalylic approximi:
elsewhere in the literature and also some new ones. The S

ns that have been presented
B6S-674, 2002

TABLE 1. Comparison between CMB Co(lt-.-:E

CAMB CLASS CMBEASY CMBquick Cosmolib®

Foa C Co4 Mt hveam st ica Fooe

sym. syn./MNewt. 2 syn./gange-inw. Newt. Mewt.
open /chse aniverse Yes Na MNw No N
massive neutrinos Yeos You Yo Yes No
tensar perturk Yes Yes Yo Yes Yes
CDM isccurvature mode Yos Yien Wis Yes Vs
dark enengy perturh Yes Yn W Na Yes
o > 2, Yes Yes et No Yes

dark energy EOS. constant g + we(l — a) arbitrary -1 arbitrary

non-smooth primor 1 prower M M No No Yes
MOMC driver Yes Nea Yes N Yes
periadic proposal density Na Na Mo No Yes
data simulation N Mo N Mo Yes
second-order perturb, Mo No No Yes No &

= Here we do not incude CMBFast, which is no longer supported by its anthors or available for download.

CAMEB Web Interface

Bupports the Janusry I011 Release

Mot of tre coreg e v B B D ) T e G e Fo e T T SO
- scmme G T - Lnear
Wector Con Trarer £t M —trmimcm Bt e Bmene { AALOETTY
Tewwner Cou e mmar CMB Lerming (HALGETT
Shy Mas Outpun | s -
b T

s e et Fracmon
o Hubble Constant = T Mt S
vas T = Mazsiee Pesutrines

0 Ean. of State
O Conmoveng Sound Speed

http-/lambda. gsfc. nasa. gow/toolbox/

Figure 3.2: a
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3. STATISTICS OF RANDOM FIELDS

Doppler
Isw

T R L |
10 100 1000

Figure 3.3: Total CMB temperature-spectrum and its different contributions: Sachs-Wolfe (SW)
Dj/4 — (® — ¥); Doppler effect V;'; and the integrated Sachs-Wolfe effect (ISW) coming from
evolution of the potential along the line of sight. Figure from Challinor [3]

3.2 Description of fluctuations

e The [ = 0 term of the correlation function (the monopole) vanishes if the mean tempera-

ture has been defined correctly.

e The ! =1 (the dipole) reflects the motion of the Earth through space. What we are seeing
is the effect of the Earth’s motion relative to the local comoving frame of reference. The
Earth is moving with a velocity v = 369kms~! towards a point on the boundary of the

constellations of Crater and Leo.

e The Sachs-Wolfe effect (I < 100) - The gravitational effects are the dominant contributions

at large angular scales. C; o< [ dInkPg(k)j? (k[n—mno]), and if we make use of the integral

i 1
2
x)dx = 3.23
| i@ = g (3.23)
and assume a nearly scale-invariant scalar spectrum ng =~ 1, then
(l+1)C 1

- = — A .24
27 25 (3.24)

is approximately constant, shown as a flat plateau at low multipoles. More generally, a
primordial spectrum that varies as a power-law in k gives an angular power spectrum

going like
L'(l+ns/2—-1/2)
Ll —ns/2+5/2)

C (3.25)
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3.2 Description of fluctuations

e Intermediate scales (100 < ! < 1000) - Perturbations inside the horizon have evolved
causally and produced the anisotropy at the last scattering epoch (lhor = 200). The
balance between the gravitational force and radiation pressure is presented as series of

characteristic peaks called acoustic oscillations.

e Small scales (I > 1000) - The thickness of the last scattering surface leads to a damping
of ClT ~ 1~ at the highest multipoles, commonly called the Silk effect. The total mean-

squared distance that a photon will have moved by such a random walk by the time 7, is

T dy 1
(3.26)
/

~ 72
an.or k7

therefore

which defines a damping scale k‘Bl.

At these scales, important contributions are also provided by secondary anisotropies:
gravitational lensing, Rees-Sciama effect (RS), Sunyaev-Zel’dovich effect (SZ), kinetic
Sunyaev-Zel’dovich effect, Ostriker-Vishniac effect (OV), foregrounds from discrete

sources [1].
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STATISTICS OF RANDOM FIELDS

3.

Figure 3.4
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