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José-Alberto Vázquez

ICF-UNAM / Kavli-Cambridge

In progress

August 12, 2017

mailto:javazquez@icf.unam.mx
http://www.kicc.cam.ac.uk/


4
Linearised Evolution Equations

Now it is time for the perturbed Einstein equations �Gµ⌫ = 8⇡G�Tµ⌫ .

• We can use two gauge function T y L to set the metric perturbations E and B to zero.

4.1 Conformal Newtonian Gauge

ds
2 = a

2[(1 + 2 )d⌧2 � (1� 2�)�ijdx
i
dx

j ], (4.1)

with � = � and  =  .

Perturbed connections coe�cients

We first require to compute the Christo↵el symbols for the metric (4.1) and its inverse

g
µ⌫ =

1

a2

✓
1� 2 0

0 �(1� 2�)�ij

◆
. (4.2)

Remember : �µ
⌫⇢

=
1

2
g
µk(@⌫gk⇢ + @⇢gk⌫ � @kg⌫⇢), (4.3)

�000 =
1

2
g
00(2@⌧g00 � @⌧g00) =

1

2
g
00
@⌧g00

=
1

2a2
(1� 2 )@⌧ [a

2(1 + 2 )] = H+  
0
. (4.4)
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4. LINEARISED EVOLUTION EQUATIONS

Homework

�00i = @i (4.5)

�i00 = �
ij
@j (4.6)

�0
ij

= H�ij � [�0 + 2H(�+  )]�ij (4.7)

�i
j0 = H�i

j
� �

0
�
i

j
(4.8)

�i
jk

= �2�i(j@k)�+ �jk�
il
@l� (4.9)

4.2 Perturbed Stress-Energy Conservation

Gµ⌫ = 8⇡GTµ⌫+⇤gµ⌫ implies conservation of energy and momentum via the contracted Bianchi

identity

rµ
Gµ⌫ = 0 ! rµ

Tµ⌫ = 0,

but it’s more convenient to work with the mixed components

rµT
µ

⌫
= 0 or @µT

µ

⌫
+ �µ

µ⇢
T

⇢

⌫
� �⇢

µ⌫
T

µ

⇢
= 0. (4.10)

Continuity equation

The ⌫ = 0 component of (4.10)

@0T
0
0 + @iT

i

0 +⇠⇠⇠⇠�000T
0
0 + �

i

i0T
0
0 + �

0
0iT

i

0| {z }
O(2)

+�j
ji
T

i

0| {z }
O(2)

�⇠⇠⇠⇠�000T
0
0 � �0i0T i

0| {z }
O(2)

��i00T 0
i| {z }

O(2)

��i
j0T

j

i
= 0.

Substitute the perturbed stress-energy tensor and connection coe�cients

@⌧ (⇢̄+ �⇢) + @iq
i + (3H� 3�0)(⇢̄+ �⇢)� (H� �

0)�i
j
[�(P̄ + �P )�j

i
+⇧j

i
] = 0,

) ⇢̄
0 + @⌧�⇢+ @iq

i + 3H(⇢̄+ �⇢)� 3⇢̄�0 + 3H(P̄ + �P )� 3P̄�0 = 0.

The contribution of the zero part is

⇢̄
0 + 3H(⇢̄+ P̄ ) = 0.

and the first order part becomes

@⌧�⇢+ @iq
i + 3H(�⇢+ �P )� 3(⇢̄+ P̄ )�0 = 0. (4.11)
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4.3 Euler equation

• @iq
i - describes changes due to the local fluid flow because peculiar velocity.

• 3H - dilution due to the background expansion.

• �
0 - density changes caused by perturbations to the local expansion rate (1 � �)a is the

local scale factor.

Remember � ⌘ �⇢

⇢̄
- fractional overdensity and q

i = (⇢̄+ P̄ )vi in terms of the peculiar velocity

⇢̄�
0 � 3H(�̄⇢+ P̄ )� + (⇢̄+ P̄ )@iv

i + 3H(���⇢+ �P )� 3(⇢̄+ P̄ )�0 = 0.

�
0 � 3H

✓
P̄

⇢̄
� �P

�⇢

◆
� +

✓
1 +

P̄

⇢̄

◆
(@iv

i � 3�0) = 0. (4.12)

This is the relativistic version of the continuity equation, in the limit P ⌧ ⇢ ! recover the

Newtonian continuity equation in conformal time

�
0 + @iv

i � 3�0 = 0, (4.13)

but with a general-relastivistic correction [small on sub-horizon scales k � H].

4.3 Euler equation

The ⌫ = i component of (4.10)

@µT
µ

i
+ �µ

µ⇢
T

⇢

i
� �⇢

µi
T

µ

⇢
= 0, (4.14)

@0T
0
i
+ @jT

j

i
+ �000T

0
i
+ �j

j0T
0
i
+ �00jT

j

i
+ �k

kj
T

j

i
� �00iT 0

0 � �0jiT
j

0 � �
j

0iT
0
j
� �j

ki
T

k

j
= 0,

we have not written down T
0
i
explicitly before

T
0
i
= giµT

0µ = gi0T
00 + gijT

0j

= 0� a
2(1� 2�)�ija

�2
q
i = �q

i
.

(4.15)

Then, the Euler equation becomes

�q
0
i

+ @j [�(P̄ + �P )�j
i
+⇧j

i
]�Hqi � 3Hqi � @j P̄ �

j

i
+ [�2�k(k@j)�+ �kj�

kl
@l�]

| {z }
[�(�kk@j+�

k
j @k)+�

l
j@l]�=�3@i�

[�P̄ �
j

i
]

� @i ⇢̄�⇠⇠⇠⇠H�ijqj +���H�j
i
qj � [�2�j(k@i)�+ �ki�

jl
@l�][�P̄ �

k

j
]

| {z }
3@i�P̄

= 0.
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4. LINEARISED EVOLUTION EQUATIONS

) �q
0
i
� @i�P + @j⇧

j

i
� 4Hqi � (⇢̄+ P̄ )@i = 0,

using qi = (⇢̄+ P̄ )vi, and the continuity equation, the relativistic version of the Euler equation

becomes

v
0
i
+

P̄
0

⇢̄+ P̄
vi +

1

⇢̄+ P̄
@i�P � 1

⇢̄+ P̄
@i⇧

j

i
+Hvi + @i = 0. (4.16)

• Hvi - redshifting of peculiar velocities.

• P̄
0
/⇢̄

0 - small corrections for relativistic fluids.

• P̄
0
/⇢̄

0 = c
2
s
for adiabatic fluctuations.

We just need the gravitational potentials  and � to the close the system of equations.

4.4 Perturbed Einstein tensor

Because we requiere the Einstein tensor Gµ⌫ = Rµ⌫ � 1
2Rgµ⌫ so we first need to compute the

Ricci Rµ⌫ tensor and scalar R:

Rµ⌫ = @⇢�
⇢

µ⌫
� @⌫�

⇢

µ⇢
+ �↵

µ⌫
�⇢
↵⇢

� �↵
µ⇢
�⇢
⌫↵

. (4.17)

For 00:

R00 = @⇢�
⇢

00 � @0�
⇢

0⇢ + �
↵

00�
⇢

↵⇢
� �↵0⇢�

⇢

0↵.

The terms with ⇢ = 0 cancel out, by pairs, then we need to include only ⇢ = i

R00 = @i�
i

00 � @⌘�
i

0i + �
↵

00�
i

↵i
� �↵0i�i0↵

= @i�
i

00 � @⌘�
i

0i + �
0
00�

i

0i + �
j

00�
i

ji| {z }
O(2)

��00i�i00| {z }
O(2)

��j0i�i0j

= r2
 � 3@⌘(H� �

0) + 3(H+  
0)(H� �

0)� (H� �
0)2�j

i
�
i

j| {z }
3H2�6H�0

,

R00 = �3H0 +r2
 + 3�00 + 3H(�0 +  

0). (4.18)

HW:

R0i = 2@i�
0 + 2H@i . (4.19)

Rij = [H0 + 2H2 +r2
�� �

00 �H 0 � 5H�0 � 2(H0 + 2H2)(�+  )]�ij

+ @i@j(��  ). (4.20)
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4.4 Perturbed Einstein tensor

Ricci scalar

R = g
00
R00 + 2g0iR0i| {z }

=0

+g
ij
Rij ,

a
2
R = (1� 2 )R00 � (1 + 2�)�ijRij

= (1� 2 )[�3H0 +r2
 + 3�00 + 3H(�0 +  

0)]

� �
ij
�ij| {z }
3

(1 + 2�)[H0 + 2H2 +r2
�� �

00 �H 0 � 5H�0 � 2(H0 + 2H2)(�+  )]

�(1 + 2�)r2(��  ),

to linear order

a
2
R = [�3H0 +r2

 + 3�00 + 3H(�0 +  
0)] + 6 H0

�3[H0 + 2H2 +r2
�� �

00 �H 0 � 5H�0 � 2(H0 + 2H2)(�+  )]� 6�(H0 + 2H2)

�r2(��  ),

a
2
R = �6(H0 +H2) + 2r2

 � 4r2
�+ 6�00 + 6H(3�0 +  

0
) + 12(H0 +H2) . (4.21)

Then, the Einstein tensor 00 is

G00 = R00 �
1

2
g00R

= ⇠⇠⇠�3H0 +���r2
 +⇢⇢3�00 + 3H(�0 +�� 

0) + 3(1 + 2 )(⇢⇢H0 +H2)

�1

2
[���2r2

 � 4r2
�+⇢⇢6�00 + 6H(3�0 +�� 

0) + 12(⇢⇢H0 +H2) ]

G00 = 3H2 + 2r2
�� 6H�0. (4.22)

On the other hand, since g0i = 0 (newtonian)

G0i = 2@i�
0 + 2H@i . (4.23)

And, finally

Gij = Rij �
1

2
gijR

= [H0 + 2H2 +r2
�� �

00 �H 0 � 5H�0 � 2(H0 + 2H2)(�+  )]�ij

+@i@j(��  )� 3(1� 2�)(H0 +H2)�ij

+
1

2
[2r2

 � 4r2
�+ 6�00 + 6H( 0 + 3�0) + 12(H0 +H2) ]�ij ,
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4. LINEARISED EVOLUTION EQUATIONS

this neats up

Gij = �(2H0 +H2)�ij + [r2( � �) + 2�00 + 2(2H0 +H2)(�+  )

+2H 0 + 4H�0]�ij + @i@j(��  ) (4.24)

4.5 Perturbed Einstein equations

Putting altogether, the 00 Einstein equation:

G00 = 8⇡GT00 + ⇤g00.

3H2 + 2r2
�� 6H�0 = 8⇡G(g00T

0
0 +���

g0iT
i

0) + ⇤a
2(1 + 2 )

= 8⇡Ga
2(1 + 2 )⇢̄(1 + �) + ⇤a2(1 + 2 ).

Zero-order

H2 =
8⇡G

3
a
2
⇢̄+

1

3
⇤a2. (4.25)

00 Einstein first order

r2
� = 3H�0 + (8⇡Ga

2
⇢̄+ ⇤a2) + 4⇡Ga

2
⇢̄�

r2
� = 3H(�0 +H ) + 4⇡Ga

2
⇢̄�. (4.26)

Einstein 0i component:

G0i = 8⇡GT0i + ⇤g0i,

but, we need T0i

T0i = g0µgi⌫T
µ⌫

= g00gijT
0j (g0i = 0)

= �a
2(1 + 2 )a2(1� 2�)�ija

�2
q
j

= �a
2
qi. (4.27)

Hence

) @i�
0 +H@i = �4⇡Ga

2
qi but qi = (⇢̄+ P̄ )@iv

�
0 +H = �4⇡Ga

2(⇢̄+ P̄ )v,

now using G00 (4.26)

) r2
� = 4⇡Ga

2[⇢̄� � 3H(⇢̄+ P̄ )v], (4.28)
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4.5 Perturbed Einstein equations

[⇢̄� � 3H(⇢̄+ P̄ )v] poisson with source density

⇢̄� ⌘ [⇢̄� � 3H(⇢̄ + P̄ )(B + v)] the gauge-invariant variable (B = 0), since B = 0 in the

conformal newtonian gauge.

• Introduce comoving hypersurfaces-orthogonal to the wordlines of a set of observers comov-

ing with the total matter. In the comoving gauge (qi = 0, Bi = 0),� is the fractional overdensity

ij Einstein equation

Gij = 8⇡GTij + ⇤gij

= 8⇡GgikgjlT
kl � a

2⇤(1� 2�)�ij

= 8⇡Ga
4(1� 2�)2�ik�jla

�2[P̄ �kl + (2P̄�� �P )�kl �⇧kl]� a
2⇤(1� 2�)�ij

= 8⇡Ga
2(1� 4�)[P̄ �ij + (2P̄�+ �P )�ij �⇧ij ] + a

2⇤(1� 2�)�ij

= a
2(8⇡GP̄ � ⇤)�ij + a

2[8⇡G(�P � 2P̄�) + 2⇤�]�ij � 8⇡Ga
2⇧ij .

Gij to zero order (4.24)

2H0 +H2 = �a
2(8⇡GP̄ � ⇤),

the second Friedmann equation.

The first order Einstein ij equation:

[r2( � �) + 2�00 + 2(2H0 +H2)(�+  ) + 2H 0 + 4H�0]�ij + @i@j(��  )

= a
2[8⇡G(�P � 2P̄�) + 2⇤�]�ij � 8⇡Ga

2⇧ij (4.29)

• First, consider the trace-free part

@hi@ji(��  ) = �8⇡Ga
2⇧ij , (4.30)

in the absence of anisotropic stress ! � =  so there’s only one gauge-invariant degree of

freedom in the metric (⇧ij neutrino decoupling - or not a perfect fluid).

• The trace part �ij/3

r2( � �) + 2�00 + 2(2H0 +H2)(���+  ) + 2H 0 + 4H�0 + 1

3
r2(��  )

= 8⇡Ga
2
�P �((((((((

2a2(8⇡GP̄ � ⇤)�,

using the zero order, and diving by 2

1

3
r2( � �) + �

00 + (2H0 +H2) +H 0 + 2H�0 = 4⇡Ga
2
�P,
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4. LINEARISED EVOLUTION EQUATIONS

4.6 Summary

Newtonian Gauge, no-anisotropic stress,  = �

Metric : ds
2 = a

2(⌧)
⇥
(1 + 2�)d⌧2 � (1� 2�)�ijdxi

dx
j
⇤

Einstein equations:

r2
�� 3H(�0 +H�) = 4⇡Ga

2
�⇢, (4.31)

�
0 +H� = �4⇡Ga

2(⇢̄+ P̄ )v, (4.32)

�
00 + 3H�0 + (2H0 +H2) = 4⇡Ga

2
�P, (4.33)

using the comoving gauge density contrast

r2
� = 4⇡Ga

2
⇢̄�. (4.34)

The conservation equations:

�
0 + 3H

✓
�P

�⇢
� P̄

⇢

◆
� = �

✓
1 +

P̄

⇢̄

◆
(r · v̄ � 3�0), (4.35)

v
0 + 3H

✓
1

3
� P̄

0

⇢̄0

◆
v = � r�P

⇢̄+ P̄
�r�, (4.36)

R = ��� H(�0 +H�)
4⇡Ga2(⇢̄+ P̄ )

, (4.37)

doesn’t evolve on super-Hubble scales k ⌧ H with adiabatic perturbations.
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