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We use the canonical transform realization of SL(2, R ) in order to find all matrix elements and
integral kernels for the unitary irreducible representations of this group. Explicit results are given
for all mixed bases and subgroup reductions. These provide the full multiparameter set of integral
transforms and series expansions associated to SL(2, R ).

PACS numbers: 02.20.Df
1. INTRODUCTION

The complete classification of the Unitary Irreducible
representations (UIRs) of the three-dimensional Lorentz
group SO(2, 1) and of its twofold covering group SL{2, R )
were given by Bargmann in his classic 1947 article,' where
one can find the UIR matrix elements—rows and columns
classified by the UIRs of the compact subgroup SO{2)—in

1:2

explicit form. This group, its covering groups SO{2, 1)~

1ioo ————mmee
SU(1,1)~Sp(2, R )=SL(2,R )~ SL(2, R} andits represen-

tations were further studied by Barut and Fronsdal,? Pu-
kanski,* Sally, Jr.,* and in a book by Lang.’

The study of group representations in different bases is
of interest both from the mathematical and the physical
point of view. The intimate connections between the repre-
sentations of Lie groups and the special functions of math-
ematical physics have long been recognized and treated in
textbooks.® In physics, subgroup reductions corresponding
to different bases of the Lorentz and other groups lead to
various ways to correlate or interpret data, as in the descrip-
tion of the high-energy scattering dynamics,” which requires
the reduction SO(2, 1) DSO(1, 1) among others. This interest
coincided with the investigations of Mukunda,*'" Barut,”'?
Lindblad and Nagel,'* and others, who analyzed this chain
in some detail and computed the generalized representation
matrices (or integral kernels) of one-parameter subgroups
and found the coupling coefficients.

In the study of the role of canonical transformations in
quantum mechanics, the work of Moshinsky and
Quesne'*'® started from linear transformations between co-
ordinate and momentum observables and lead to the oscilla-
tor (metaplectic) representation of Sp(2, R }. In contrast to the
realizations given by Bargmann' and by Gel’fand et a/.,'® in
which the group acts as a Lie transformation group on func-
tions of a coset manifold, the group actions in the construc-
tions of Moshinsky,'*'>!” Seligman, Wolf,'*-2* Burdet, Per-
rin and Perroud,?* and present in the work of others,?>?7 is
an integral transform realization of SL(2, R ) on .¥"*(R ) Hil-
bert spaces. This group of integral transforms has been
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called canonical transforms.'®* It is unique in that the asso-
ciated Lie algebra is an algebra of second-order differential
operators on a dense common domain in these Hilbert
spaces. The action is thus distinct from—although unitarily
equivalent®”?'to—the SL(2, R ) action as a Lie transforma-
tion group on coset spaces, of the Lie-Bargmann multiplier
representations®” on the unit circle or disk.

The canonical transform realization has provided a de-
gree of uniformity in the treatment of the discrete series'® of
UIRs on the one hand and the continuous series’! of UIRs
on the other. In this article it has enabled us to evaluate, in a
straightforward and unified way, the UIR matrix elements
and integral kernels of finite SL{2, R j elements. In contrast
with some of the previous investigations, this approach deals
with the general SL(2, R ) group element, rather than with
specific one-parameter subgroups. Although Bargmann’s
results on UIRs of SL(2, R ) in the compact subgroup basis*
are well known, it is also true that other continuous noncom-
pact and mixed-basis reductions have so far not received
uniform consideration?®'%'%3'=3 and are scattered in the
literature. The discrete series of UIRs in all subgroup reduc-
tions was undertaken by Boyer and Wolf** using canonical
transforms. We repeat their results here since the journal is
not generally available and the article contains some errata.
The mixed-basis matrix elements of the continuous series
were treated by Kalnins,’' who gave expressions for one-
parameter subgroups in terms of Whittaker and Laguerre
functions of the second kind.** All our expressions are given
in terms of confluent and Gauss hypergeometric functions,
and have uniformity of notation, normalization, and phase
conventions. The purpose of this paper is to give a compre-
hensive derivation and listing of all subgroup reductions.

The plan of the article is as follows. In Sec. 2 we display
the needed formulas from the theory of canonical transforms
for the general method of construction and, since we want to
describe all UIR matrix elements and integral kernels, we
organize the notation properly in due accordance with Barg-
mann’s conventions. In Sec. 3 and 4 we give the results for
the discrete and continuous {nonexceptional and exception-
al) representation series. The first subsection of each lists the
subgroup-adapted basis functions, the second treats the
mixed-basis expressions, while the third subsection treats
the subgroup reductions, i.e., the cases when the row and
column variables refer to the same subgroup. These are ex-
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pressed as Gauss or confluent hypergeometric functions
and, alternatively, as cylinder and Whittaker functions®**’
of the three independent SL(2, R ) parameters. Certain cases
of interest are pointed out in a further subsection. Compari-
son with alternative derivations available in the literature is
pointed out whenever we are aware of such results.

The representation matrix elements for the compact
subgroup chain were obtained by Bargmann as solutions to
differential equations*® with boundary conditions imposed
by the group identity. We come to the evaluation of an inte-
gral as the last step to the same end. We make use of a meth-
od by Majumdar and Basu®” on hypergeometric series Mel-
lin expansions to solve three of the six chains in each series.
In the special case of the continuous series in the compact
subgroup reduction, such an integral (a Gaussian of imagi-
nary width times two Whittaker functions, one with a res-
caled argument) is not available in the literature. Through
Bargmann’s result this is evaluated.

In Sec. 5 we point out that the six different mixed-basis
and subgroup-reduced representation matrix elements con-
stitute six families of SL(2, R } integral and discrete trans-
forms, as well as series expansions, of which the set of ca-
nonical transforms is but one. The Appendix summarizes
some information about the groups SU(1, 1), SL(2, R ), and
their UIRs as classified by Bargmann. Throughout this arti-
cle Z and R stand for the set of integers and real numbers.
Boldfaced symbols indicate vectors or matrices. For brevity,
we shall speak of UIR matrix elements encompassing both
the ordinary and generalized (i.e., integral transform kernel)
cases.

As a general observation, we should remark that the
canonical transform realization of SL(2, R ) can be regarded
as a complementary alternative to Bargmann’s treatment of
the same group. The latter is simpler in certain respects,
particularly when dealing with the compact subgroup chain,
while the former seems to be most appropriate for noncom-
pact subgroup chains.

2. CANONICAL TRANSFORMS
A. The construction of SL(2, A) representations

The determination of representation matrices (or inte-
gral kernels) for group elements geG may proceed as follows:
Provided (i) one has a Hilbert space 77 of functions f (7},  in
some carrier space X, endowed with a sesquilinear positive
definite inner product (-,-), where the action of G is well de-
fined and onto,

FIN £ =[£I, £ f,e¥ 2.1)

(ii) one has a complete orthonormal, or generalized Dirac-
orthonormal basis for 57, {#, (r)} ;4 (A being the range of
the label specifying the basis vectors uniquely), one can build
a representation D: G—HomA as

D(g) = [1Dz4-(8)ll> (2-2a)

D; ;(8) = (Wa, Cey)- (2.2b)
The completeness of the (possibly generalized) basis function
set will then guarantee the representation property
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/EA D, (8)Ds1-(82) =Dy ;- (818 (2.2c)

where the symbol S, .. stands for summation in the case of
proper, and integration in the case of generalized, bases. The
unitarity and irreducibility properties of D follow from simi-
lar requirements for the action (2.1) on 5.

The reasons for which this straightforward program of-
ten fails to provide a definite result have to do more with
knowing the *‘best” choice of basis functions {, (r}},., and
the problem of explicit computation of the integral in (2.2b),
than with matters of principle. The bases are usually chosen
as the eigenvectors of one or more operators in the Lie alge-
bra—so that subgroup reductions result—while the space
& is an .¥"*X ) space on a coset manifold X = G /H (or
H \ G ) with some convenient subgroup HCG. A closely re-
lated approach to part (ii) of evaluation of (2.2b) calls for
(i") finding these functions for various one-parameter
subgroups of G as solutions of differential equations ob-
tained from the subgroup generators, subject to the bound-
ary conditions D(e} = 1 at the group identity eeG.

The group G which we consider here is SL(2, R ):

b
[g - (‘: d)|a,b,c,deR, detg=1!. (2.3)

Starting with Bargmann' a number of authors have imple-
mented the program (i)—(ii} or (i)—(ii’), using for the support-
ing space X the coset space provided by the Iwasawa decom-
position NA \NAK = S (i.e., the circle) and Bargmann’s
multiplier action.?® This is unitary in .%"*(S,) for the continu-
ous nonexceptional representation series*®; for the continu-
ous exceptional and discrete series it is %%, .(S,) and

£? ,»(S,) with nonlocal measures®®*° £2 ©and 2 °. The lat-
ter is equivalent?’ to a space of analytic functions on the unit
disk?® or on the complex half-plane.'® These realizations are
very appropriate for finding the SL(2, R ) representation ma-
trices reduced with respect to the compact SO(2) subgroup,
since, the ensuing analysis makes use of Fourier series on
£2(S,) for UIRs belonging to the continuous class, or Hardy
spaces for those belonging to the discrete series.’® When one
makes use of the same action and spaces for the reduction
under a noncompact subgroup, calculations become
awkward.

The Hilbert spaces and SL{2, R ) action we use in this
article have been developed in Refs. 9, 15, 19, 21, and 22 for
Sp(2, R )=~SL(2, R), as well as the oscillator representa-
tion'*'* of Sp(2N, R ) on an N-dimensional carrier space R V.
As we shall see in implementing part (ii) of the program out-
lined above, these techniques are best suited for noncompact
subgroup reduction.

B. The discrete series U

The oscillator representation of the subgroup
SO(2} X SL{2, R Jof Sp{4, R ), restricted to a given one-dimen-
sional UIR M of SO(2), MeZ, generates the conjugate SL(2,
R) representation'®'*?>?7 belonging to the discrete series
D [ with k = (1 4+ |M |)/2. When the two-dimensional car-
rier space R ?is parametrized in polar coordinates, this repre-
sentation is realized as an integral transform group on the
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radial variable rcR * and defines the k-radial canonical
transform on the Hilbert space .#*(R *). The inner product
is thus the standard one,

(fih)= f " drfirh ) 2.4

and the action of the group element g is given by

« ab
(€0 = [ arcinrven g=(05)  es
o cd
where the integral kernel C 5(r, 7') is given by an imaginary
Gaussian times a Bessel function:
Ckir,r)
= ™p ~rr)V? expli[dr? + ar®]/2b W, (rr'/b),
(2.5b)
2k—-1=0,1,2,.., {2.5¢)

When g is a lower-triangular matrix (6 = 0) one finds from
the asymptotic properties of the Bessel function®*' that Eq.
{2.5a) becomes the multiplier action

e, k=14132, ..

L1

O 2
[C*’ G ) ]m = (sgn & ja| ="/ explicr/2a) f(r/|a)
(2.5d)

We shall write C*(g) for C; whenever g is displayed as a
matrix. The k-canonical transform (2.5) is unitary under the
inner product (2.4) and a Parseval relation ( f, /)
= (Ck £, Ckh ) holds.

The Lie generators of Cf are second-order differential
operators*? given by

e
=L (,i+ 1> (2.6b)
2\ dr -~
nei(-Geted s
on a space dense in .¥"*(R T), and y is related to k through
y=02k—17—4 (2.7)
sothat y = — 1, 3,135, .. These generators close into a Lie

algebra sl(2, R ) under commutation. We shall also come to
use

1 d> vy
Jr =Jr_+__]7=_(_ 7+_), 2.8a
' o +JIT =7 FER (2.8a)
Jr =J5—Jr =42 (2.8b)
The Casimir invariant of sl(2, R ) is a multiple of the identity:
Q=P +VUIP—Uir=q1, (2.9a)
g= — Wy+i=k(1—k), (2.9b)

ie,g=50, —3, —2,...
The association of (2.6)—(2.8) with the one-parameter sub-
groups of SL(2, R ) is as follows

expliaJ, ) —M,(a)

_ ( cosh a/2 — sinh a/2) SO(1. 1 210
—sinha/2  cosha/2 €SO(L, 1)y, (2.10a)
191 J. Math. Phys., Vol. 23, No. 2, February 1982

) _ (exp( —B/2) 0
exp(iBJ)-M,(B) = ( 0 expl 8 /2))esou, 1),,
(2.10b)
. _(cos(¥/2)  —sin(y/2)
explirdoMor) = (S 7)ot eSOk
(2.10¢)
explibJ  p>M_ (b) = ((1) —lb )eE(1)+, (2.10d)
explicJ _y->M_(c) = (i ?)GE(I)_. (2.10e)

All nonequivalent one-parameter subgroups of SL(2, R ) are
present in (2.10): the compact rotation elliptic subgroup
SO(2), the noncompact Euclidean parabolic subgroup E(1),
and the boost hyperbolic subgroup SO(1, 1). For the latter
two we have the following equivalence relations between the
equivalent pairs {2.10a)—(2.10b) and (2.10d)—(2.10e):

1

SM({)S™!=M,({), S= 2‘”2(1

"1 1), (2.11a)

0
-1
The spectrum of J ¢ in (2.6c) for y>3in £*R *)has alower
bound given by its corresponding k> 1. (For k = § or
y = — } this is also the case for the self-adjoint extension
specified in Sec. 3) The k-radial canonical transforms (2.5)
thus belong to the lower-bound UIRs D ;" of SL(2, R ).

The UIRs D~ are obtained from the D ./ ones through
the sl(2, R ) outer automorphism*?

Ty =05, Jie—J1, JioJi,

FM_(2F' =M, (z), F=( (1)) =S~2(2.11b)

TV e —J7,.

(2.12a)

This exchanges the raising and lowering operators with a

change of sign:
JVer —=J7, JT =J] + Y. (2.12b)

The automorphism acts on the SL(2, R ) group elements** as

o= D), J)=e

The D, matrix elements can be thus expressed in terms of
the corresponding D ;" ones, as will be detailed for the var-
ious subgroup reductions, at the end of the next section.

(2.12¢)

C. The continuous nonexceptional series C;

The oscillator representation of Sp(4, R ) can also be re-
duced with respect to an O(1, 1) X SL(2, R ) subgroup''?"*2
by making use of hyperbolic coordinates on the plane. The
resulting reduction, on being restricted to a definite
UIR (p, 25)of O(1, 1), p = + 1, seR, yields a conjugate re-
duction of SL(2, R ) to one of the continuous series of UIRs
C ;. The case of vector (¢ = 0) and spinor (€ = }) representa-
tions correspond to even (p = + 1)and odd(p = — 1) par-
ity representations of O(1, 1) withg = § + s?>1. Since hyper-
bolic coordinates require two coordinate patches to cover
the plane, the “hyperbolic radial” carrier space will be
X =R ™ + R " andtheHilbertspace correspondingly a two-
component .¥ space of functions
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= (7" V=150l j=1 -1 fiesir )

S_ulr)
(2.13)
The inner product in this Hilbert space .#'}, (R )
=L} R ")+ L3R *) will be
(fh)j= dr f(r)*h;(r). (2.14)

j=+1J0
Calling k = | + is, this reduction leads to the (¢, & )-hyper-
bolic canonical transform

[CF fliin= %

J=+170

w ar [Cek1, in) £ (7). (2.158)

The 2 X 2 matrix integral kernel C5¥(r, r') is given by a Gaus-
sian times Hankel and Macdonald functions of imaginary
index. For 2k — 1 = 2is, seR, p, =1, p,;a= — 1, wecan
write*
[C*) (r )y =G, (r, FIH S — rr'/b), (2.15b)
G, (r, r) = (2m|b )~ (rr') Zexpli[djr* + aj'r*1/2b),
(2.15¢)
HiC) =pH () =pH(=C)=H7 1" ()
=imle "HY(§ +i0%) — p.e"H$(C — i07)]
= 2im( — sgng V<[ ~ 812 — lk WaisIS )
+ig (k)Y (IS 1] (2.15d)
Hi* (§)=pH" (§)=pHS (&) =p H )

= 4 — sgnd )*g(k )K, (IS ), (2.15¢)
k—1Li=is, 530 X h
e=0 RTS8 , Glk)=sin7k = 08 175)
k—l=0 0O<o<! cos To
(2.15f)
e=Lk—-1=is, s>0, g,,,k)=icosmk = sinhws.
{2.15g)

In the last two equations we are defining the function g (k)
for values of k which will make it applicable to the exception-
al continuous series discussed in the next subsection. Note
that for £ <0, arg({ + i0*) = + 7, so (2.15d) valuates H !
above the branch cut of the function (placed along the nega-
tive real half-axis), and H ! is valuated below the cut.

When gin Eq. (2.3} is lower-triangular (b = 0), as for the
oscillator radial case (2.5), one finds from the asymptotic
properties of the cylinder functions that Eq. (2.15a) becomes
the multiplier action

[a:fk (:{ﬁ .) f] () = (sgn a)*|a| ~ "explijer’/2a) £/ al).
’ (2.15)

The (€, & )-hyperbolic canonical transform is unitary under
(2.14), and a corresponding Parseval relation holds.

Here too, the Lie generators of the integral transform
action are second-order differential operators, but arranged
in 2 X2 matrix form. In terms of the formal operators (2.6)
they are'"?'

(7 I
J :(0 _Jﬂ{): 8,771l {2.16a)
A .
Jy = 0 =16, 711l, {2.16b)
192 J. Math. Phys., Vol. 23, No. 2, February 1982

g oy
Y=\o —Jy =178 751, (2.16c)

7,
J :( (; —J, )2 ”]5/,,"in I

Again y is related to k through (2.7), but now as & is in the
range (2.15f) and (2.15g) [instead of {2.5¢)], we have y< — .
As the subgroup assignments (2.10) are representation-inde-
pendent statements, they continue to hold here as well. The
Casimir invariant of SL(2, R ) is now ¢3»}, corresponding to
the continuous nonexceptional series of UIRs. The one point
we must clarify in this regard (See the Appendix) is that for
spinor representations (¢ = }) the hyperbolic canonical
transforms (2.15) do notinclude the point k = | (i.e.,s =0or
g = 1}. Indeed, from (2.15¢} we can verify that for k = § + is,
s—07 the off-diagonal kernel elements { j;') vanish and
hence the two j-component spaces uncouple. The diagonal
elements are now ~Jy({ ), that is, they are the D %, (k = 1)-
radial canonical transform kernel for the upper component,
and the D [, one for the lower component, as is clearly sug-
gested by (2.12a)—(2.16).

(2.16d)

D.The continuous exceptional series C?

The oscillator representation of Sp(4, R ) does not con-
tain the exceptional continuous representation series of any
of its SL{2, R ) subgroups. However, there exist unique self-
adjoint extensions*® of the generators (2.16) in .} (R ™),
which enable us to reach this series by analytic continuation
in the variable & in {2.15f) to values off k = J, in the range

l<k<l(ie,0<2k—1=20<1),fore=0 (p, = 1)
(2.17)
For these UIRs — <y <} ie,0<qg <}

The features one must check are that the integral ker-
nels corresponding to these values of k& continue to map
4 (R *) functions into functions in the same space, and
that the representation property (2.2¢) holds. That this is the
case follows from the integrability properties of cylinder
functions in the range ( — 1, 1) of the index, in particular
their behavior at zero and infinity, and from the complete-
ness relations for the similarly extended basis functions, to
be seen in Sec. 4.

Again, as forthee =, k =1 + is, s—07 case seen
above, when € = 0 and k— 1" the integral kernel matrix
(2.13) becomes diagonal and the two j components uncouple.
In the limit, the upper and lower-diagonal components be-
come proportional to J,(¢ ), and belong to the D [* and D |~
representations.

We have assembled in the last subsections the tools for
the calculation of the matrix elements of SL(2, R ) in point (i)
of our program. In the next two sections we shall implement
point (ii) for the discrete and continuous UIRs.

E. Notation
A word about notation: we shall use the eigenbases of
Ji,a=0,1,2, +, —, generating the discrete UIRs D' .

We denote their eigenfunctions by “® 4 (r), A being a function
of the eigenvalue. When J , is in the elliptic orbit (@ = 0) the
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eigenvalue set of J is discrete and we shall denote its eigen-
values A by m. The range will be understood by the context.
When J 7, is in the hyperbolic orbit (¢ = 1, 2) or in the para-
bolic orbit (¢ = +, — ), its eigenvalue set is continuous. In
the first case A will be denoted by u€eR, the eigenvalue under
J7, being . In the second case A will be called peR *, the
eigenvalues of J7_ being p’/2. Eigenbases for the D ,~ UIRs
will not be needed separately. In the continuous series C
the eigenbases of J !, will be similarly denoted by “¥¢*(r),
these are two-component functions with elements “¥ ¢,
j=1, — 1. We use m again for 4, the eigenvalue under J .
The multiplicity of the eigenvalues of the generators in the
hyperbolic and parabolic orbits is now doubled, however.
For the former we use for A the pair («, ), « = + 1, ueR,
and for the latter (sgn p, |p|} = p, peR, the eigenvalues being
again u and p°/2 under the respective J ’s.

The representations D(g) constructed in (2.2) have their
matrix elements

“PDl;i @) =P, CPPL) =D} 7]
(2.18a)
D5k (g) = ("WE, C5* AWt = [*D 5k, (g7 )],
(2.18b)
in the appropriate inner product. When ¢ = 8 we write “D
for **D . The cases @ # /5 and ¢ = 3 in (2.18) will be called
mixed-basis and subgroup-reduced UIR matrix elements.
We shall work mostly with the D . UIRs and use (2.18a). In
Sec. 3D, when we express the D, UIRs in terms of the D
ones, we shall write "D *‘~'and ~D*'*) to distinguish be-
tween them.

3. THE DISCRETE SERIES D2

In this section we present the evaluation of the matrix
elements (or integral kernels) of finite SL(2, R ) transforma-
tions for the UIRs belonging to the discrete series D ;. The
first subsection gives the E(1), SO(1, 1), and SO(2) subgroup-
adapted eigenfunctions, while the second and third subsec-
tions provide the explicit evaluation of D/ mixed-basis and
subgroup-reduced cases respectively. The last subsection re-
lates these results to those of the D [~ representations.

A. The subgroup-adapted eigenfunctions

. E(1)CSL (2, R). The two operators generating conjugate

E(1) subgroups [c.f. Egs. (2.10d) and (2.10e)] are, as given by

(2.8a),and (2.8b),J 7. andJ” . They are unitarily equivalent

through the Hankel transform (2.11b).

The eigenfunctions of J7, in .Z*R ™) are, for

y=@k—17 -},

+¢/,;(r) = emk(pr)l/ZJZkf 1 (P"), PER +’ k= %’ l) %’ Mt
(3.1)

with eigenvaluep?/2€R *. The phase has been chosen so that

the phase of the ~ @ ;j functions, below, be as simple as

possible.

A more convenient operator in the E(1) orbitis J7_, as
its eigenfunctions are simply

“P,N=8p—r=[Ck TP, reR*, (3.2a)
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with eigenvalue p?/2. These are Dirac-orthonormal and
complete:

(_¢p’ _¢p') = 5(/7 _Pl)!
JW dp~ @, (r)* ~D,(r)=6(r—r),

and independent of k.

(3.2b)

ii. SO (1, 1)CSL (2, R). Here again we have two operators
generating conjugate SO(1, 1) subgroups [c.f. Egs. (2.10a)
and (2.10b) and (2.11a)): J} and J 1, as given by (2.5a) and
(2.5b). The latter is the simpler one, and its eigenfunctions
are

2¢#(r)=7r*l/2r71/2+2iy’ /JER,

with eigenvalue . They are Dirac-orthonormal and
complete:

(0, 0, =0k~ | du?d,0170,(r) =8 = 1)

o (3.3b)
and independent of k. The expansion in terms of them is—up
to a factor—the positive Mellin transformation,*” so an ap-
propriate phase choice has been made.

The J 7 Dirac-normalized eigenfunctions may be found
from (3.3a) and (2.11a) to be

'@ k() = [Cs 2, ](r)
= Cﬁem/z"_ I/ZMi,u,k e ir')

— CZer_ I/Zeif‘/Z lFl[

(3.3a)

k—iu
2k
Ch =em™ kg™ V2™ 2 (k 4 ju)/T" (2k ). (3.4b)
and where M_(-) is one of the Whittaker functions.*® They
correspond to eigenvalue u under J {, and are Dirac-orthon-
ormal and complete as in (3.3b).
ii1.50 (2)CSL (2,R ). Thecompact SO(2) subgroupis generat-
ed by J} as given in Eq. (2.6¢). Its normalized eigenfunctions
are given by
0Dk (F) = [2n1/(2k + n — 1)1] "2 = V2= r/2L 2k—1)p2)
= [22k 4+ n — )/n2k — 121 2M (P
= [202k + n — 1)/n!)"2[(2k — 1)1] 7' P* V22

D — irz], (3.4a)

m=k+nn=012,.. (3.5a)

with eigenvalue m =k, k + 1, .. The phase of these func-
tions has been chosen following Bargmann’s convention,*®
namely, such that the raising and lowering operators

J1 + iJ ] havereal, positive, matrix elements. They are orth-
onormal and complete (dense) in %R *):

CPL,OPE) =8, S CPE(ODE () = — 1)
m=k
(3.5b)

B. The mixed-basis matrix elements

i.E(1)CSL (2,R)DS0 (2).ForallgeSL(2,R jwemayperform
the Iwasawa decomposition
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_(a b)_(ﬁ 0 )(0056/2 —-sint9/2)
8=\cd/T\c 72/ \sin62 cos2
(3.6a)
where
e’ =(a—ib)/la+ib), G=(a*+b?"?% ac=ac+bd.
(3.6b)

Application of C; decomposed as above, multiplies the J J
eigenfunction by e, followed subsequently by a multiplier
Lie transformation, Eq. (2.5d}. Thus

[CL o %, )(r) = [(a — ib)/la + ib)]™(a® + b7)~'/*
xexplir*{ac 4+ bd 1/2[a* + b*])
@k (r/[a* + 52", (3.7)

Since the J7_ eigenfunctions are simple Dirac deltas, we
immediately obtain

it )-(ene( e
=[C"(3 d)0¢ﬁ'](p’=+'ol):"'(fa —db)
= O‘_Df"”(jc ~ab)]*

___(a—ib)’"[21"‘(/’<—f—m)]‘/2(a2
a+ib (m—k)
1d—ic
X 2k~1/2ex( P )
P p b

(m — k) p ]
><iF‘[2k @+ b2 B

+b3~
(k)

The overlap coefficient between the E(1)_ and SO(2),
subgroup chains is obtained by settingg = 1,i.e.,a = 1 = d,
b =0=cinEq. (3.8). This is °®* ( p), i.e., this change of
basis is basically the Laguerre series expansion of functions
of peR .

ii. SO (1, 1)CSL (2, R)DSO (2). This mixed basis element is
essentially the Mellin transform of Eq. (3.8), and is given by*°

b
20Dk a )
’“"(c d

b

— 2¢ Ck a 0(pk

( ® (cg) '") /2
. 27V —¢) 27YHp—d)
=D, (2~'/2(a+c) 2‘”2(b+d))
I'k+m) ]1/2 'k —iu)
2m(m — k) I (2k)
X(@a+ib)~™a—ib)y"—*+md—

—(m—k)k—iu 2
x 2F‘[ 2k "la—ib)d— ic)]
=(— 1" —*2" ¥ 2q(m — kW (k + m)] "2 (m — i)

=2k~i,u

ic) Kkt

Xla+ib)~™a—ib)yHd —ic)~"+™"
—(m—k),l—k—m.r ) .
2F.[ L= m+ i ,i(a—-lb)(d—lC)].

(3.9)

In all power-function factors, the principal branch of this
function is to be taken in an obvious way. The hypergeome-
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tric function is a polynomial of degree m — k = nsono mul-
tivaluation problems occur on its account.

The overlap coefficient between these two chains in the
discrete series is obtained by setting g = 1. Using an identity
for the hypergeometric function®’ we find

( ;1’0¢k) 20D,ﬁm(l)
=(__ 1)m7k2k—riy r(m—llu')
[2m(m — kWM (k + m)]'/?
—m—k),k+i
X zF[[ m = k) K+ —1}. (3.10a)
l—m+iu
Correspondingly
(I¢A ()¢k)
us
20D/Ijm<2_”2( : ;))zermn/2(2¢l”0¢l\)

(3.10b)
which may be compared with prior results.>?

iii. E (1)CSL (2,R ) 2SO0 (1,1). Theapplication of C; to’®, in
Eq. (3.3a} is up to a factor the Mellin transform of the &-
canonical transform kernel (2.5b) with respect to the second
argument . Although integrals of this type appear in the
standard tables,*® if we want to have expressions valid for all
group parameters, positive as well as negative, care must be
taken to choose the appropriate parameter products and ra-
tios so that the ensuing complex power function be evaluated
in a definite way: We choose here the principal sheet (with
the branch cut along the negative real axis). Following the
general method of finding the Mellin transforms of hyper-
geometric functions due to Majumdar and Basu,?® which
will be explained in some detail in the next section, we find
the value of the integral to be

—apk [0\ _(_ wfab ab
D"“(c d)-( ?,, C (c d)qu“):[c (c d) ? }( )
— ik Kt iu =112 I (k + i)
T(2k)
Xb ~*(—ia/b)= ki
Xp** = V* explidp?/2b )
X |F|[k+i’u. __1;02}.

: (3.11)
2k 2ab

The complex-power function argument — ia/b lies, for all
signs of ¢ and b on the imaginary axis.* Valuation on the
principal sheet means that the phase of — ia/bis — 7/2 for
sgnab = 1 and /2 for sgnab = — 1.

The overlap coefficient between these two chains may
be obtained as the limit g—1 in Eq. (3.11), or directly, as

(7@, 2®,)=""DE ) =7""p 2T (3.12)

which is*” 2!/? times the positive Mellin transform kernel, of
argument 2u, between a function of peR * and its transform
function of ueR.

C. The matrix elements in the subgroup bases
i.E(1)CSL (2,R ). Inthis generalized basistheintegral kernel
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is the simplest to obtain, as no integrations need be
performed:

gk [0 «fa b _~ifa b ,

Do (c d) ( ® C( d) ‘p*")_c (c d)(p”’)
=e~ b ~!( pp')!explildp® + ap'1/2b Vi \(pp'/b)
=2(2ib)—2k[r(2k)]—l(ppl}zk—l/z

X explildo® — 200" + ap1/2b) IFI[

2k —14  2ipp’ ]
4k—1" b |
(3.13)
For geE(1), the subgroup generated by J 7 [c.f. Eq. (2.10e)],
the kernel becomes diagonal. In fact, it is diagonal for the
two-parameter subgroup generated by the first-order differ-
ential operators, for which (2.13) converges weakly to

_D::p' (: a(—)l) — (sgn a)* |a] =72

X explicp®/2a)8( p' — p/lal). (3.14)
From this form it is manifest that D (1) =8(p — p'), the
unit operator in .Z’*R *), while "D " -1
=(—1*8(p — p'). The composition property is satisfied,
i.e.,, Eq. (2.2c) under f; , dp.., as under this measure the
eigenbasis is Dirac-orthonormal and complete.

The matrix elements between the J 7, eigenfunctions
can now be immediately computed:

ab a b
+D;"'(C d) = (+¢S'Ck(_c d) +¢:')

_ d —C
- Dﬁ”'(—b a )

The matrix elements (3.14) and (3.15) are manifestly unitary.
This is a direct consequence of the unitarity of the canonical
transforms.

The E(1) reduction shows in particular that the Bessel
functions in *@ ’;(r) are self-reciprocating® under the k-ra-
dial canonical transforms, i.e., the C;-transform of * &5
may be written as a multiplier function times a function of
the transformed argument:

o(.3-o:)
Lot .

= |a|~""%exp( —

(3.15)

)exp( iba='JY ) tDk|(r)

ibp*/2a)explicr’/2a) * P k(r/|al).
(3.16)

Here we have made use of the decomposition of g as a lower-
triangular matrix times M _ {b /a) [c f. Egs. (2.10d) and

1 _
on () -[armi (o

e "2~ W[ (k — ju)/T (k + iu)] *D*

— !

—imk Q2 [ 1 (k + i/ (k—iu)] 2pk

)
(-
G

(2.10e)]; the latter factor gives rise to the phase

exp( — ibp®/2a) while the former is the point transformation
as given by Eq. (2.5¢). Similar self-reciprocation formulas
hold for other subgroup-reduced matrix elements through-
out this article.

ii.S0O(1,1)CSL (2,R ). Thismatrixelement®is essentially the
Mellin transform of Eq. (3.11) with respect to the argument
p- Again, as the general method for evaluating Mellin trans-
forms of hypergeometric functions® is presented in the next
section, we simply quote here the result:

ab ab
0i(; ) = (2 (] 5)7or)

. l@—b—c+d)/2 (a+b—c—d)/2
- “"'((a-—b+c—d)/2 @+b+c+d)/2
— o~ imkouw —w Lk — )" (k + i)
27T (2k)
Xb-Zk(—_"")"k"""(—id)"‘”‘
b b
X zFl[k '”2’,]:+'” ;ﬁ : (3.17)

As in (3.11), we give this expression in terms of complex
power functions, taking care that these variables be evaluat-
ed for points along the imaginary axis, in the principal sheet
of the power functions, where the cut is chosen along the
negative real half-axis.>’ An alternative expression in terms
of the absolute values of a, b, and d may be written through

b= *(—ia/b)=*~¥(—id/b)"k+¥
= (sgnb )**exp(im [k + iu']sgnab)
Xexplidr[k — ip]sgnbd )|a| ~ <~ ¥
X |b | Mg |k, (3.18)
One can obtain from these expressions the diagonal and anti-
diagonal cases

0 ‘ ,
Dy (g _.) = (sgna)**|a| = 8 — '), (3.19)
0 1
2D1’i#'( -1 0
= e~ ™2 ~2s[ [ ( — ju)/T"{k + i) s + 1)
=exp i — mk — 2uln2 + 2arg[k — iu])du +u').  (3.20)

From (3.19) we verify that 2D*( 4 1) = ( + 1)**1, while
(3.20) is the Fourier—Hankel transform in the Mellin basis.
The representations are unitary in all cases. The direct evalu-
ation of (3.20) allows us to give alternative forms for (3.17)
through

)
%)

(3.21)

iii.SO (2)C SL (2, R ). This matrix element is the inner product of Eq. (3.7) with °® ¥ . Theresulting integral in available from the

tables.’® It is
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b ab
ODk ’(a )=<O¢k,ck( )0 k')
mm cd m cd ¢m

= 2 (m + m)[T (k + m)I" (1 — k + m)["(k + m\[(1 = k + m')] =2
X[d—a)—ib+c))" *[l@a—d)—ib+c)]" *[la+d)+ib—c)] "

9 F[~(m—k), —(m' —k) a2+b2+c2+d2+2}
1 l—m—m' @4+ b 4+ +dr—2
=(=1)""* "(m+m)Tk+ml(—k+m[k+m)(1—k+m)]'?
e mam kg —k o [ =M=k}, = (m' —k) |a|2]
X a m—mpm-—k m k F . . ]
B" "B ) l—m—m BE (3.22)
. . ;
In the last expression we have given the SL(2, R ) representa- , a=2 +, —
tion matrix elements in terms of the complex SU(1, 1) param- O = [ —1, a=0,1 ’

eters of Bargmann through (A3). The hypergeometric func-
tion appearing above is actually a polynomial of degree
min(m — k, m’ — k). One also checks easily that

°D*( + 1) = ( 4 1)**1 and that the representation matrix is
unitary.

The expression (3.22) for the UIR matrix elements gives
the value of the group unit at the point at infinity of the
hypergeometric function. We can bring®® (3.22) to coincide
with the form given by Bargmann,* which values the group
unit at the zero of the hypergeometric function, taking care
to distinguish the cases m>m’ from m<m’.

D. The O, representations

The discrete representation series D -~ is obtained from

the D series through the group automorphism (2.12¢), i.e.,
D*(~)g) = D*(+)(g"). The basis functions “® % (7) are now to
be taken as eigenfunctions of the algebra generators 6,J %,
whered, = — 1fora=0,1, +, — andG, = lfora =2,
with eigenvalue &, times the eigenvalue of the J !, represen-
tation generator. In addition, for the SO(2) subgroup chain, if
we are to follow Bargmann’s phase convention*® of having
the raising and lowering operators represented by matrices
with positive elements, (2.12b) implies that the phase of the
basis functions °® ¥ () must be multiplied by a sign factor
77" = ( — 1)™ ~ ¥ [recall (3.5b)). For convenience we set 7-

= 1 for all other @ #0. We can then write all D . mixed-
basis and subgroup-reduced matrix elements in terms of the
D I expressions given above in this section as

b . a — b
aspki-if? YY) _ a Bpki+)
D,u' (c d) Tﬁfg Da“,{,aﬂ,a (—c d >,
(3.23a)

|

(¥, W) =8p=p) [ dp ¥, 00, 0= 8,80 )

A [ 1, a = 1’ 2; + y
Tag = .
(— 1, a=0
4. THE CONTINUOUS SERIES C;,

In this section we follow the same general strategy in
finding the unitary irreducible matrix elements (or integral
kernels) corresponding to the continuous series C'; . The dif-
ference is that here we use the hyperbolic canonical trans-
forms of Sec. 2C, rather than the radial ones employed
above. The function space has now two components, the in-
ner product is given by Eq. (2.14), the group action by (2.15),
and the subgroup generators by Egs. (2.16). The noncompact
subgroup generators J _ and J, of E(1)_ and SO(1, 1), are
just as simple as those in the last section—although their
spectra are doubly degenerate. The eigenfunctions of J, and
J are in general less simple: linear combinations of the first
and second solutions of the confluent hypergeometric differ-
ential equation. Although the J, eigenfunctions sum up to a
Whittaker function,®' the J, eigenfunctions do not.

(3.23b)

A. The subgroup-adapted eigenfunctions

1. E(1)CSL (2, R ). The simplest operator in the parabolic or-
bit, as for its discrete counterpart, is J _, given by (2.16c). Its
generalized eigenfunctions are

(o0, )

Qﬂpﬂ—ﬁ)z(? é)owVL p <0,

(4.1a)

p>0
Y, (=

with eigenvalue (sgn p) p>/2. The spectrum of J _ in the con-
tinuous series UIRs thus ranges over R, rather than over R *
as in the discrete ones. In (4.1a) a definite choice of phase has
been made. The set of functions (4.1aj is Dirac-orthonormal
and complete in .#% (R *):

(4.1b)

From Egs. (4.1a) and the hyperbolic inverse Fourier canonical transform [Eqs. (2.15) for F~' as given in (2.11b}] we find

the J¥, generalized eigenfunctions to be

vz ( H{ (—pr 2m) V2 e ™ T4 Wy gn 1 (2ipr) + p €™ Wi i _ 1 ( — 2ipr
+\I’;k(r) _lpn) (Hd:,l( pr) )= (( ) ol [ o2k —1(2ipr) +p o2k —1( p )])’ 050, (4.2a)
27 Zal—pn) (2/7)" P8 (K ) Wou — {207}
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1/2 H1 1 01
+\I,Ek( ) (|plr) (f’ lf;r)—pt_(l 0) |p|(r) p<0,

where the H 5} ({ ) are given in (2.15d)~(2.15¢). We have ex-
pressed the Hankel and Macdonald functions in terms of
Whittaker functions®' of argument phase 0 and + 7/2. As
in (4.1a), (4.2) correspond to the eigenvalue (sgn p) p*/2€R.
Recall that for the continuous nonexceptional series

2k — 1 = 2is, s3>0 for € = 0 and 5 > O for € = }, while for the
exceptional interval e = 0, 2k — 1 =20, 0<o <.
ii.SO(1,1)CSL (2,R ). Thesimplest operatorin the hyperbol-
ic orbit is J,, as given by (2.16b). Notice that the signs of the
entries are the same. The spectrum of J, covers R once in
Z£*R *), while that of J, does so twice in % (R *). The
normalized eigenfunctions Z\IIW (r) thus require an extra di-
chotomic index k = + 1, and are

1 .
.= (27)“/2(K>r‘ V2 k= 4 1,pueR,
(4.3a)

belonging to the eigenvalue g under J,. The dichotomic in-
dex « has been introduced by Mukunda and Radhakrish-
nan''; it can be seen as the eigenvalue of 2\1’”‘ {r) under a
transformation in .}, (R *) given by A4: f;(r)—f _ ;(r), which
may be represented® as

a=(1 o)

The statement of Dirac orthonormality and completeness is
(W, W, ) =80l —u),

f dlu' K;u(r)* 2 PATR (r) - a(r - r,)‘
A (4.3b)

The eigenfunctions "Wk () of J7 [Eq. (2.16a)], on the
other hand, using (2.11a) are given by®
IWE ok 1(r)
= [C&* ¥, , | = (— 1)2m) /2% * g (k)
X [e I+ 20, G i) + G LA}
+ kelmk+ w2 {Gk ,(r ey "‘(r)}] (4.4a)

b
1)
amN\e d

(4.2b)

G, (=T —2k) (k4 iu)r?*— e

X Fylk — iu; 2k; — ijr).
They are obtained from Eqs. (4.17)-(4.18), below.
iii. SO (2)CSL (2, R ). For the continuous series C ¢ of UIRs
belonging to the nonexceptional or exceptional series, the
eigenfunctions of the compact generator
J? are given by

(4.4b)

k
ogrer(y) — 8<) 8.(k)

1/2

((— l)m“[ZF(k—m)F(l—k—m)]'”Wm.k_m(rz))
2Ck+mC(1~k+m))'"?W_, . nA )
(4.52)

These eigenfunctions belong to the eigenvalue m under J3.
We have chosen the phase in accordance with Bargmann’s
convention,* i.e., such that the raising and lowering opera-
tors have positive matrix elements. They are orthonormal
and complete in .¥3, (R *):

(wal\ O‘Pek) — mm”

3 W s

meZ

(r) =8, ,8(r—F). (4.5b)

B. The mixed-basis matrix elements

i.E(1)CSL (2,R )D S0 (2). Application of Cg* decomposed as
in (3.6) gives

Cek Oypek ] =(a—ib)'" 2 2—1/4
[Ce* owek(n) Tt ib (@ +6%)

X ex (yrz[ac +bd ] )
2[a®> +b?]
XOW ek (r/[a* + b2]"3). (4.6)
This formula displays the Whittaker functions (4.5a) as self-
reciprocating under the corresponding hyperbolic canonical
transforms.® Since the J _ eigenfunctions are simple Dirac
deltas, we obtain®®

0o )= (oo o] = (5, )

~ (= sgnpf (22"
P a+ib

|l/2

7|p

8(k) ex (pz[a — ibsgnp][d —

ic sgnp] )
2(a*+b?

X[[F(I—Zk)[ 2r'tk —m,) ]1/2[ P ]k
rit—k—m, a*+b?

k—m 2
o I
T 2%k 2152 + {ko }
m, = m sgnp. (4.7)
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The overlap coefficient between the E(1)_ and SO(2), sub-
group chains is easily found from (4.7) for g =1 and is

' f,;’fsw(| pl). This change of basis thus represents basically
the Whittaker series expansion (me Z ) of a function of peR.

ii.S0(1,1)CSL (2,R )OS0 (2). Theevaluation of this mixed-
basis matrix element will be given in some detail because the
method presented here has been used to obtain all the matrix
elements carrying SO(1, 1) reductions, both in the continu-
ous and in the discrete series in the last section, where its
discussion was postponed. The method>? essentially consists
of a Taylor expansion of [Cf “W&*](r) followed by a Mellin—
Barnes transformation.

The Taylor expansion of the Gaussian and ,F, func-
tions appearing in (4.7) [for | p|—>r and sgn p—/] yields, after
an exchange of summations which allows us to recognize one
of them as a ,F| series,

[C w5 1;(r)
— 7 m ek
= (= (22Y" S ar s — =
X [X% + X i1 (4.8)
where

. q 1/2 — jm r 172
(477G
* t al

& (_l)nr(l'—Zk—n)(_quz)k—l/2+n
xnz’o nlr(l—k—jm—n)

(4.9a)

k—jm, 1 —k —j ;
T

l—k—jm—n ~’

and where we are using the abbreviations from (3.6b) for @
and ¢, and

g, = —(1—i@aeya, t—1/a j=+1. (49b)

The terms in the sum over n are now recognized as the resi-
dues,atz=z,= —k—n, —1+k—n,(n=0,1,2,..)of
the following meromorphic function:

20pek (@ b) (2 ek (a b) o\l,e.k>

— l,OD €k (2_1/2(0 - C)
Kopm 2—1/2(0 + C)

2—1/2(b_d))
27"%b +d)

dle= (= L) (L) =gy

1al

t
o Tlk+ar (1 —k+2)
r(1+z—jm)
k—jm 1 ~k—j .
szl[ jlm _ Jm;1+q_f}.
+z—jm t

(4.10)

Since for fixed &, I" (¢}~ ,F\(a, b; ¢; £ ) is an entire function of
the parameters, y /(z) is a meromorphic function falling to
zero rapidly as |z|-— oo in the region Re z < 0. The singulari-
ties of y/(z) are simple poles arising from the Gamma func-
tions in the factor I'" (k + 2)I" (1 — k + 2) and are located at
the pointsz =z,,.

For the nonexceptional UIRs, k — 1 is pure imaginary
and the poles lie symmetrically with respect to the real axis.
For the exceptional UIRs  is real, but no two pole points z,,
are coincident.

If we now choose a closed contour ¢ consisting of the
infinite semicircle .% on the left, and the imaginary axis, we
obtain

1 o
L§ dexia= $ Resiyill..

n=0
+ > Resly(a)]. _ 1 kn- (411)
n=20
The first and second terms on the right-hand side, by our
previous analysis, are respectively equal to X/, and X*
and hence the integral in {4.11) vanishes on ., as can be
easily verified. We obtain

f'k+Xf;_k=LJ Ay —id)
2 J_ »

This expression, replaced in (4.8), represents the solution of
the problem of finding the integral of W, , (r) with it, since
the latter integral is essentially the Mellin transform of (4.8),
integrated over r for the value — u; we note that (4.12) is
expressed as an inverse Mellin transform of the coefficient
(function of A ) of the » ~ /2 + 2 factor in (4.10). The value of
this coefficient forz = — u and summed over the twoj com-
ponents will be the inner product of Z\Ilw with (4.8). We thus
obtain®’

(4.12)

=g (k)T (k — )l (1 — k — ju)la +ib) ="~ *{a — ib)" "

X ¥

_j)m.feKU—])/Z [F(k _—jm)r(l_k'jm)]l/z
T —iu—jm)

j=z1
k—iu, 1 —k—j .
sz.[ ol TE T e — b ) — uc)]. (4.13)
1—iu—jm
The overlap coefficient between these two chains®® in the continuous series is obtained by setting g = 1:
, e Dk —jmC (1 —k —jm)]'?

2, WK =g (k)2 (k — )M (1 — k — e L — =
(W, W) =g (k) (k — i) ﬂ)j:%I( J T =i —jm)

k—iu, 1 —k—4§

><2F1[ o P T, 5]‘ (4.14)
1 —ip—jm
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iii. E(1)CSL (2, R)DS0(1, 1). As in all cases involving E(1), the calculation here consists in applying C¢* on *¥, ,, that is,

performing the integral in

[ *¥.. L= %

J==x1

dr [Ce*)y(r ) 2,

asi (7')s

(4.15)

of the kernel [C5*];;(r, 7 ) with the Mellin basis function. We resort to the expansion of the hyperbolic canonical transform
kernel in Taylor series and to the Mellin—Barnes contour deformation presented above. We obtain

[C3 W L = A l0) + KB L0, 19
where
a b\ek —a b) (sgnb E(k)( —ia)—m—w 2 (,-d,z)
= A = ———
A(c d)w_.(’) *Pe (c —dl, a7 6] \ 26 TP\
i \k-v2 Tk+ip —ir ]
[E[r(l-zk)r(k+zy)<2ab) lF,[ % S }+{k<->1—k}, (4.17)

2o =en( 2, e

K1

[[F(1—2k)F(k+1p)( ab

{Sgnb )25 * lge(k ) ia\—# _ 1/2
=———p— 5] e\ —
(27r) 2b 4a

which come, respectively, from the Mellin transforms of the
on- and off-diagonal integral kernel elements. We remind
the reader again that the complex power functions are to be
evaluated inthe principal sheet.

Since the E(1) _ basis has simple Dirac deltas, we imme-
diately obtain®

—apek [0 _ i fab
ZD”":“(C d) =( W”'C'k(c d) 21"‘"‘)
a b)f»k (a b)ﬂk
=A
o qan+s(®?

K,11,88Np [ATRY T

(| o).

(4.19)
The overlap coefficient between these two chains may
be obtained upon letting g—1, or directly as

(_\I’p 4 Z‘I’K,;A ) = zwx,y,sgnp(l p|)
C. The matrix elements in the subgroup bases

(4.20)

i. E(1)CSL (2, R). The integral kernel representations of
SL(2, R ) in this chain are given by the hyperbolic canonical
transform integral kernel, which we may rewrite in terms of
the confluent hypergeometric function as follows:

ab ab
——Dsk ( €,k — )
(¢ a) = (o) e
b
e )
¢ A/ sgnpsgnp

= (sgnd p. " =&V (xr|b |) " g (k)
X | pp'|' *explildjp® — 2mpp’ + ajp?1/2b)

><“1"(1—2k) e |?
2%k—1/2 2t;op'”
X‘F‘[ -1’ "pp

+{k<—>1—k]],

(el oD

(4.21)
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(sgn b)*g. (k)
(272 |
"-Z)k— 1/2lel [k + llu —

(_ii)n Ik xp( ’d’l)
2b 2b

’

+ {ke1 —k }]

[ad + bc])r(k bl (L —k+ i)W _ 1o — iP/2ab),

(4.18)

r
wheren = 1forsgnp = sgnp’,andp = — iforsgnp#sgnp’.
In particular, for the b = 0 subgroup we have, as from Egs.
(2.15h),

e @ 0
DF::("(C a—l)

= (sgna)™ |a| ~explilsgnplcp’/2a)8lp’ — p/al).

(4.22)
In the E(2) . reduction, as in (3.17),
€, a b €, €, a b €,
+Dp-:,,(c d) = (+\rp"‘,c "‘(c d) +w,;.k)
e d —c
= Dp;’;,.( b ) (4.23)

ii.SO(1,1)CSL (2, R). These matrix elements are essentially
the Mellin transforms of (4.16)—(4.18), and can be obtained
by the same technique*? of Taylor expansion and Mellin—
Barnes contour deformation. The Taylor expansnon of, for
example, the function (4.17) yields

.

K, i, 1
(—sgnb)g.(k) ( —ir\-12-
= (271')3,2|b| ( 2ab ) rllz[Yk +psY1—k]’

(4.24)
with
Y, = exp(im[2k — 1][a + B 1/4)
XI(1 =2k (k + iu)|ad |~ *
- (—1)”(—idr2)—'/2+k+" [—n,k+w 1]
X F * —
2w 2b 7 2k adl
(4.25)

where we denote for brevity a = sgn{ab ), B = sgn(bd ). The
terms in this series can be identified as the residues of the
meromorphic function
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vil2)
—idP\-12-z _[k+zk+iu 1
Ik i ) F [ —
et z)< 2b G BT S
(4.26)
at the simple poles at z =z, = — k — n. Through the same

argument as in (4.9)-4.12), we may express
Y, =explir[2k — 1][la+ B 1/4) (1 — 2k)

XI“(k+z',u)|ad|”2"‘?1—J- dA v, (—id). (4.27)
7T J -

As before, the function v, (z) on the integration contour in
(4.27) contains the kernel r ~ 2+ 2% 50 (4.27) is the inverse
Mellin transform of the coefficient of that term in (4.26). The
corresponding Mellin transform of B term (4.18) follows
(4.24)—(4.27) with the same meromorphic function (4.26), but
with different linear combination coefficients which origi-
nate from the corresponding coefficients in the two sum-
mands of (4.17) vs (4.18). We consequently find™

ab
e \e d

2D£,k
sfab
()

= ( — sgnb }**(27) g, (k)
X [(re +xe'p i '+ &6, +xp 0, )T,

+ P _x H KT+ KO +kp 07 0T ],
(4.28a)

T, = (1 — 2k (k — iu)T(k + iw')|a] =%~ |2 [~

k—ip k+ig 1
2% ;‘E s

7, = explidmw[ {k + ju}sgnab + {k — ju}sgnbd ]), (4.28¢)

0, =exp(idm[ — {k + iu'|sgnab + {k — ju}sgnbd ]).
(4.28d)

Whereas in the discrete series we are able to express the
2D function as a meromorphic function in b, — ia/b, and

ab ab
()D €,k , — (()‘I’E’k, €,k 0‘1’6,’,{)
mm (c d) m € (c d) ”

|d| %+ % ,F, (4.28b)

=ll@—ib)la+ib)]"a*+b637""* ¥

j= +1J0

—id /b [c f. Eq. (3.19)] the corresponding continuous series
functions do not have this property, and must be written in
terms of powers of |a|, |6 |, and |d |, with phase factors (4.28¢)
and (4.28d). This stems from the corresponding lack of mero-
morphicity of the hyperbolic canonical transform kernel
{2.15d) and (2.15¢), where the two Hankel functions are to be
evaluated in the upper and lower half-planes, vis-a-vis the
radial canonical transform kernel (2.5b), which is meromor-
phic in the group parameters. It has been pointed out be-
fore*! that the continuous series UIRs cannot be subject to
analytic continuation to a unitarizable representation of a
subsemigroup of SL(2, C), such as may be done for the dis-
crete series. '’

Finally, it is easy to verify that our result is consistent
with the expected behavior near the identity, namely

2n ek a 0 € - 24 ’
Dy o) = lsenala] 6B =
(4.29)

which acts as a reproducing kernel when we sum over x and
integrate over u as in (4.3b). The Fourier transform case is

w 0 1
ZD K{‘,u;x',u'( _ 1 O)

—p 8elin) + kg (k) 52 Lk —in)
“sin{mlk + iu]) I (k + iu)

6K.p‘k" 5(/1’ + #')’
(4.30)

Remarks similar to those made on Eq. (4.28) apply here.

1. SO (2)C SL (2, R ). This matrix element should be obtained
in the same way as the discrete series case given in Eq.
(3.25a), with the basis functions which are now *W<(r) as
given in (4.5a) [instead of the simpler ones *@ % (r} in (3.52}],
and the inner product which is now the .£’3; (R *) given in
(2.14) [in place of the .¥"*(R *) inner product (2.4]]. The ap-
plication of the hyperbolic canonical transform C¢* to
“Wek(r) is the exact analog of (3.6)—(3.7), namely, these func-
tions are self-reciprocating®® under Cg*. We can thus write

dr Wk (r)*

Xexplir[ac + bd 1/2[a* + b2]) W sk (r/[a* + 571"

(= 22" (m") "' [T (k+mI(1 —k+m)/T(k+m)(1=k+m)]'"? A
Xla+d)+ib—c] """ "lla—d)+ib+e)]™ ™
X Fk—m',1—k—m';14+m—m’; —a>+b>++d?—-2]),

m>m'

—

(4.31)

=(— 1" 722" m) "' [L(k +m)\C(1 —k+m')/T(k+m(1 —k+m)]"?
Xla+d)+ib—c)]~ " "lla—d)—ib+c)]™ "
L XoFik—m l—k—ml4+m —m; —i[a+b2+c+d>=2]), m<m' }

The right-hand term has been taken from Bargmann’s work,”" rewriting his phases and normalization constants, and using
(A3) for the parameters. We have not been able to solve the integral in (4.31) directly: When we replace Op<k(r) from (4.5a), we
are confronted with a solution of a sum of two integrals whose integrands are each a product of two Whittaker functions, one
of them with a rescaled argument, times an oscillating Gaussian function. This type of integral does not appear in the standard
tables nor, apparently, does it yield easily to reduction to simpler forms. Bargmann’s method of evaluation®® of (4.31) does not
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make use of any explicit form of the basis functions W&". Instead, the function °D &%, (g) is shown to factorize into two
exponentials of the first and third Euler angles, and the Bargmann-d function of the second Euler angle. The latter is subject to
the differential relation stemming from (2.9) with J,, expressed as operators on the group manifold. The condition °D &, .(1)

=4, provides the normalization and boundary conditions. This line of reasoning applies to any operator realization of the
group belonging to that representation and subgroup reduction. The result provided by Bargmann’' thus evaluates (4.31) and
gives the solution for the integral. We can set b =0, a > 0, and #* = x in thus writing’>

i==x1
I'(+is+ m)

' +is+n) fa+a”

r=(g:(rk))22n_2:

I'} +is+n)

Thtistm@Te

N (g:(rk ) )2 2:1_""

where € = 0(}) for m, n integer (odd-half-integer), g ( (s)) is
given by (2.15f) and (2.15g) and the range of s is, as above,
s>0ands= —io,0<o<}ifore=0.

D. The limits of continuous to discrete representations

i.C/*— D,,2 + D ;,. At the end of Sec. 2C we noted that

the contmuous series integral kernel [C}/>*],; (r, ¥'), for

k =} + is, s—0™, uncoupled in the sense of having its off-
diagonal (j#/') terms vanish. The hyperbolic canonical
transform kernel becomes the direct sum of the D ;, radial
canonical transform for the j = 1 component, and the D ;,
one for the j = — 1 component. In terms of the E(1) repre-
sentation integral kernels,

~D|/melg), (4.33)

— 172,172 + s
D, (g)x__’g* -

as can be verified using (4.21) for the C;”? representation,
(2.5b) for the D ;},, and (3.23) for the D ;,, representations.
The SO(2) CSL(2, R ) UIR matrices found by Bargmann fol-
low (4.33) (replacing p, p' by m, m’, and — by 0). Indeed,
after (4.7) we remarked that the E(1) CSL(2, R ) DSO(2) over-
lap coefficient in the continuous seriesis *¥ &% (| p|). From
its functional form (4.5a) we can see that

O 2124y = V20 L2 (4.34a)
e

Owjl'ﬁ2‘152+¢s(r) — 0, m=}+n n=0,1,2,...(434b)
5—0~

The continuous series UIR in the SO(2) basis thus also
separates in block-diagonal form into the D [}, and D [,
representations:

D [7eig) (4.35)

sgnm,sgnm

OD '1"/3',1’1/2 + iS(g) — 6
s—0"
The SO(1,1) subgroup-reduced integral kernels do sepa-
rate, although not in block-diagonal form as in the former
cases. The E(1)CSL(2, R )D8S0(1,1) overlap coefficient in the

continuous series {4.20) for g = 1 are, in terms of those of the
discrete series (3.14),
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—ic)™""

| X Fh+is—ny—is—ml+m—n —ia+a *+"=2])

ic)~" " Ma —

L X F(+is—mi—is—ml—m+n —i[a*+a"?+*-2))

> IF+is—jmI{+is —jn)lj dx x~'explicx/2a)W,,, (X)W, .. (x/a®)
0

n(a _a—l +ic)m——n

man (4.32)

a—l +l-c)—m+n

m<n

r
(_\l’ ’ zwx,u) = zwk,y,sgnp(l pl)

_ [2—1/2(—<p|p| V2P,),  p>0 4.36)
K2—-l/2(—¢|p|’2¢”), P<0, .
and hence we obtain a sum of the D %, and D |,
representations:
2D ’1‘/[2‘ xl/fz+ lS(g) s_—’oi _;_ 2 ] (KK’)“ —T7/2 2D ,tlt,/ﬂﬂ(g) (437)
T=

From this and the remark following (4.18) on the bilateral
Mellin transform, it may appear more convenient to use J,
eigenfunctions whose dichotomic index label functions with
upper or lower components only, instead of those used in
(4.3a). This may be a useful alternative in some contexts,
such as matching the two components of the bilateral Mellin
transform kernel.*” In some other cases, as in the study of an
{uncoupled) hyperbolic Fourier transform class,” still an-
other linear combination of the two ~W, rows proves to be
useful, as it diagonalizes the 2 X 2 kernel matrix.

ii. CO — D[ + D . Wealso remarked at the end of Sec.
—+0

q
2D that the exceptional continuous series integral kernel
[Co),; (7, P) for k =} + &, 0—(})~ also uncoupled into the

D" and D [ radial canonical transform kernels:
-0, 1/2 + g
D e * (g)a—;ljz)‘ 5ssn psgnp Il(fflgtll:)l (8)- (4.38)

The significance of this limit is the same as for (4.33), and
equations parallel to (4.34)—(4.37) follow for all other overlap
coefficients and subgroup reductions. In particular,
OW!12* °(r) vanishes as 0—{})~

5. SL (2, A7) TRANSFORMS AND SERIES

In Sec. 2 we introduced the SL(2, R ) group of unitary k-
canonical integral transforms for all UIR series of this
group. The ensuing developments in Secs. 3 and 4 have de-
tailed three families of bases for these spaces, associated with
the E(1), SO(1, 1), and SO(2) families of subgroup reductions,
and have given their overlap coefficients. These define as
many families of integral transforms and series expansions.
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A. The discrete series

i.E(1)CSL(2,R)DE (1).Forthediscreteseries, we can write
in terms of the .¥"%(R *) inner product and E(1) basis func-
tions (3.2)

(TP, f)=f(r, reR™. (5.1a)
The k-radial canonical transform may be thus implemented
as a change of coordinates

Fir = £l = [C £l =~ @,, C- 1)

= (G5, /)= f “dr-p,@f1r) (5.10)

from the Dirac-orthonormal E(1) eigenbasis { “®,},.z - toa
similar family of bases {Cs + ~ @, } .z - of generalized eigen-
functions of C£ .. J_C}, for every fixed geSL(2, R ). The UIR
matrix elements are the radial canonical transform kernels,
as has been noted before. The transform inverse to (5.1b) has
akernel “D* (g7')= [D%,(g)]* The unitarity of the
transform implies the Parseval identity (£, /)

= (f;» ). In particular, it contains the Hankel transform
of g = F [Eq. (2.11b}}.

ii. E(1)CSL (2,R)DS0 (1, 1). In the point of view we are de-
veloping in this section, the coordinates of fin the SO(1,1),
eigenbasis {°®, } ., are

flw) =(,.f)
=£ @, @, ,./)

- fw dr m—V/3p—172- Zi,ttf(r)
(¢]
=2'2f (2u), (5.2a)
where f* is the positive Mellin transform*’ of /. The family
of SL(2, R )-similar Dirac bases {C}- *®, } .. defines a cor-
responding SL(2, R )-parametrized family of integral trans-
forms between .#%(R *)and .¥}R),

(Mg
fr) = filp) =(P,, G f)

=(Ck. 2@, f)= f dr*~D,. (g f(r),
(5.2b)

whose kernel (3.11) contains in general a confluent hyper-
geometric function, with ¢ in one index and 7 in the argu-
ment. In particular, it contains the positive Mellin transform
(5.2a) for g = 1. The transform inverse to (5.2b) has a kernel
—2D% (g7 ") = [*"D},(g)]* and the integration is per-
formed over z€R. An obvious Parseval identity holds be-
tween (f, & ) and f ( u)*h ¥( 12) integrated over p.

ii. E(1)CSL (2, R )OS0 (2). The coordinates of fin the
SO(2)CSL(2, R )-similar eigenbases {Ck-. °@ % | = _ , define
a mapping between .¥’}(R *) and /%, (lower-bound square-
summable sequences):

(L) " Om & .
f— fom =P, Cof)
=G @k, )= | dr® Dk @)
4]
(5.3)
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which contains, essentially, the normalized Laguerre series
analysis [in L 2% =,(#?)] of f (r) for g = 1. The series synthesis
is provided by the functions ~°D%, (g~ ")= [>"D% ,(g)]*
and a corresponding Parseval identity holds.

iv.S0O (1, 1)CSL (2, R )D SO0 (2). We may also use the overlap
coefficients between the SO(1, 1) and SO(2) bases to define
the expansion of an .#"*(R ) function f ( 4)inaseries of hyper-
geometric functions of argument 4, as given by (3.10a), or its
generalization for any fixed argument as given by (3.9),
through the analysis

N (H g 24

Flu) = 7%, f du D%, (@ () (5.4)

and the corresponding synthesis with [*2D
appropriate Parseval identity.

v.SO (1, 1)CSL (2,R)DS0O(1, 1). The SO(1, 1) subgroup de-
composition of the discrete UIR series provides an SL(2, R )-
parametrized family of unitary integral transforms between
73R ) and itself,

n (Fl.g , ® ~
Fla) = () = f du' *D* (@ ('), (5.5)

with a kernel involving hypergeometric functions of fixed
argument, as given by (3.17). This is basically the Mellin
transform of the k-radial canonical transform family (5.1).
vi. SO (2)CSL (2, R )2S50(2). The SO(2) subgroup decom-
position, finally, provides an SL(2, R )-parametrized family
of mappings of discrete unitary transforms between /%, and
{2, which repesents the well-known action of the group—
for a fixed element g and k—on the space of sequences
(ol

The SL(2, R ) D/ UIR matrix elements of the discrete
series thus provide six different SL(2, R }-parametrized fam-
ilies of integral or discrete transforms, or series expansions
between .Y*(R *), LR ),and!?,_, of which the k-canonical
radial transforms given in Sec. 2 are but one family.

*..(@]* withan

B. The continuous series

The same pattern of six families of transforms hold for
the continuous series of SL(2, R ) UIRs, between spaces
N f, *) [extendable to .¥"*(R ) through £ ( p) = fign, (| pI)
£ %(R ) and /2. These families include the k-hyperbolic ca-
nonical transforms given in Sec. 2, bilateral Mellin trans-
forms, Whittaker and hypergeometric series and transforms.

C. Further extensions

Since these six families of transforms have a group-
theoretical origin and parametrization, pairs of transforms
belonging to one or two families (with the same k ) may be
applied in succession, respecting the mixed-basis transitivity
properties, to give another transform of the same or of a
different family. These are transforms which are all associat-
ed with the SL(2, R ) group and its representations, so we
would like to close our account of these with some comments
on further extensions to this set, which have been published
in the literature, and to other sets as yet not fully explored.

The first extension pertains consideration of the coverg-

ing group SL(2, R) . Indeed, the oscillator (metaplectic) re-
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presentation is the two-fold covering of SL(2, R ) [four-fald
covering of SO(2, 1)] provided by D ;5, + D ;,. The case

D /', forreal k > 0, has been described in Refs. 19, 20, and 34,
but as yet it has not been as thoroughly analyzed as would be

desirable. The continuous series of SL(2, R ) have not been
treated, although partial results exist. The subject of com-
plex extensions of SL(2, R ) to a semigroup of integral trans-
forms,'”1%?8 possible for the discrete series—which includes
the bilateral Laplace, Gauss—Weierstrass (heat diffusion),
Bargmann’® and Barut-Girardello’ transforms—and the
extension of SL(2, R ) to W ASL(2, R ) (W being the Heisen-
berg~Weyl group), has not been touched upon in this work,
as it falls outside the scope of the title. Parts of it have ap-
peared in various articles by one of the authors,”® but the
description of this last extension in various subgroup—and
mixed bases is still wanting. Finally, the subject of nonsub-
group decompositions’’ in this context is still open.
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APPENDIX: THE UNITARY IRREDUCIBLE
REPRESENTATIONS OF SL(2, A)

Bargmann' classified all UIRs of SU(1, 1)
1:2
~SL(2, R )=Sp(2, R )=8S0(2, 1). We give here a summary of
the results, nomenclature, and notation followed in this
article.
We denote by SL(2, R ) the special linear group in two

dimensions over the real field, i.e., the group of 2 X2
matrices

b
g=(‘C’ d),a, b,c,deR, detg=ad —bc=1. (A1)

Due to the unimodularity condition, (A1) also satisfy go,g"
= @, g" being the transpose of g, with the symplectic met-
ric matrix

0 1
%=\_1 of

The elements of the real symplectic group Sp(2, R } are thus
also given by g as in (A 1). The “1 + 1 unimodular pseu-
dounitary group SU(1, 1), on the other hand, is the set of
unimodular 2 X 2 complex matrices u satisfying uo,u ' = o,
u' being the adjoint (transpose, complex conjugate) of u, with
the metric matrix

b 2)
oy = .
TV -1
It is easy to show that the most general form of u is
a B
u=(3‘r a*)’ a,BeC, detu= |a|>’—|B|*=1. (A2
The link between SL(2, R ) and SU(1, 1) matrices which
relates the results of this article with those of Bargmann is

given by the similarity transformation
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Ca =" wh

_(Rea+Reﬂ —Ima+Imﬂ) (A3a)
"\Ime+ImB Rea—Ref /
—1 —1
w:z—”z(“’ @ ) o= e, (A3b)
—w w

Other isomorphisms found in the literature are determined
by W’s such as

2_1,2(1 —i)z_l/z(l —1)
—i 1/ —i =i/

and
1
ol )
i1

The latter yields the complex conjugate of (A3a). The 2:1
homomo rphism between SU(1, 1) and the Lorentz group
S0O(2, 1) is often exploited through parametrizing the former
in terms of Euler angles,

b o)
-, )

Our favored set of parameters are those in (A1), and in terms
of those we express the UIR matrix elements. Of particular
interest to many authors are the representations of the hy-
perbolic rotation (boost) subgroup in the middle factor of
(A4). This is given by M,( — 2£ ) in (2.10b).

Out of the matrix realization (A 1}-{A2) Bargmann'
finds the sl(2, R ) Lie algebra. Without having to realize the
algebra elements through differential operators, but only un-
der the assumption of the existence of a Hilbert space en-
dowed with a sesquilinear positive-definite inner product,
one can find the self-adjoint irreducible representations of
the algebra classified through the eigenvalues ¢ of the Casi-
mir operator (2.9), and through the usual raising- and lower-
ing-operator techniques, the SO(2) representations m con-
tained in any one SL(2, R ) UIR are found.

The following are all nonequivalent single-valued re-
presentations of SL(2, R ).

cone) (o o) 189

Discrete series g = k(1 — k) for k =, 1,3, 2, ... containing:
D" positive discrete UIRs, m=k, k+1,k+2, ...
D [ negative discrete UIRs, m = — k,—k—1—k—2,...

Continuous series

Cs the vector nonexceptional continuous UIRs
g=k(1 — k> k=1+1is5>0,

cy the (vector) exceptional continuous UIRs
O<g=k(1 —k)<hk=}+0,0<0<l,

C.? the spinor (nonexceptional) continuous UIRs
g=k(1—k)>Lk=1+i55>0.
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Values of k other than these give rise to nonunitary
and/or multivalued representations of SL(2, R ).
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