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Using the method of canonical transforms, we explicitly find the similarity or kinematical symmetry group,
all “separating” coordinates and invariant boundaries for a class of differential equations of the form
[@d?/8q? +8q 3/dg+vq* +8g+ed/dg+ 8] u(g,r)=-i(3/3t) u(g.1),or of the form

[a'(82/3g® +u/q?)+B'q 3/0q +7'q* ] ulq,) = -i(3/31) u(q,1), for complex o, B, . .

., 7. The first

case allows a six-parameter WSL(2,R) invariance group and the second allows a four-parameter O(2)'®
SL(2,R) group. Any such differential equation has an invariant scalar product form which, in the case of
the heat equation, appears to be new. The proposed method allows us to work with the group, rather than
the algebra, and reduces all computation to the use of 2 X 2 matrices.

I. INTRODUCTION

A. In a recent series of papers!™ we have dealt with
realizations of Lie algebras in terms of second-order
differential operators and their exponentiation to the
group. In contradistinction with first-order differential
realizations, which produce geomeiric transformations
of the general form

@) 2 fula) = n(a, B Fl@n(@)], 1.1)

where u is a multiplier function, second-order differ-
ential operators, when exponentiated, will in general
lead to an integval transform

f@* fla)= [ da’K.q,q') f(@", 1.2)
where K,(g,q’) is an integral kernel. The action (1.1)
has been extensively treated! since the times of Lie,?®
while only recently ®7 have forms (1. 2) been subjected
to intensive study. In Refs. 1 and 2, we have worked
with the groups SL(2,C) [the group of unimodular 2X2
complex matrices] and the associated mappings (1.2) as
unitary transformations between Hilbert spaces, one of
them being /*(R) or /%(R*) (Lebesgue square-integrable
functions on the real line R or on the positive half-line
R*), and the other one, a space of analytic functions over
regions of the complex plane & la Bargmann. ® When the
mapping (1.2) belongs to the SL(2,R) subgroup (of uni-
modular 2X2 real matrices), the “Bargmann” spaces
collapse to ordinary Lz spaces. We have called these
mappings canonical transforms since they arose from
the study of complex canonical transformations in quan-
tum mechanics. They include as particular cases the
transforms of Fourier, Laplace, Weierstrass, Barg-
mann, Hankel, and Barut—Girardello.

B. If H is a second-order differential operator in a
variable ¢, element of a Lie algebra (which in this paper
will be s1(2,R) or wsl(2,R)—semidirect sum of the Weyl
and s1(2,R) algebras), the solution of the parabolic dif-
ferential equation

i)
6Hu(q,t)=-1i —Ulg, 1),

- (1.3)

where € is an in general complex constant, can be ex-
pressed as a canonical transform of the initial condition
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u(g)=u(g,0),

u(g, t) = exp(it6H) u(g). (1.4)

Now we can subject u(g) to a general integral transform
(1.2) to a u,(q), and the corresponding u,(g,¢) will still
be a solution of (1.3) and, in fact, a geometric trans-
form of u(q,?). This will be the group of symmetries,
kinematical 1 or similarity !'*'? group of the differ-
ential equation (1.3). We can further look for the in-
variant lines (boundaries) under g, in the g—¢ plane,
v(g,t) and thus use the generator of the said transforma-
tion to separate Eq. (1.3) into two ordinary differential
equations, one in v and one in £. The solution of (1. 3)
will then have the form of a general superposition of
separable solutions, 1*~17

us(wig, t),t) = exp[iS@, D] V,(v) T,(), (1.5)

where S(v,t) is a multiplier function (not expressible as
a function in v plus a function in £).

C. Our claim in this article is that we can consider-
ably simplify the process of finding these features for
the class of differential equations (1. 3) by starting with
a given group and pair its realization in terms of a Lie
algebra of second-order differential operators with the
matvix vealization of the group. Since we shall be dealing
with real subgroups of WSL(2,C), the algebra required
is essentially that of 2X2 matrices. This can be used to
replace the rather lengthy conventional methods for
finding separable coordinates and similarity groups
through the solution of partial and coupled differential
equations and the exhaustive examination of multi-
parameter ranges,

The canonical transform method, as used here, has
the following limitations: it applies only to differential
equations where H in (1. 3) is of the form

H= & +8 —d—+'y2+5 e L +¢ (1.6a)
TYagE TPy YTy TS '
or of the form
d i d
H:a'( + >+ 'qg— +v'q%, 1.6b
T B qdq q ( )

for complex @,f8,...,Y’, i.e., it applies only to a
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particular class of parabolic, linear, second-order dif-
ferential equations. Yet this class contains the physical-
ly interesting cases of the heat equation and the
Schridinger equations for the free particle or quadratic
(attractive or repulsive) plus linear or inverse-quad-
ratic potentials in one dimension. Through a simple
point transformation, these can be related to the pseudo-
Coulomb Schrédinger equation. ® Our tabulated results
are exhaustive within the group framework. '®

D. The outline of the paper is the following. In Sec.
II we assemble the mathematical tools: the algebra and
group realizations in terms of second-order differential
operators (1.6a) and their exponentiation to the six-
parameter group, as acting on the space / %(R) of func-
tions and its adjoint action on the algebra,; eigenfunctions
and their eigenvalues for any operator in the algebra can
thus be found in terms of their orbit vepresentatives. In
Sec. III we allow for the complexification of the group,
and phrase the solution of (1.3) in terms of canonical
transforms, reducing the problem of finding separating
coordinates associated with a second operator in the
algebra, to the manipulation of 2X2 matrices. We ex-
emplify some of these developments for the heat equa-
tion as a complex canonical transform, pointing out the
existence of a new quadratic—scalar product—invariant.
Some of the group-integrated features of similarity
methods are seen in Sec. IV. The free particle and heat
equation are used as examples. In the latter, the set of
bounded transformations constitute a semigroup. In
Sec. V, differential equations with operators of the class
(1.6b) are treated. Some connections, conclusions, and
directions for further work are collected in Sec. VI.

11, THE GROUP WSL (2,R} AND ITS ORBIT STRUCTURE

A. The Heisenberg—Weyl algebra!® w, of generators
@, P, and 1 is defined through the commutator brackets

On the Hilbert space /?(R), it is known?’ that every
representation of w is unitarily equivalent to the
Schriddinger representation

Q@) =af @), Prig)=~—i E‘;— @, 170=5,
(2.2)

which is densely defined and self-adjoint in / ?(R). The
generator 1 is in the center of the algebra and thus
denoted as the identity operator to start with.

B. We can exponentiate (2.2) to a unitary representa-
tion of the Weyl group w, where the elements !
wlx,y,z)e W act onf < [ YR) as,

[7.0,9,2)f) (@) ={expli(x@ +yP +21)f1} (@)
=explilxq +3xy +2)] f (g +¥).

(2.3)

Defining for convenience £= {x,v) as a two-component
row vector, its transpose £7=(;) and =07, the
product law in W can be written, for w(§,2)=w(x,v,2) as,

w(t, zPwlby,z) =w(l + &, 21 T2, + %51955), (2.4)
S0 that the group indentity is w(0,0) and w(£,z)™

:(.U(— g,—Z).
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C. Out of the enveloping algebra w of w, we want to
produce other Lie algebras under the commutator
bracket. The set of second-order expressions,

Li=3P*-QY, I,=1(QP+PQ), I;=3(P*+Q",
(2.5)
are densely defined and self-adjoint on / *(R), satisfying,
(1, L]=-il;, [Iy,1]=il,, [I,,I;]=il,, (2.6)

which we recognize as the sl(2,R)=su(l,1)=so0(2,1)
= sp(2,R) algebra.! No other unitarily inequivalent,
finite-dimensional algebra of finite-order expressions
can be found in w besides (2.1), (2.5), and their com-
position. A

D. The algebra (2.5) can be exponentiated to the group
SL(2,R) of real unimodular 2X2 matrices through its
one-parameter subgroups,

coshza - sinhio
exp(ialy): , (27a)
- sinhsa  coshia
exp(-z8) O
exp(iply): , (2. o)
0 exp(z8)
1 o1
coszy - singy
exp(ivl;): , (2.7c¢)
sinzy coSEY
1 0
expliczQ?): , (2.7d)
c 1
1 -b
exp(ibzP?): , (2.17e)
0 1

so that every A= (¢ %) € SL(2,R) [with ad - bc =1 for uni-
modularity] can be decomposed in terms of two or more
of the elements (2.7). Now, the representation of sl(2,R)
on / *(R) obtained from (2. 2) can also be exponentiated

to a unitary representation of SL(2,R) on the same space
1,6,14
as *%

[CCrNa) =] da’A,a) @)
= (270)"17? exp(~ in/4) f_: dq’

x expl(i/2b)(aq” - 2q¢" +dg*)| f (@").
(2. 8a)

Notice that exp(in/4)C (Y }) is the ordinary Fourier
transform. When || — 0, the integration kernel in (2. 8)
appears indeterminate, but can be shown to be well de-
fined and turn (2. 8) into

[ce L) rl@ =a expllic/2a)q*] f (q/a).

Formulas (2. 8) give a unitary representation of SL(2,R)
on /%*@R). This is actually a true representation of
SL(2,R), the covering group of SL(2,R) with respect to
the O(2) subgroup generated by I5; for SL(2,R) it is a
ray representation and the possible phase differences

(2. 8b)
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with a true representation have been discussed in Ref.
1. 22

E. We can join the set of generators in w and sl(2,R)
using the derivation property of the commutator bracket,
and in the resulting algebra we find that w is an ideal.
We thus define wsl(2,R) =w b s1(2,R), where § is the
semidirect sum, as the collection of generators (2.1)
and (2.5). Correspondingly, from W and SL(2,R) we
build the semidirect product WSL(2,R)=W ® SL(2,R)
of pairs g={A,w}, and its unitary representation on
/*R) is given by the composition of the constituent
actions (2.3) and (2.8) as

[HED, w2} rla@)=[CEDTulx,y,2)1 )

= [ dq'B,g,4") f @), (2. 92)
where the integral kernel B,(q,q’) can be found ? from
(2. 3) and (2. 8); it will not be of interest by itself, in-
deed, the usefulness of the methods proposed in this
article hinge upon our not needing the general form
(2.9a), but only those transformations with b =0 where
the integral transform collapses to a geometvic trans-
form,

Gla,c;x,9,2)= F{E L), (x,3,2)}, (2.9b)
which has the effect J
Hal= b~ +d?) bd—ac Ha@t-b +ci-d?)

-ab+cd ad + be —ab-cd

L+~ d®) —ac-bd 5@+ +ct+dd)

Since the group parameter z does not appear in (2,12),
the latter is a faithful representation only of wsl(2,R)/1.
An operator H built as a linear combination of the gen-
erators of the algebra,

H=236,1;=3(0,+ 6;)P* + 6,(QP + PQ) + 3(— 6, + 0,)Q*
J

+6,@+06P+6,1, (2.13a)

will transform under the adjoint action of the group as

HA%H = gHg™ :EZj,‘ OM; ;= JE 8/1,. (2.13b)
1

G. Two elements H and H' of the algebra are said to
be on the same o7bif under the group if there exists an
element g in the group such that (2. 13b) holds. Such
elements H and H' generate one-parameter subgroups
go(a) =exp(iaH) and g,(B) = exp(iBH’) which are conjugate
through g, and thus g (@) and g,(a) are in the same class
in the group. Even if we perform an over-all change in
scale H” =yH' [which is not a transformation (2.12)—
(2.13) for lyI1#1], the subgroup generated as g,(a)
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[Gla,c;x,9,2)f @)

—a /2 expli(cq®/2a +xq/a+%xy +2)] f@/a+v),
(2.9¢)

i.e., changes of scale (a), translations (v), multiplica-
tion by an exponential (x) and Gaussian (¢), and an over-
all phase (z). Notice that the composition of two geom-
etric transforms is a geometric transform, and so is its
inverse. Equation (2. 9a) allows us, though, to write

the WSL(2,R) product law for g{A, w(x,v,2)}=g{A, £,2}
compactly as

g‘{An 51:21}g{A2a 51’52}

=g{A1 Ay, EAy+6y,2 +2,+ 25 A8}, (2.10)

so that the group indentity is g{1,0, 0} and the inverse
g{A £z} = g{A™!, - £A™! - 2], where we have used the
fact that ARAT =8 and £QtT =0 for Ac SL(2,R).

F. The action (2.9) of WSL(2,R) on / %(R) induces its
adjoint representation by automorphisms of the algebra,*

L&I=glig'=AdJ, =20 M, (2.11)
J

for I; € wsl(2,R) denoting I, =, I, =P, and I,=1.
Through (2.1), (2.3), (2.5)—(2.7), and (2.9) we obtain®

zlex—dy)  z(-ax+by) i(x*-v%)

3(~dx~cy) zlbx+ay) - Zxy

slex+dy)  3(—ax-by) T(xP+9Y)
; o ; (2.12)
—-C a - X
0 0 1

!

=expliaH") = g(ya)=gg,(ya)g™ will as a whole still be
conjugate to the subgroup generated by H. Since the
O(2) subgroup generated by 1 is a trivial phase, it will
serve us to ignore it in our analysis, so that we will
restrict our orbit analysis to the coset space?
WSL(2,R)/0(2),. In terms of the algebra wsl(2,R)/1,
this means that operators differing by an additive term
;1 are considered equivalent. In choosing the orbit
representatives, over-all factors will also be disre-
garded since they generate the same subgroup.

H. The orbit structure of wsi(2,R)/1 can now be
analyzed, '* noting that ©= 6% - 63 - 6% is an invariant
under the transformation (2. 13). As we are interested
in operators equivalent up to over-all changes in scale
y (for which ©"”=%"@’) we consider three cases: (i)
©>0, (ii) ®<0, and (iil) ©=0. In each of these cases
we can pick out an orbit representative operator H*,
for each orbit w. This is simplified by noting that we
can choose the transformation to be a geometric trans-
formation (b =0) and that (2. 12) has a lower-left zero
submatrix.

(1) ©> 0 (harmonic oscillator):
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H'=2I,=3(P* +@%), (2. 14a)
through

an=[6,/(8,+ 072, cp=0,06,(6,+ 6572,

Xy =26072[05(0, - 6,) — 0,6,], (2.14b)

yu=20;2[858, — 6,(0; + 6,)],

where 0} =0 =0%— ¢} — 6% and the choice 8,=2 leads to
the form (2.14a). Clearly, the transformation (2.14b)
is possible for all §’s except when 8, =— 8;. This cor-
responds to the case when H has no P? (kinetic energy)
term, which we can regard as unphysical. In this case,
we can subject H to a Fourier transform, which is
known and easy to implement, butf is not a geometric
transform.

(i1) © <0 (repulsive oscillator):

H =2, =3(P* - @%), (2.15a)
through

a,=[6,/(6,+6,)]'?, ¢, =0,[0,(6,+06,)]"2,

x, =26;%[05(8, — 6;) +6,6,], (2. 15b)

Yr= 20;2[— 9592 + 94(93 + 91)]9

where 82=-0=6%+ 6% - 6% and the choice 6,=2 leads to
(2.15a). Remarks as in (i) apply when 8, =— 6;.

(ii1)) ® =0 (linear potential):

H'=I,+L+Q=3P*+Q. (2.16a)

Here we have several cases. As 6} + 6} - 5=0 assume
first 6, 6,, and @, are not all identically zero. Then
through

a; :[291/(91 + 93)]1 /2’ Cy :[(93 - 91)/291]1/2:
%105+ 6% — 9,6, - 6))'F =205(6;+6))7! 2

(2.16b)

we can bring H to the form H' with ¢, a free parameter
and 8] =6,;=03, while

0;=(26,)"1/%[8,(6,+ 6,)' /% - 05(6; - 6,)!?].

The ratio p=6;/6, can be varied by varying 6,, and the
choice (2.16a) corresponds to p=1. We cannot make p
vanish, however, unless to start with we have 6,(9,
+6,)1/2=0:(6,-6,)'/2. We distinguish this case:
(iii")©=0, 63(6,+ 6,)=6%(8, - 8,) (free particle):

H =1, +I;=4P?,

(2.16¢)

(2.17)

and we must add the remark following (i) in the case
6,=— 6,. Now we examine the cases where 6;=0,=20,
=0. We only have the lower-right submatrix (2.12),
and we can always bring the operator to the form

(iii”) 6,=0, 6,=0, 8;=0 (momentum):

H"=P, (2.18)
through
a,=6', cn,=8,, (2.19)

applying the Fourier transformation when 8, =0. The
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further case when 6, =0=6;, has 0 for its orbit rep-
resentative in wsl(2,R)/1 and 1 in wsl(2,R).

To sum up: We have five orbits in WSL(2,R)/0(2),
generated by H® (w=h,7,1,f or m). We have found in
each case the explicit transformation (2. 12) leading a
general operator (2.13a) to one of the five representa-
tives, up to an over-all multiplicative constant and the
(possible) addition of a multiple 8} of 1 given from
(2.12)—(2.13) as

eézi(xi‘y%’)el _%xwwaZ‘l"%(x(zo'*'yzzo)BS (2.20)
+3,04—x,05+ 6,

with x,, v, (w=h,7,l,f, or m) as in (2.14b), (2.15b),
or (2.16b).

1. As the operators H as given by (2.13a) are self-
adjoint in / %R), their eigenfunctions will constitute a
complete orthonormal (possibly in the sense of Dirac)
set of eigenvectors for the space, and since the trans-
formations (2.9) are unitary, it suffices to give the
results for the orbit representatives:

Harmonic Oscillator: These are well known* to be

W () =[2"!Vr I/? exp(- 2¢")H .. (q),
(2.21)
A=n+3, n=0,1,2, s,

where H,{g) are the Hermite polynomials. Orthonor-
mality has the usual phrasing as (¥f, ¥{) = 6, (Kronec-
ker delta) and completeness states #{q) =Y #(g)@}", P)in
the norm for any pc / *(R).

Repulsive Oscillatoy: The basis and spectrum of H"
=2I, can be found!* in terms of that of H%= - 2I,
=i(gd/dg +3), which is on the same orbit: H" :gtzH‘fgIQ
with g, ={(1/v2) (4 1), (0)} (this is the “square root” of
the Fourier transform, as g ={(% ), (0)). The eigen-
functions of H? are found from the theory of Mellin
transforms to be, properly normalized,

tq, =0,
) = (2m) g2 xeR, qt:{
0, q=0,
(2. 22a)

with a spectrum covering twice the real line. Using
(2.9a) for g, we can find ¢ = F(g,)yf as

Bg) =274 7 expl - (i/4)m(in +2)]
XT(=ix+ 5D o (£ 22 exp(3in/4)g), AcR,
(2. 22b)

where D,(r) is the Parabolic Cylinder function. ! Or-
thonormality means here {J5*, $%) = 8{(x = 1’} (Dirac delta)
and (7%, 97 )=0. Completeness integrates twice over
AER, i.e., ¥q)=[rd @G, P) + Je AAP@ @, YD),
ve LFR).

Linear potential: Again, the basis and spectrum of
H' is easier to analyze! for its Fourier transform 3Q*
— P which gives rise to a first-order differential equa-
tion whose normalized solutions are Pl(g) = (27)"1/?
xexp(~ A\g ++¢°), for A& R. The inverse Fourier trans-
form yields $!(g) through Airy’s integral **
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¥l (g) =21344(2! 3[q - A]), (2.23)

and the usual orthonormality and completeness state-
ments are (¢, 9}) =56 - 1’) and ¥(g) = [p A Y@}, ¥),
pe LER).

Free particle: The basis and the spectrum of P is
#(q) = (2m)1/? exp(irng), A<€R. (2.24)

This serves also as a convenient basis for H = 3P?
which in linearly, but not functionally independent of P.
The spectrum of B is )%, i.e., twice the half-line,

XER,

The eigenfunctions ¢, and eigenvalues p of an
operator H as given by (2.13a) can now be determined,
knowing the ones for the orbit representatives H”, 4y,
and X (w=",r,l or f—m). We have

g Hgl=0,H"+6[1

with g, a geometric transformation of the type (2. 9b),
with parameters given by (2. 14b), (2.15b), or (2.16b)
(save the cases when a Fourier transformation is needed)
and the 6§, determined correspondingly. Hence

0@ =[G (g }a) and p =0, +86;.

Recall that geometric transforms are easily obtained as
in (2.9c¢).

(2. 25a)

(2. 25b)

J. Example:

H=2P'+ QP +PQ)+3Q*+Q+P+¢l
=3I +4,+5I,+Q@+P+¢1.

(2. 26a)

We see that © =0, so this case belongs to (iii). From
(2.16b) we find @, =3v0,, ¢,=1/Y6, and 2x,-v,=%. The
transformation

{(Eﬁ’ 0 ),(x,,sz—%,O)}
1/Ve, 2/Ve,

then maps H into H' =36,P* +1/Y0,Q + (x, + £~ 3/8)1 so
we choose #;=1 and x, =3~ £. The spectrum of H is
then u =X R, while the basis functions are

()
=[¢G,1;5-¢, §- 26,0 4}l
=[G2,-1;-3%, £-4,00%] (g)
@ +q+5-1/8)]%(zg+¢ - %)
@ +qg+¢-1/8)]AiVEg+ - +2)).

(2. 26b)
=2"12expq

[__
=218 exp i[-

11l. COMPLEX CANONICAL TRANSFORMS AND
TIME DEVELOPMENT OF A SYSTEM

A. We will now allow the group parameters of g
={A, £z}« WSL(2,R) (det A=1) to range over the com-
plex field. The resulting set also forms a group which
we denote by WSL(2,C). The representation given by
(2.3)—(2.8) and (2. 9) does not follow for the whole new
group: If f is assumed to be in / %(R), 7f will belong to
/*(R) only if the kernel B,(q,q’) is bounded. This hap-
pens for the parameters in A only if Im{a/b) = 0 so that
the Gaussian factor will be decreasing and, when a=20,
b must be real so that the kernel will be an oscillating
exponential. For the w(x,v,z) parameters it is only re-
quired that when a =0, x be real also. The product of
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two bounded operators is bounded and the group identity
is bounded as well as all real elements in WSL(2,R).
Thus, (2.9a) represents properly a subsemigroup of
WSL(2, C) which we denote by HWSL(2, C), following
Refs. 1,2, and 7 which deal with the SL(2,C) part. As
regards unitarity, those transformations in HWSL(2,C)
which are not in WSL(2,R), are represented by integral
nonunitary transformations from / %(R) into / %(R).

B. In Refs. 1 and 2, we constructed Hilbert spaces
of analytic functions 7, such that HSL(2,C) is rep-
resented by unitary mappings between / *(R) and 7,.
The Hilbert spaces 7, are characterized by a scalar
product performed over the complex plane, as in
Bargmann’s case,® given by

(f, &= [, d'ul@) f@* @),

with the measure
d*u(g) = 2(2m)"1 /% exp[(1/20)(uq’ - 2qq* +u*q*?))
X d Regd Imgq, (3.1b)

(3.1a)

and where

u=a*d-b*c, v=2Imb*a>0. (3.1c)
Corresponding to the geometric transformations
(2.9b), where v=0 the measure becomes singular and

one can show that

lim [ &u(a) f@)* g@) = [ ,, dx exp(-w]|x|*/2) f)* g(x),

(3.1d)

where w = 2Imc*d, and the integration contour is along
a line in the complex C-plane tilted with respect to the
real axis by an angle $=—3 phase of u. Finally, for the
general complex case, the transform inverse to (2.8) is
given by

fla)= fc d*u(g")Ala’, * [ CFla"). (3.1e)
With little extra labor we can build a similar scalar
product and Hilbert spaces such that the transformations
in HWSL(2,C) will be unitary. The only application we
will touch upon is the one provided by the heat equation,
and so the construction of the general case beyond (3.1)
is unnecessary here,

C. The action of WSL(2, C) transformations on oper-
ators H of the form (2.13a) closely follows that seen in
the last section, except for allowing all parameters to
be complex. The orbit structure analyzed in II-H sim-
plifies, in that the cases (i) and (ii) (attractive and re-
pulsive oscillators) coalesce, if we allow for over-all
complex factors. Indeed, the well-known Bargmann
transformation, ® g5={(1/V2)(} 7), (0)}, bridges (i) and
(ii), as gBI3g}31 =il, while g, = {(6" w0-1), 0)}, w'=-1,
performs gﬁHfg'1 = - iH* and takes us from the free
particle Schrodinger equation to the heat equation.

D. The parabolic differential equations we want to
analyze here are those of the general form

Hu(g,t)=-i(2/0t)ulg, 1), (3.2)

where H is an operator of the form (1.6a)— (2.13a).
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Formally, the solution of (3.2) is given by the time-
translated initial condition u(g)=u(qg, 0),

u(q, t) =exp(t /3" ulg, ') | o
=exp(itH) ulq) = [H ul@q).

The third term in (3. 3) is a differential operator of
infinite degree in g (termed also hyperdifferential op-
erator ?%) densely defined in / *(R), whose action on
u(g) is a time-dependent canonical transform //, whose
integral form is given by (2. 9). Corresponding to the
four orbits seen in the last section (excluding P), their
four 47 time-evolution operators are represented by

(3.3)

cost - sint
At =exp(its[P* +Q%)): , (0,0,0)) (3.4a)
sinf cost
cosht - sinht
;: exp(zt%[Pz - Qz]): ’ (0; 0, 0)
—sinht cosht
(3.4b)
1 ¢
HE=exp(at[sP? + Q)): , (=121, - (1/6)t°)
0 1
(3.4¢)
1 -t
H = explit3P): { , 0,0, 0)} . (3. 40)
01

All these expressions can be read off from (2.7), except
for (3.4c), which requires some extra work in ex-
ponentiating.

For a general operator H [(2.13a)] we can find its
geometric transformation g, (w=~rh,7,! or f) relating
it to its orbit representative. Its time-evolution trans-
form will be

Hy = exp(itH) = exp(it§{) exp(it, g.lH g ) 3. 52)
=exp(it6y) gl Hel s 8o

and its solutions
ulg, t) = H,yulg) = exp(it6;) G(gi) Hely Glg)ulg).
(3. 5b)

E. Simplest to consider, is the time evolution of the
eigenfunctions #,(q) of the operator H in (3. 2), since

(g, 1) = H b (g) = exp(irt) 4, (q). (3.6)

These are the solutions of (3. 2) separable in g and ¢: if
we know the expansion coefficients, u, of an arbitrary
function u(g) =u(g, 0) in terms of the ,-basis, the ex-
pansion coefficients of the u(g,?) solution of (3.2) are

u, exp(irt). But assume that the physically meaningful
expansion for u(g) is in terms of a y{(g)-basis, eigen-
functions of an operator H’ which may or may not be on
the same orbit as H. Assume for definiteness that H and
H' are the orbit representatives of the last section, with
(3. 4) their time-evolution transforms. Then, it is funda-
mental for our results that, at least in a region around
t=0, we can write

606 J. Math. Phys., Vol. 17, No. 5, May 1976

He=GHi, 3.7

where t’=¢'(¢). That is, the time-evolution transform
#; can be written as the time-evolution transform A/
for a rescaled time #'(¢), times a (time-dependent)
geometric transform gt. Finding the group parameters
of G, and the function ¢'(?) is an exercise in 2X2 matrix
algebra.

F. Example: Let H be the harmonic oscillator
Schrédinger Hamiltonian [so that #, is A% in (3.4a)]. We
want to find the time evolution of plane waves [free
particle eigenfunctions { in (2.24), #lbeing /4] in
that system. We write (3.7), where only the SL(2,R)
parameters need to be considered, as

cost - sint a, O 1 -t
sint cost /| ~ \¢, a}! o 1) © 8a)
and we find immediately,
t'=tant, a,=cost, c,=sint, (3.8b)

so, from (3.6) and (2.9),

d){(q)%_ﬁtl Hla) = §t He ¥(a@)
= exp(iEN*t") G, ¥(q)
=exp(iz\’t')a;' "% explic.q*/2a,)¥{(q/ a;)
=(cost)"!/? explitant(z2* + 2¢°) |¢f(g/cost)
= expliz sint cost(g/cost)? ¢ (q/ cost)

X (cost)™ /% exp(izr® tant). (3.9¢)
This result can be checked using the harmonic oscillator
Green’s function and performing the integration.

A few comments on (3.9c): Although the points
t=x%m, +(3/2)7, +-o appear to be singular for some
elements of the expression, since the transformation
(8.7) is unitary in / ?(R), we are assured that any / ?(R)
function expanded in the }-basis will exhibit no singu-
larities in its time development. Systems which clas-
sically are periodic or exhibit turning points will be in
many-to-one correspondence with open systems. In
Table I we give, for all pairs of orbit representatives,
the geometric transformation which bridges them.

G. The next point to be remarked upon is that the final
expression in (3.9c) is (from right to left) a product of
a function in #'(#) times a function in v{q, ) =q/cosi times
a multiplier exp(izv®sin2t). If we follow the procedure
of Kalnins, Miller, and Boyer '*'® in finding coordinate
systems v(q,t) - f such that, in (3.2),

uy(q, 1) = expliS(v, )] Vy(v) T, () (3.10)
separates into two ordinary differential equations in v
and £, one of such systems will be the one found above.
The presence of the exponent in S(v,t) (specifically not

a sum of a function in v plus a function in f), defines this
case as R-sepavable, as opposed to ordinary separa-
bility, when S(v,#) =0. It is thus that, as detailed below,
we obtain all “separating” coordinate systems for all
parabolic equations (3.2). We follow the procedure of the
example in subsection III. F to read them off Table I as
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TABLE 1. Expressions for the geometric transformations between pairs of time-development operators corresponding to the
four orbit representatives /=(,(a,cyr,y, 20§, The entry “1” means t=¢' and G is the identity transformation, When x, y,
z do not appear, they equal 0. The example in Sec, II, E corresponds to w=h,w’ =f. The heat equation follows the f-system with

the replacement £ — 2it.

cp=—H1+1)-1/2

cp=t(1—1H)-1/2

o « h r 1 f
tanht’ = tant ¢ =tant t'=tant
- 1/2 a; = cost -
. a,=(cos2t) ¢, = sint a,= cost
x=t" y=34"
c;=sin2¢(cos2f)~1/2 z=§'% cy=sint
tant’ = tanh# ¢’ =tanhi ¢’ = tanht
= 1/2 a, = cosht _
a;=(cosh2f) 1 ¢, = sinht a, = coshf
¢y = sinh2#(cosh2f)=1/2 x=t, y=3t'? ¢, =sinht
z=§'?
tant' =¢ tanht’ =¢ =t
a,=(1+¢)1/2 a;=(1-ty1/2 a,=1, ¢,=0
cp=t(1+1y)=1/2 cy=H(1—1H-1/2 1 xy=~t
X == H(1+3tH(1+47"1/2 xp=—H(1-5t)(1 - )1/ e =3t
Y=~ + 9712 ye =~ 311912 zp=—
zt:_ét:; zt=—%t3
tant’ =¢ tanht' =¢ t'=t
ay=(1+8)1/2 ay=(1-1)1/2 %=1, ¢,=0 1

follows: From (2.9¢) and (3.17),
Hevs (@)
= G HE WY (q) = exp(int’) G, 3¢ (@)
= (a)"V? explilc,/2a,)q* + (x,/a,)q +2,+ 3xy, + 1’1}
X' (@/a, +y,)

= (@) expli[ic,a,0® + W — 2y ) x, — c:a,)

+z, MR @),

where
v(g,t)=aq/a, +y,, (3.11b)
and all other parameters in Gy, a4, b;, ..., 2,, and ¢

depend on f only. Thus A9 (g) is a separable function
in the sense (3.10) in v and ¢, where the multiplier
S(v,t) can be read off (3.11a) and is

S(,t) =3c,a.0% + (x, - cay v, (3.11c)
where as stated, a.,c,,x;,y; depend on ?.

The differential equation (3. 2) for H* generating A%
will separate in two differential equations, one of the
form of an eigenvalue equation for H*' in the variable
v(g,t) and the other, a first-order differential equation
in £, This can be seen by writing (3.7) for t—0, as
3t'/8t),.0=1; it yields

H®=G+H", (3.12)

where G generates (, and is thus a first-order differ-
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ential operator in ¢. The part in the separable function
which depends only on v is #¥’, which was chosen as an
eigenfunction of H*" to start with. We have used H* to
separate the variables for H* in (3. 2).

We can now see a posteriori why the factorization
(3.7) works for all orbit representatives: They all have
the form 3P% + V(Q) so that G will only be a function of
@. A disentanglement of the Baker—Campbell—Hausdorff
type to produce (3.7) out of (3.12) will introduce the P
and PQ + QP parts which generate the translations and
scale transformation. In Table IT we have collected the
separating coordinates and multipliers for all pairs of
orbit representatives. The results can be compared
with the literature.?' In order to describe the general
form of the separating coordinates and to determine the
H’ to which they correspond, defining equivalence be-
tween coordinate pairs, we must present first the
material of the next section. The general case, however,
can be formulated as follows,

H. We are given arbitrary H and H’, and we can
determine the (geometric) transformation relating them
to their orbit representatives. We are thus able to know
their time-evolution transforms #, and #/! through (3.5).
We can write /f,={(js ,h,z), (yy By, By} With By =R (), (i
=a,b,...,z), where, it should be noticed, the k;(t) are
linear combinations of trigonometric, hyperbolic, or
power functions of { when H lies in the k,7, or I—f or-
bits. A similar construction is done for //}, with hj(i"),
and the product with a general , is made as in (3.7).
Comparison of the ratio of the 1—1 and 1—2 matrix ele-
ments gives
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TABI',E H.‘ Expressions for the coordinate systems (v(q,#),#) which separate the equation HY=—18 into two ordinary differential
equations in v and ¢, such that (g, =e!S"»D V() T(H), The separation operator is H*', The heat equation follows the f-case with

t— 2it,

»

v=g(cos28)=1/2

S=3v?sin2¢

l f

v=gq/cost+3tan’ v=g/cost

S=1vlgin2t S=Zv?gin2t

v=q(cosh2t‘)'1/2

¥ S =40 sinh2t

[
o

+v tanf(1 — Zsin%)
v=gq/coshf+ 3tanh®

S=- fwlsinh2t

v =q/cosht
S=-%v2sinh2t

+v tanht(1 + $sinh%)

v =q(1+%)-1/2 v=q(1~tH=1/2 v=q v=q~3t?
! S=folt—vt(1+ )12 S =Jott — vt(1 = £)-1/2 = S=—uvt
v=q(1+t9)-1/2 v=q(1 -ty-1/2 v=q+5t? v=gq
f S=—1v% S=1p% S=vt $=0

R(t)= h,(8)/Ry(@) = R/ Ryt =R (1),

whereby all k!’s are known as functions of ¢. This is
valid whenever h, and k) are different from zero (this
is not the case when H or H' is 8I,, for example). The
parameters in the geometric transformation are then
found as

(3.13a)

ay=ho/hy=hy/hi,
Cr=he/hy=hl/ha=hy/hy—hi/ Ty

(B, —h}
(-xtiyt):(’lx_h:;‘?hy—hy) <—;L:. h;b>:

(3.13Db)

and the separating variables and multipliers are found as
in (3.11b)—(3.11c¢).

I. These developments also apply to complex trans-

forms. Of particular interest is the heat equation,
> (@ 8)= = ulg,t) (3. 14a)
a—qﬁ' ulg,t)= 3t q,t}, .

i.e., in the form (3.2), H? =2iH’. In the form (2. 25a)
this corresponds to 6;,=2, 6;=0 and a scale transforma-
tion with =i (subsection III. C). Better still, we can
set 6, =27 and Egs. (3.4d)—(3.5a) then state that the
time-evolution transform is,

22 1 -2t
HfZ/L/éitzeXpé'a;r> 2{ <0 1

The separable solutions, coordinates, and multipliers
for the heat equation, with respect to each of the orbit
representatives we have considered, can thus be read
off the bottom row of Table II, replacing ¢ — 2i¢. We have
thus the separable solutions in terms of oscillator,
parabolic cylinder, Airy, and exponential functions.

) , <0)}. (3. 14b)

28

J. In comparing with the literature,?® we notice that
one of the better-known separating coordinate systems,
that giving rise to the heat polynomials® v,(q, t)
= (- "2 H, (3q[- t]"1/?), solutions of (3.14a), is ap-
parently missing. We proceed to show that it is related
to the entry in the k-orbit.

608 J. Math. Phys., Vol. 17, No. 5, May 1976

The Hermite differential equation can be written as

14 d 1
DH,.(éI)E(— a4 +§>Hn(q)

= (I, + 20, + I)H,(q) = (2 +2) H, (@), (3.152)
so that ©=4> 0 and we can write g,Dg;' = 0,15 = 36,H"
finding g, to be a geometric SL(2,C) transformation
given by (2.14) with 6,=2, a,=1, ¢,=1¢. This is a com-
plex canonical transform, so that the eigenfunctions of
D, H,(q), will be orthogona% with respect to the measure
given by (3. 1d) which is e™ dg and the integration per-
formed over the real line® as in (3.1d). The time-
development operator is
exp(—~it’) - sint’

) (0)

De = g3 Hi g (3.15b)

0 exp(it’)

and the decomposition A% = Ge Dy is possible with @
=exp(it’) = (1-42)'/?, ¢,=0. This yields

H EH (@) =explil + 1/2)¢"]1G Hy(q)
= (1 - 4t)"/2Hn(q[1 - 4t]-1/2) :van(q; t— i))
(3.15¢)
which is a polynomial in ¢ and ¢ - 1.

The separating coordinates are v =¢(1 - 4¢)™'/2 and ¢
equivalent under time translation to 3¢(-t)"/2, t and
the multiplier S(v,¢) is zero. From (3. 15¢c) we see that
if the temperature distribution of a conducting rod at ¢
=0 is H,(q)=2",(q, — 1), it will evolve in time as
2%, (q,t—%) and at =13, 2",(¢,0)=(2¢)". It should be
observed that the v,(g,f— %) are not elements of /%(R)
[nor is D self-adjoint in / ?(R)]. However, as remarked
above, D is self-adjoint if we take the measure Pl dq,
and there its eigenvectors are orthogonal and complete.
Were we looking for the separating operator which
produces the heat polynomials themselves, as v,lg,0)
=¢q", the operator would have been H’~il,. For this
operator, however, we have /;=0 and the decom-
position (3.7) fails.
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It should be observed that, since H¥ =-13%/34" is not
Hermitian in / *(R), the time development operator for
the solutions of the heat equation (3.14b) is not unitary
and does not preserve the orthogonality of two functions
flg,t), glg,t) in / *(R). However, if we use the for-
malism of complex canonical transforms, Hf is made a
unitary mapping between / *(R)= 7, and spaces 7, where
the scalar product is, from (3.14b) and (3.1),

(f(=, 1), g(-, t))tEfc d Req dImgq (2nt)™1/?
exp[- (Imq)*/t] flg,1)* glg,1), ¢>0.
(3.16)

Thus we can state that the quantity (3. 16) is a quadratic
invariant of the heat equation under time translations.
This invariant is distinct from the total heat (a linear
invariant), and is apparently new. Indeed, any differ-
ential equation (3. 2) of the type we are studying will have
its corresponding quadratic invariant.

IV. INVARIANCE GROUP AND INVARIANT
BOUNDARIES

A. Lie theory has been used to solve partial differ-
ential equations through exploring their invariance under
infinitesimal transformations, reducing thus by one the
number of variables and then determining the subgroup—
which leaves invariant a particular set of boundary con-
ditions. ' These methods apply to linear or nonlinear
equations of any order. By contrast, our procedure is
designed for linear parabolic equations of the type
(1.6)—(3. 2) and solves the problem through the use of
matrix algebra in a global rather than infinitesimal man-
ner.

The invariance of (3.2) under a transformation
£E WSL(2,C) can be stated as follows: when u(g,?) is a
solution of (3.2), then v(q,t)= 7{"'U(g,t), where 7 is a
two-variable representation of a canonical transform,
is also a solution of (3.2). Notice that we have not said
“if”: Any such function will be a solution and the full in-
variance group of the equation will be the group WSL(2,C
of six (complex) parameters. We will show below that,
moreover, v{qg,!) will have the form

v(g,t) =7 ulg, ) = uela, ulg,a, 1), L0), (4.1)

where i, g, and 7, are determinable functions of ¢ and
t. We should impose the additional conditions, however,
that if ¢ and ¢ are real, then g, and i‘; should be also real
and that if # is either square-integrable or real (the
latter case in the heat equation, for example), then so
should (4.1) be. This will reduce the acceptable sym-
metry group to a real subgroup of WSL(2, C).

B. In order to prove (4.1) and find the functions in-
volved, use (2.9), (3.2)—(3.3), and (3. 11): if u(q, t) is
the time development of the initial conditions u(g)
=u(q,0) then v(q,t) = 7{"ulg, t) is the time development
of v{g) = (Fu)(g):

vig, D))= (7P u)g, 1) = (H ) Q)
=(H:Fe )@ = (Gre,y Hrpn w)a)
=(Gru)(q, k)
=aYexplil(c/20)q* + (%/a)g + 3x7 +Z]}

Xu(gela, 1), L), (4. 2a)
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where a=a(t),...,z=2z(t) and

q,a,t) =(g/a)+y, hE)=[dn()+b])/[a+cht)] (4.2b)
with the function %(¢) defined as in (3.13a). The key step
in (4. 2a) has been that of writing 4,7 = Gz/f, i.e.,
time development X canonical transform =geometric

transform X time development in 7,(f). The last member
of (4.2a) and (4. 2b) were obtained from (3. 11a)—(3. 11b).

C. As afirst illustration of (4.2) consider the case
of the free particle, closely related to the heat equation,
where the results are known %14

HiFe ={<(1) Bt) , (0)} {(Z Z) (xyZ)}
E{(a—cct b;dt)’ (x,y,z)}
2y ol )
(2 ) a-mn)

Equation (4. 3a) contains six independent simultaneous
equations which yield

(4. 3a)

a=a~-ct, ¢c=c, x=x, y=Yy +xt_, zZ=2z (4. 3p)

and from (4. 2b)
4=4,(q,t)=(q +xdt - xb)/(a—ct) +y,
F=£,(t) = (dt-b)/(a—-ct).

Hence, if u(g,t) is a solution of the free-particle
Schrédinger equation, then so is

Vg, t)= Grulg,t)
=(a—-ct)l’?

exp(i{(a - ct)"cq® +xq +zx*(dt - b)]

(4. 3¢)

+3xy +2})
u((g + xdt - xb)/(a - ct)

+y,(dt-b)/(a - ct)). (4.4)

The physical meaning of each of the one-parameter
subgroups in (4. 4) can be readily ascertained when we
put all others to their identity values. Thus y can be
seen to represent coordinate translations (g—~q +v), ~ b
time translations (¢ ~¢—-b), a=d"! space—time scale
transformations (g~ g/a, ¢t—t/a%), z phase multiplica-
tion (#— exp(iz)u), x Galilean transformations (g ¢
+xt, u~ exp(ixqu), ¢ conformal transformations (g — ¢/
(1-ct), t—=t/(1=ct), u~ (1= ct) "2 exp{ilcq®/(1 - ct) [}u).
The last two are not “inspectionally” obvious sym-
metries of the equation.

If we further require that, under the transformation
7, ¢ and ¢ remain real and  remains in / (R), the
values of the parameters a,b, ...,z must be real. Thus
the symmetry group of the free-particle Schrédinger
equation is the six-parameter WSL(2,R) group.

D. The results for the heat equation can be read off
(4. 4) when we replace — 2if. It is convenient to define
B=3ib, y==2ic, £=-2ix, {=—iz. Here we require q,
t, and u to be real. In terms of the new variables, we
can see that the symmetry group of the heat equation is
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TABLE II. Action of the general group transformation g
={A,w}e WSL(2,C) on a function u(g,#), solution of H%
~19u for w=h,r,l or f, as given by Eq. (4.2).

o time transformation | geometrical transformation
& tan2‘=dtant—b z;s(acost—csint)/cos__t
a - ctant =(d sint -~ b cost)/sint
(_:=(ccost+asint—5'1sin_t)/cos?
= = cost  sint = _
w,y) =(x,5) —sinf cost '
- dtanhf-b a=(a cosht - ¢ cinht) /cosht
4 tanhtha—ctanht =(d sinht — b cosht) /sinht
E=(ccoshtiasinht
+a! sinht) /cosht
= = coshf sinh{ = _
*,9)=(x,3) sinhf cosht 1252
; - _dt—b a=a-ct, c=c, Z=Z
f=
a-ct _ a b
o) = Lo
(e, 3) ={tr, 3 +( t,z_t) c d
7 172 1 t
+(t, 369} 01
f —i:dt—b a=a—ct, c=c, Z=Z
a—ct <
=ty LF
V=, 01

given by the subgroup of WSL(2,C) represented by the
matrices

{(%‘;y -6 (%z's;,y,ig)}, adgy=1

with o, 8, ..

(4. 5a)

32
., ¢ real.

The operators which represent the canonical trans-
formation (4.5) in (2. 8) will be bounded when

a=0, 80, =0, d>0, £=0 wheny=0. (4.5b)

The transformations (4. 5a) with the restrictions (4. 5b})
form a semigroup, the SL(2,R) part of which is identical
with the HSL(2,R) semigroup introduced in Ref. 7. It
lies on the same orbit—through complex transforma-
tions—as the semigroup of real transformations in
SL(2,R) with nonnegative matrix elements. 3 It is here
augmented by the Weyl group and can be seen to be a
subsemigroup of (4.5a) which preserves the positivity of
the time displacements. 3

E. The treatment of the four quantum Hamiltonians
chosen in the last section as orbit representatives,
follows the procedure of Eqs. {(4.2a,b). We give in
Table III the expressions for the time and geometric
transformations as done in (4. 2}, It should be noted,
though, that the physical transformations represented
by the parameters a, b,...,y differ from case to case.

F. In solving a differential equation, we usually have
to contend with boundary conditions uy(q,t) on the
boundaries B(g,?) = const. Similarity methods choose the
transformation 7! to leave these boundaries invariant:

B(q,1)=B(g,t). We will now show that the separating co-
ordinates (v(q,t), t'(f)) of subsection III. G provide such

610 J. Math. Phys,, Vol. 17, No. 5, May 1976

boundaries in the form v(g,¢)=const. Consider an ex-
ample: Assume the transformation 7¢ in (4. 3) is of the
particular kind 7§}, =A™" as in (3.4a). Then (4.3)
tells us that §=¢/(cosa - ¢ sina) and [ = (t cosa +sina)/
(cosa - tsina). Taking the lead from the entries f—h of
Tables I and II, we can verify that v=q(1 +¢%)1/2

=7(1 +7?)/2 = const, while for {=tant’ and [ =tanl’, 7’
=t'+a simply. Hence, the family of hyperbolae ¢*

=v*(1 +#*) for any v €R remains invariant under 7¢f)

gla)e
G. The general proof of this fact hinges on writing
&), =H< ™ for some generating operator H*' . If now
we are looking at the solution u(q, ) = #/; u(q), we should
write 4 = g,/—/‘ﬁ' and look for the corresponding sep-
aration of variables {v(q,¢),# ()} as done in (3.11). The
action of A% will thus be ¢’ ~{’ +«, and leave v(g,{)
as a family of invariant lines on the ¢—t plane,

H. As for the inverse problem, if we know {v(q, [),
# (1)} to be system of coordinates where the operator
H” is separated by a second operator H*' [see Egs.
(3.7), (8.11), and (3.12)] with a multiplier S(»,?), then
v=v(7, 1), I'=t'(t) as given by (4. 2b) will be the sep-
arating coordinates of H” by the operator gH* g™! with
multiplier S(z,7). In order to see this, let 7{* [the two-
variable representation (4.1)—(4.2) of a transformation
g associated with the time development 4{] act on
(3.11). The result of this action will still be a solution
of (3.2) for H”:

SHI @
= Hy e 4)‘;' (@)
=explilS@, 1) ~ 5V (¥ - cay) +2 + M@ 5" @),y g

where all barred variables depend on ¢ and t_, while
F.9¢"(q) is an eigenfunction of gH* g™,

I. As an illustration, we can apply this relation to
the separable solutions of the heat equation seen in
subsections III.1 and III. J. When the separating operator
is H" (see entries f—h in Table II with { — 2¢f), then »
=qg(1-4t%)"1/2 Hence, when we use gH"g™! to separate,
the corresponding variables are

b= q +1(yy - d&) + (ay - BE) - di+p
= [F(yz_ 4d2) +2i(a'y—4dﬁ) +(a12_482)]17‘{ ’ = =

with a,B,...,y as in (4.5). Now, the Hermite sep-
arating operator (3.15) is related to H" through D =gH"g™!
[g=g;' as defined below Eq. (3.15a)}; hence, for g
={L", ©},a=1=d, y=-2, £=0=y the separating
variables (4.7) become precisely those of (3.15¢),
namely v =q(1 - 41)"'/%, Conversely, proposing a form
for v, we can find the group element which takes the
separating operator to one of the four orbit representa-
tives. We must compare the proposed form with (4.7)
and the corresponding expressions for the v,7, and f
orbits, solving (nonlinear) algebraic equations for the
parameters of g. If these equations are incompatible,
the separating operator does not lie on the proposed
orbit. If two operators are related through a similarity
transformation in the symmetry group of the differential
equation of a third, the variables they separate in the
latter can be called equivalent in a general sense. ™
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Hence, while in Sec. III we found the separating vari-
ables for any given operator in the algebra; here we
have solved the converse problem.

V. EQUATIONS CONTAINING TERMS IN g -2

A. A class of operators containing terms in ¢72 is
amenable to a treatment parallel to the previous sec-
tions. The analysis is in fact simpler, and much of the
groundwork has been done in Refs. 2 and 3, so only the
general outline and conclusions will be presented. The
operators we are refering to are

1 &
J‘:Z<— —qu +?—q2), (5-13-)
z d 1
Sr=-g (q—-dq +'2’)’ (5. 10)
1 dt
J3::}-(—CET+:IE[ +q2), (5.10)

which, together with 1 close onto an 0(2) ®sl(2,R) al-
gebra as (2. 6), the commuting 0(2) is the one generated
by 1. The operators (5.1) can be seen as the radial part
of (2.5) for n-dimensional vectors Q and P in the space
of angular momentum L, with u= (32 +L - 1) =+ and
subjected to a similarity transformation with the factor
lg1"V/% in order to cancel the term [(n - 1)/¢]d/dq in
P2, The operators (5.1) are densely defined and have
self-adjoint extensions * for the ranges of u specified
below, in / }(R*). There is no underlying Weyl algebra
here, ?

Define now %2 through

nw=Qk—1)2=%, 2k=1%(u+3)/? (5.2)

so that the Casimir invariant for the algebra (5.1) can
be seen to be k(1 - k).

Exponentiating the algebra (5.1) to an O(2)® SL(2,R)
group, we associate a realization through 2X 2 matrices
as in (2.7). As the O(2) part generated by 1 corre-
sponds to over-all phase transformations, it is rather
trivial and we shall work henceforth with the SL(2,R)

part only. The action of the SL(2,R) group on fe /?(R*)
ETER
is

[Ce i@y =0 explink)| dq’(aq”)”? expl(i/2b)(aq" +dg?)]

XJyn1(aq’/b) Fg")
and, when =0, we have the geometric transformation
[CE 7)) = |a| ™/ expl(ica/2]al)g?)f (|a|g),
(5. 3b)

which, save for the absolute values, is identical with

(2. 8b). The transformations for complex group param-
eters and the definitions of Hilbert spaces into which
these transformations are unitary was detailed in Ref. 2.

(5. 3a)

B. The adjoint action of SL(2,R) on the algebra is
found exactly as in Sec. II. It is represented as in
(2.11)—(2.13):

K=27nd,;* K'=22 TN sela= 23 M
where |IN Il is the 3X3 upper-left submatrix of (2. 12).
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The orbit structure of SL(2,R) is well known: there are
three orbits corresponding to the sign of the invariant
©=n3-n¢ - ni. The orbit representatives are chosen to
be 2J, (©>0), 2J; (©6<0), and J, +J; (6=0), corre-
sponding respectively to the Schrddinger Hamiltonians
for harmonic oscillator plus centrifugal force, repulsive
oscillator plus centrigural force, and pure centrifugal
force. The relative strength of the oscillator and
centrifugal parts can be varied through dilatation trans-
formations in SL(2,R) and the transformations leading a
general operator K to one of the orbit representatives
are calculated through the use of (2. 14b), (2.15b), and
(2. 16b) excluding the expressions for x,y, 6,, and 6.

For completeness, we list the eigenfunctions and
spectrum of the orbit representatives®:
Havmonic Oscillator + u/q", K*=2J,, spectvum x
=2(n +Ek), n=0,1,2, eoo:.
d){‘(q):[Zn!/I‘(n + 2k)]1/2 exp(— q2/2) q2k-1/2L’(12k-1)(q2)-
(5.4)

Repulsive Oscillator +u/q*, K" =2J,, spectrum X cR:
05(q) = (21q)™" /% exp(ink) exp(mr/4) 2772
X[T(k +2i0)/T (2R Mar 2,51 /2= 19°),

where M,,, is the Whittaker function. ?

(5.5)

Puve Centrifugal, u/q*, K =J,+d,, spectrum 2%,
AER*:

¢’{(11)——— ()\(I)UZJqu(AQ)- (5.6)

These functions are orthogonal and complete for / 2(R*).
It should be noted that the ¢y’ are, up to a phase, func-
tions of |¢! and in fact ¢y (e*"q) = explin(2k ~ 1/2)1¢£(q).
The operators (5.1} are invariant under ¢ -~ - ¢. Thus,
the analysis of the eigenfunctions for ¢ € R and harmonic
analysis for functions in / }(R) makes use of (5.4)—(5.6)
with a few extra facts %3;

(i) For g = 2 (repulsive centrifugal force), the oper-
ators (5. 1) have unique self-adjoint extensions in /(R*)
so that k=31 +[p +1]'/%) =1 and ¢£(0)=0.

(ii) For §>p >0 (repulsive), we have two square-
integrable solutions and ¢y () ~¢**1/% at ¢—~ 0, one for
Ey=z(1+[p +%5]"/?), 2 <k, <1, where the solutions are
regular at the origin and one for k,=3(1 - [p +1]'/2),
0<k, <3, where the solutions are irregular, but still
square-integrable. We thus have to impose an extra
boundary condition at ¢ =0. (For example, if we have an
infinite potential wall for ¢ €0, only the first solutions
are acceptable), In /?(R), the two families of solutions
must be considered,

(iii) At =0 the centrifugal “barrier” has disap-
peared, k=7 and k, =} represent the odd and even
solutions, which become zero and constant as g — 0.
Their union gives back the spectrum and eigenvalues of
the corresponding operators (2.5) on the whole of R.

(iv) For — 3 < <0 (attractive centrifugal force),
<k <3 and <k, <3%. Both solutions are regular at the
origin. Aty =-— 7 they coalesce.

(v) The centrifugal part cannot be more attractive
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than p =~ 4; otherwise, the &’s become % +iv (v real):
the spectrum of K* is no longer lower-bound and the
functions belong to the principal series rather than the
lower-bound “discrete” representations of SL(2,R).

From these observations, eigenfunctions of any other
operator K in s1(2,C) can be constructed as in II. J as
a geometric transform of the eigenfunctions of their
orbit representatives.

C. When we come to analyze differential equations of
the type

37 (5.7

with K in the algebra o(2,C)® sl{(2, C) generated by (5.1)
the time-evolution transforms associated with K can be
constructed out of the basis (3.4a,c,d) (the linear po-
tential does not appear here). Copying Sec. II. E we can
describe the time evolution of a function, solution of
(5.7, expanded in terms of eigenfunctions of an op-
erator K’. In particular the example II. E applies (re-
placing ¢ by ¢) for K=2J; and K’ =J, +J; with no change
at all. Here we have three instead of the four cases of
former sections and Tables I, II, and III on separating
coordinates and multipliers apply here when we take out
the I-rows and columns. The geometrical action of a is
replaced by lal.

Following the results of Sec. IV, we can see that the
full invariance group of the class of differential equa-
tions (5.7) is the four-parameter group O(2)® SL(2,R)
when the appropiate reality and square-integrability
conditions are imposed. The illustration in subsection
IV. C is valid for the Schridinger equation with a /g
potential when we eliminate the variables x and », and
its invariant boundaries are found as in the ensuing
discussion.

VI. CONCLUSION

A. First, we would like to compare our approach with
that of the “kinematical” invariance groups of Niederer
and Boyer. We have dealt with representations of
WSL(2, C) on spaces of functions u(g) on the real line gq.
The time development of a system (3.2) is a particular
one-dimensional subgroup of such transformations:
ulg,t) = #{,u(q). Then, we found that the action of
WSL(2, C) on the space of functions of two variables
could be written as u(g, ) & v(g,t) =7 u(g,t) as in
(4.1)—(4.2). Clearly 7= 4,7, H;'. 1f these trans-
formations are generated as 7, =exp(iaF) and 7},
=exp(iaF‘?), then also F'*' = 4, F};!, so that F and F'*
are the Schriddinger and Heisenberg pictures of the same
operators, ®" while #(g,t) and u(g) are the corresponding
wavefunctions. We have

(H+73 /at, F'P]=0. (6.1)
B. It should be noticed that F'*’ generates geometric
transformations in g—¢ space, i.e., v(q,?) is a multi-
plier function times the function # of the transformed
arguments ¢ and . Thus F® can also be realized as a
first-order differential operator in g and {. Indeed, if
now, whenever H appears as a summand in F% we re-
place it by — i3/31 in such a way that the resulting op-

612 J. Math. Phys., Vol. 17, No. 5, May 1976

erator F'*) contain no second-order derivative terms in
q and F'© - FU = £(t)(H +i3/0¢), where f(t) is a func-
tion only of £ which appears among the matrix elements
in the representation of 4, through (2.12). We will have
-[é3,, F*?]1=G"?, where G'* is in the algebra and has
similarly H replaced by — i3/t and no second-order
derivative terms. Now, it is still true that [H, F¥?]
=G'") since H commutes with the H part in F*. Hence,
for some function g{f) which we can find in (2.12),

[H+i3/3t, F**' =G - G'*) = g(t)(H +i3/3t), (6.2)
acting on the space of differentiable functions of ¢ and ¢.

Equation (6. 2) can be recognized as the starting point
for Niederer® who proposed definite forms for H (free
particle and harmonic oscillator), and Boyer, 1 who left
H in the general form P+ V(Q) and then determined the
possible two-variable first-order differential operators
F'] satisfying (6.2). It was then found that only poten-
tials of the form studied here allowed such a kinemati-
cal invariance group. ¥ * A wider class of time-depen-
dent operators, not necessarily polynomials in P and @
have been considered by Anderson, Wulfman, et al,®

C. Boyer! pursued the study of (6.2) for n-dimen-
sional systems and found the symmetry algebra (and
group) to be subgroups of W,® (SOn)® SL(2,R)), called
the Schrédinger group. Our method appears applicable
to quadratic operators of the type

Z)E alein'f' EZ) Bij(Pin+iji)

+20207:1,Q:Q; +21 5;,Q; + 21 Py +n.  (6.3)
The symmetry algebra will be generated by the oper-
ators appearing in the summands and the generated
group will be WSp(2n,R), complexified. This group con-
tains the Schrodinger group but cannot appear out of the
starting equation (6. 2) since the transformations in
WSp(2n,R) which are not in the Schr8dinger group are
not geometric transformations in g—t space and hence
are not representable as first-order differential op-
erators in these variables satisfying (6. 2).

D. Our analysis should reduce the examination of
the symmetry group of quadratic Hamiltonians of the
type (6. 3) to the complete orbit analysis of WSp(2n,R)
or of different real forms of its complex algebra. !!
Presence of “centrifugal force barriers,” radial or
plane, would cut down the full symmetry and some of
the more interesting cases up to three dimensions have
been analyzed through separation of variables in the
conventional way. **1%1® Further, one need not restrict
oneself to / 2(R") spaces of functions, but use any dif-
ferentiable group coset manifold!’ and look for finite- or
infinite-dimensional subalgebras in the enveloping al-
gebra of the group. Eventually, one would also like to
extend the application of the global group method through
matrix algebra (on an extended space, if possible), to
other types of differential equations.
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