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The purpose of this article is to present a detailed analysis on the quantum mechnical level of the
canonical transformation between coordinate-momentum and number-phase descriptions for systems
possessing an s!(2,R) dynamical algebra, specifically, the radial harmonic oscillator and
pseudo-Coulomb systems. The former one includes the attractive and repulsive oscillators and the free
particle, each with an additional “centrifugal” force, while the latter includes the bound, free and
threshold states with an added “centrifugal” force. This is implemented as a unitary mapping—

canonical transform—between the usual Hilbert space [

of quantum mechanics and a new set of

Hilbert spaces on the circle whose coordinate has the meaning of a phase variable. Moreover, the
UIR’s D} of the universal covering group of S L(2,R) realized on the former space are mapped

unitarily onto the latter.

1. INTRODUCTION

In this series of articles we have explored the ques-
tion of canonical transformations in classical mechanics
and their translation to quantum mechanics as unitary
mappings between Hilbert spaces. These mappings have
been given the general name of canonical lvansforms.,

In Ref., 1 we considered the set of (complex) linear
transformations of phase space which preserved the
Heisenberg algebra of coordinate and momentum varia-
bles (resp. operators) in classical (resp. quantum)
mechanics, while in Ref, 2, upon examining the radial
part of such an n-dimensional transformation, we found
that the translation to quantum mechanics could be
implemented asking for the preservation of a radial
sl(2,R)=su(l,1)=s0(2,1) algebra built out of the n-
dimensional underlying Heisenberg algebra. In this
paper we will develop the unitary representation
(canonical transform) of the transformation which can
be formulated as follows.

Consider a classical system possessing an sl(2,R)
dynamical algebra. This means in our context that (i)
there exist three quantities ¢;(»,p,), i=1,2,3 (where »
and p, are canonically conjugate variables: {r,p,}=1)
which under the Poisson bracket operation exhibit the
sl(2, R) Lie bracket relations

{90,921 == 95, {95, 95t= G, {95 U}=, (1.1)

and such that (ii) the Hamiltonian H of the system be-
longs to the algebra, i.e., it can be written as a linear
combination of the ¢;(»,p,). Now, through SL(2, R)
group transformations, we can always redefine the
basis of the algebra so that H coincides with one of the
three ovbit representatives given by (s, ¢;, or ¢4+ 4
corresponding, respectively, to elliptic, hyperbolic,
or parabolic orbits. In each one of these cases we can
define as action and phase variables.

Po=9s ¢:arCtan(ﬂz/ﬂ1), (1. 2a)
pe=9y, t=arctanh($/4,), (1. 2b)
Pe=Yi+ G, ﬁzgz/(ﬂi*‘ﬂa), (1.2¢)

and in each of these cases one can verify that (1.1) im-
plies that o and p, (e =¢, g, £) are canonically con-
jugate variables ({a,p,}=1). The mapping (r,p,)
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—(a, p,) is a canonical transformation in the classical
sense since the Heisenberg algebras are preserved,
i.e., {r,p,}=1 {a,p.t=1, between the configuration
and phase descriptions, The purpose of this article is
to explore the quantum mechanical formulation of such
canonical transformations, We shall see that the trans-
lation is possible when the Hamiltonian takes the stand-
ard from 3p2 + V() and the generators Gi(r,p,) are up-
to-second ovder functions of p,. In this case (1.1) gives
a set of coupled differential equations which severely
restrict the types of potentials which can be considered,
and in fact the possible realizations of the algebra (1.1)
are essentially reduced to

I =5(pl= 7 +grty =5 - 1g|r|D), (1. 3a)
_QZ :%Tpr = %I‘ P, (1~ Sb)
s =5(p vt +gr ) =5 + 10 4 g|r|?), (1.3c)

with arbitrary g, where r and p are n-dimensional vec-
tors. The systems which can be described in this case
are the attractive and repulsive harmonic oscillators
and the free particle, all with an arbitrary additional
“centrifugal” potential, corresponding to the elliptic,
hyperbolic, and parabolic orbits mentioned above.

By quantization of (1.3) we mean the construction of
self-adjoint operators on the usual Hilbert space of
Lebesgue square-integrable functions ; 2(R". This
procedure is unique®* for (1. 3) and yields an sI(2, R)
algebra of operators I;(r, 3,) under the commutator
bracket, self-adjoint in the “radial” space / %(0, =), We
will show in this article that we can perform a unitary
mapping of /2(0, ) onto Hilbert spaces i {to be de-
scribed below) where the operators 5, defined in (1. 2)
are realized as - ia/a a, The difficulties of giving a
meaning in quantum mechanics to (1. 2) can be seen
clearly for the harmonic oscillator case (1. 2a) to stem
from the following problems: (i) The operator —i3/d¢
is required to have a discvete spectrum which is in-
compatible with the existence of a phase operator “&”
such that [¢,p,]=1. (ii) When the operator p, is real-
ized as - ia/a¢ on [_2(— 7, ), its spectrum turns out
not to be positive-definite, The methods of treating
these (and the related problem of angular momentum
and angle observables) difficulties™® have been through
replacing the phase operator with some closely related
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ones, e.g., Toeplitz operators’ such as sin¢ and coso,
and/or constructing a representation of the Heisenberg
algebra which cannot be integrated to the group. 8

In our construction, Hilbert spaces are constructed
so that p, is a self-adjoint operator represented by
-3/ with the appvopviate spectvum. The phase
variable « retains the meaning of an underlying space.
Its operator realization (multiplication by «) is not
Hermitean. The sI(2, R) algebra and group representa-
tions are preserved and take the place of the Heisenberg
algebra and Weyl group respectively in the definition
and determination of the quantum canonical transforma-
tion corresponding to (1. 2), as a unitary mapping be-
tween Hilbert spaces, The integral transform realiza-
tion of such a mapping is the associated canonical tvans-
form. Furthermore, the unitary mapping is implement-
ed for the pseudo-Coulomb system with the classical
generators®=1?

Ky=2[r@*=1)+g"r™], (1.4a)
Ky=r-p, (1. 4b)
Ky=3[r@*+1)+g'v1), (1.4c¢)

by establishing the connection of this system with the
harmonic oscillator. Although the complete dynamical
groups for the two systems are different (the symplectic
group Sp(n, R) for the oscillator and O(n, 2) for the Cou-
lomb system), the representations of the §ﬁ(2, R) sub-
group are isomorphically related and appear to play a
fundamental role in both systems.

The developments presented here have a group-
theoretical significance of their own: On the algebra
level, we connect the realization of the si(2, R) algebra
generators on the line, as second-order differential
operators, with their realization as first-order ones
on the circle. On the group level, we relate the action
of §E(2,R)—the universal covering group of SL(2, R)—
as conformal transformations of the circle with its non-
local action on the line.

In Sec. 2 we construct the Hilbert spaces #/; where
ﬁa has the required properties and its unitary mapping
to /2(0,«). In Sec. 3 we relate the bound, free and
threshold Coulomb systems with the three harmonic
oscillator systems (1. 2). In the Appendix we establish
the connection between our spaces //; and the spaces of
analytic functions on the disk!!=*® and half-plane!* used
for the description of the sl(2, R) D; unitary irreducible
representations (UIR’s).

2. THE HARMONIC OSCILLATOR SYSTEMS AND
THE CIRCLE

A. Elliptic case

We begin with the quantum Hamiltonian for the n-
dimensional harmonic oscillator with an extra “cen-
trifugal” potential of strength ¢

2

H=5= vt e grdy, 2.1)

where V2 is the n-dimensional Laplacian and 0 <42

= |r?} <, Since we are interested in the radial part of
H only, we separate (2.1) and its eigenfunctions into
their radial and angular variables and write in place of

1494 J. Math. Phys., Vol. 16, No. 7, July 1975

the angular part of (2, 1) its well-known eigenvalues
A==L{L+n-2), L=0,1,2,---, (2.2)

viz.
H=3{-23, -

Now, the usual measure in n-dimensional radial con-
figuration spaces is #™!dr; however, to facilitate our
calculations, we can make the similarity transforma-
tion H — @172 ®-1>/2 " which brings the measure to
simply d» with the corresponding formal differential
operator

I _uy(n-i)/zHy-(n—l)/2_,{_a +1,. +[2k—1 _4]/7/.2}
(2.4a)

[t =1)/7] 8, + 7%+ (g = N/} 2.3)

where

2k =12[(Gn+L-1)2+g) 72 (2.5)

Now, for k=1, the spectral analysis of (2. 4a) is well
known'® and there is a unique self-adjoint extension such
that the normalized eigenvectors are

k() = [2N1/T(N + 2k) Tt 1251212, 2021 127, Gre1) 2y 2. 6a)
where
Likr) = (N+R)W(r), N=0,1,2,---, (2. 6b)

and where Lff"(z) are the associated Laguerre poly-
nomials. ¥ In the case that (2k - 1) <1, both solutions
to the eigenvalue problem for I; are square-integrable
in the neighborhood of » =0, and we must implement an
additional boundary condition there, In this article we
are interested in exploring the eigenvalue problems for
I; whose spectra are bounded from below corresponding
to the discrete series of representations Dj of SL(2, R).
This corresponds, for the spectral analysis of I; with
<k <1, to implementing two different boundary condi-
t1ons which yield {¢%4} and {47%*!} separately as complete
sets of orthonormal eigenvectors. The second set can
be described equivalently by extending the range of &
to 0 <k <1, Indeed the richer structure displayed in this
interval has been noticed by Sally!® and Montgomery and
O’Raifertaigh. 17 Other boundary conditions correspond-
ing to different self-adjoint exte;g)sions of I; give rise
to the supplementary series of SL(2, R).

We complete the Lie algebra of ?E(z, R) by adding the

generatorsio.ig_zo
I =i{= 8, =7+ [@k - 1) = 3]/7%}, (2. 4b)
12:_52'(7/8,,+%). 0. 40)

1t is straightforward to verify that (2, 4) satisfy the
well-known commutation relations

(1, L]==ily, (I3, L] =ik, [L,I]=i] (2.7a)

and

P+l -1}=k(1-F). (2. 7o)

The common invariant domain where the operators
(2. 3) as well as the Lie products (2, 7) are densely
defined is taken as {fe/ %(0, =) : IZf / 2(0, )}. Further-
more, as discussed previously, the generators (2.4)
can be integrated20 to a unique unitary representation of
§.7:(2,R)) For the general element of SL(2, R)
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c d (2. 8a)

§f,(2, R) is defined from the universal covering group of
the compact subgroup SO(2). Explicitly, for the matrix

gz(" b)eSL(Z,R), ad-bc=1.

1 PR

CcoS3w sinzw .

. <~ exp(— iwl 2.8b

(— sinjw coséw) p( OF ( )
we now allow — © <w <, The other one-parameter sub-
groups are, with their corresponding representations,

coshia sinhia ) - .
(sinh%a coshia exp(-ialy), (2. 8c)
where 0 < a <« and
L /2 0 .
( 0 e-s/Z) —exp(=ihh). (2. 8d)

Associated with a general element of SL(2, R) with b+0
we have the group action®!%2!

(Tef))

= |b| exp(xink sgnb)f dav'(rrHt/?
9

Xexp(__ (a’)"2 +d’}’2)> JZk-I(l Bl )f( ’) (2.9)
where fe /%(0,=) and g SL(2, R). The integral is
understood to be in the sense of limit in the mean.
Equation (2. 9) can be extended to the entire range of

the parameter w in ,(\2_/ 8b) and thus to the whole univer-
sal covering group SL(2, R) through exp(- 2inl;)
=exp(- 2imk). When b=0, we have the local action
al

(T )) = |a|/? explEc/2|a|)r*] A (2.10)

We mention here that the ordinary (g =0) n-dimen-
sional g\chillator of angular momentum L belongs to the
UIR of SL(2, R) with k=3L +in, i.e., D} jp,n/q. For
n=3, the oscillator states are spanned by the direct
sum of UIR’s D; ;& D5 ,4® - --. For the casen=1
(g =0) the situation is somewhat different: The differen-
tial operator (2.4a) is no longer singular at the origin
and the O(n) rotational symmetry represented by the
quantum number L is replaced by the two-element group
C, of reflections, whose two representatlons are given
by L=0 and 1 in (2.2). The corresponding SL(2 R)
UIR’s are D}, and D3, corresponding to even and odd
functions respectively.

We shall now construct a unitary isomorphism of the
Lie algebra si{2, R) and covering group SL(2, R) rep-
resentations on Lz(o,oo) onto the corresponding algebra
and group representations on the circle S! with a suit-
ably defined inner product. Our realization for the Lie
algebra sl(2, R) on S! is the algebra of formal differen-
tial operators!!r1?

I=—1id,, I,=e*®(-id, k), (2.11)

where I, =1, +il, and I, I, I, satisfy (2 (2.7). For the dis-
crete series of UIR’s D} (k= ) of SL(2 R), the in-
finitesimal generators satisfy the well-known relations

Ligh=m (2. 12a)

Lgt= [ (m+1)+R(1 =R /2g%,,, (2.12b)
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Leh= 2= min=1)+k0 -1, (@. 12¢)

m-1

where 19,/ =1, on a normalized set of basis vectors

{g%} with the spectrum m =k,k+1,-+-, thus I_gk=0.
Putting
(@) =yalk)e™?, (2.13a)

one can see after a straightforward calculation that
yu(R) =[T(m +R)/T(2k)T(m =k +1)]/2 (2.13b)
with 9,,=1.

We will now construct an inner product on S!. This
can be done by demanding that the {g*} form an ortho-
normal basis; however, we prefer to derive our inner
product in the manner of Refs. 1 and 2, which elucid-
ates the type of functions we are working with. We
write down a general bilinear functional on a “nice”
space of functions on S! and require the operators (2.11)
to be Hermitean. It is easy to see that this inner prod-
uct cannot be of the usual type for /2(S!), (f,2)
=" def(d)*g(p) unless k=3 +ip with p real. This is the
principal series of UIR’s of SL(2, R). Since we are
treating the discrete series Dj, this is not in general
the case (except for D7 y).

Now from the outset it is clear that we are dealing
with multivalued representations, where the multi-
valuedness is determined by the real number k= ;. We
therefore consider the space 7, of infinitely differentia-
ble functions on S! such that f(¢ + 27) = expmik)f(P).
Furthermore, consider the space &(7,) of continuous
linear functionals?? on 7,

Q)= @,1) = [1d9'QUs, 6')(9"). (2.14)
We can define the inner product
(fis foo= (f1, Q(f))
= Jadodo'2(e, ¢")fi(6)*A(4"). (2.15)

The Q(¢, ¢’) can be determined from the hermiticity
conditions for the generators (2.11). First, demanding
the hermiticity of I, i.e., (I3, f, o)y = (fi, Is/2)r, we find
the conditions

o, ") =0 - ¢),

Now any f< ¥, can be expanded uniformly in a Fourier
series,

Q¢ +27m) = exp(2mik)Q(p). (2. 16)

fl@)=exp(iko) H_Em a,(2m)t % expling), (2.17)
and, by applying to it the lowering and raising operators
1, it is clear that 7, is reducible since the subspace of
functions 7; with Fourier coefficients a,=0 for » nega-~
tive is invariant under the action of (2.11). The space
F» is nof completely reducible, however, but the re-
striction of the Lie algebra representation (2.11) to

#& is irreducible,

For any fy, f; € 75 consider the hermiticity conditions

(flylth)k: (I:Ffbfz)k- (2.18)

A straightforward calculation involving integrations by
parts yields the condition
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J Js1dede'fi(9)*e* f(@M)ile™ - 1) + (e - 1)(** +1)Q]
=0. (2.19)

where 0= ¢ — ¢’ and Q,=d%/d6. One is tempted to set
the term in brackets in the integrand equal to zero and
solve the resulting differential equation. Upon doing so,
the solution is €(6) =c(1 - cos8)*!. We can verify that
the Fourier expansion (2.17) of § contains only negative-
n partial wave coefficients and thus is a member of
®(7;), where 7+ is the complement of 7} in F4 Hence
(fi, Q(f2)) =0 for any f,, f, € 7; and such a solution is
worthless to us.

By inspecting (2.17) a bit closer it is seen that the
vanishing of the terms in the square bracket of (2.19)
is only a sufficient condition for the vanishing of the
integral. Indeed, (2.17) is satisfied if the term in
square brackets is orthogonal to exp(i¢’)f5(d’) € Fpui.
So a necessary and sufficient condition for (2.17) to
hold is

119 + (B = 1)[exp(E6) + 1]Q = w(8) + c exp(ik6),
(2. 20)

where w(@)c <1>(] +) and ¢ is a constant. Since any mem-
ber of ®(7}) is useless to us as an inner product for
F# we discard @(0) and look for a solution < ®(7}) of

iexp(i6) — 1]1Q,+ (- 1)[exp(i8) + 1]2 = c exp(ik?). (2.21)

When we propose as a solution of (2. 21) a series of the
kind (2. 17) with coefficients w,, we find this provides
two independent solutions: One, for n> 0, yields the
recursion w, =w!/(2k), in terms of the independent
constant w;, while the second one, for n <0, yields the
recursion in terms of w_;. The latter series gives rise
to Q and we thus discard it. The former series is thus
our solution Q< ®(7;) and, choosing w,=1/47%,

o

20)= 2

ms=,

i[exp(i®) -

A, (k) exp(im6)

(é\;;w expli(k + N)o]

ZMS

1
47
1

= 47 expikO)F(1, 1; 2%; exp(i6)). 2.22)

This series'® converges absolutely for k> 1, condition-
ally for 3 <k <1 (excluding 6=0,27,---), and for k=3
it diverges on S!. In the last case appropriate limiting
arguments must be used in order to evaluate the double
integral (2.15). For 0<k <3 the series (2.22) can still
define a scalar product even though the series
diverges. ' Comparing the coefficients in (2. 13) and

(2. 22), we find the important relation

A (R) = (27, (R) ] (2.23)

which quarantees that {gfn} is an orthonormal set under
the scalar product (2. 15). Equation (2. 23) would have
defined A, (%) in the series (2. 22) had we decided to find
© from the requirement that {gfn} form under (2. 15) an
orthonormal basis.

Now consider the inner product (2.15). We have for
any fi, fo © 7, after some integrations,

(fi,fo)rTa b (), (2.24)
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where a,, and b,, are the ordinary Fourier coefficients
for f; and f; respectively. We find from (2. 22), for

E>zand m=Fk +N, N nonnegative integer, that 0
<4m),(k) <1 and 1 (k) ~ 0 as m — 0 while ara,(3) = 1.
Thus the norm

o<|lrli= fJan)me () < 23 |a,|?

)

< \a |2 <o
S

(2. 25a)

is dominated by the Hardy— Lebesgue norm? H* as well
as [/ *(= 7, 7). The members of H are the boundary val-
ues almost everywhere on S! of functions analytic in the
unit disclz| <1 completed with respect to the norm
IF2=sup [ d¢|ftrexpe))|?=2 |a,|% (2. 25b)
0<r<1 m=k
Thus, for k=3, closure gives the Hilbert space H?,
Notice also that when 0 <k < § the first inequality in
(2. 25a) is reversed; nevertheless the norm ||f||, is de-
fined by its series. Norms of this type were discussed
by Sally'® and are related to certain reproducing kernel
spaces.

Using (2. 23) and (2. 24) we have

(fiyffZ)k 2 flygk) gfmf?

for fi,f> € 7,. Indeed, from (2. 25) we can extend (2. 26)
to all functions f;, f, € H2. Now H? is not closed with re-
spect to the norm |{f||,, but by adjoining the limit points
we obtain a Hilbert space which we denote by #/;. The
connection between the Hilbert spaces //, and those of
analytic functions on the disc will be ellaborated upon
in the Appendix.

(2. 26)

Some further interesting properties of the linear
functional Q(f) defined by the kernel (2. 22) can be seen
by viewing £ as a Hermitean operator on Lz(— w,m). It
annihilates all fe 7; and hence all members of [H=m,T)
which are limits of such f. For k> 3 it is compact (com-
pletely continuous) and hence self-adjoint with eigen-
values 1, (k). Gel’fand and collaborators'? have used
such operators (for k=1,3,2 .--) to describe equiva-
lences between representations labeled by % and — 2+ 1.

Another linear functional in &(7;) which can be ex-
tended to all of // is the reproducing functional given by
the formal series

K(0, 8" =2 g(0)eh (6

=exp[ik (o — ¢")](1 - exp[i(¢ — ¢ )2 (2.27)

Clearly this series diverges at ¢ = ¢’, but nevertheless
defines a continuous linear functional on #;, viz.,

f@)=] [qdo"de'qe" - ¢ K(p, ") (¢").

We will now construct a unitary mapping which maps
1.2(0, ) onto /+ and the infinitesmial generators (2. 4)
onto {2.11) and conversely. The statement that the Hil-
bert space //; maps unitarily onto LZ(O, ) and converse-
ly is almost trivial, since all separable Hilbert spaces

(2. 28)
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are unitarily equivalent. We see easily that / (0, ) =12
= /{, where {? denotes the space of generalized Fourler
coefficients {c 4}, N= 0 1 2,-+-, such that 35, lcyi? <.
We have for any ¢< /2(0, )

Pir) = NZ}) ¥k (), 2. 29)
where {#i} are given by (2. 6) and convergence is in the
mean. Thus (i, ¥) =S lcy|2 <. But from (2. 22) for
any {cyt< 2 we have an f< 4/} such that

)= NZ:% cn Zron(P) (2. 30)

converges in the mean and hence (f,f),=Yx.q leyl?

= (d)y (p).

1t is clear that the above statements are if and only if
statements with the only proviso that both $() and f(¢)
are defined up to sets of measure zero. It is now a sim-
ple task to construct this mapping explicitly as

(A)($) =Li m. [ drAlg, V@) @2.31)
for y< /2(0, =), where
A9, 7= T OO
=[2/T(@2k)]' /2?1 2 explik )1 - expli¢)] ™
x exp[(#7/2)(e*® +1) /e*® - 1)]. (2.32)

This kernel is singular at ¢ =0, which in an intuitive
sense is offset by the strong convergence in the 4/
norm. The inverse mapping is given by

@ ® =Lim. [ [ dede’ - oNAG, ("),
(2.33)

for any fe /. We stress that the unitary transformation
kernel A(¢p, ) is a unitary representation in quantum
mechanics of the classical canonical transformation

(1. 2a). This is what we call a unitary canonical
transform.

Now the important consequence of the unitary map-
pings (2. 31) and (2. 33) is that the group representa-
tions, or equivalently the Lie algebra representations
(2.4) and (2. 11) are unitarily equivalent. A straightfor-
ward computation shows that the operators I, =I; +7], in
the representation (2. 4) satisfy the Lie algebra identi-
ties (2.12). Then using (2.31)—(2.33) and a simple in-
tegration by parts yields the desired results, The do-
main of the Lie algebra products is mapped onto each
other and as a subspace of I? is given by all {eafe 1 such
that o, miicyl® <, Furthermore, the SL(Z R) group
representation on //; can be obtained from (2. 9) and
(2.31) by U, :ATA,A'I yielding explicitly

(U ) (@) = |1+ 9% exp(= i) |1 - ||
Xf(eXp(t'w)[y +expd)/[1+v* explig)]),
(2.34)
for f& /. Here we have used the SU(1, 1) variables de-

fined from (2. 8a) as

a=3la+d+ilc-b)], B=ila-d-ilb+c)],
(2. 35)
')/:6/01

w=2arga,
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We mention that the representation (2. 34) is equivalent
to the representation U'(g, k) of Sally if we replace in
(2. 5.5) of Ref. 13 the complex variable z by its bound-
ary e'® and perform the similarity transformation
exp(ikp)U, exp(~ ik ). For the connection between the
representations described in this section and the usual
treatment on the unit disc /), the reader is referred to
the Appendix.

We now pass to the description of a basis where a
noncompact subgroup generator is diagonal. 3 As is
well known, there are three orbits in the Lie algebra
si{2, R) under the adjoint action of the group SL(2, R).
One of these orbits (the elliptic one) gives rise to the
basis described previously (i. e., I; is diagonal), We
proceed to give a brief description of the remaining
two cases.

B. Parabolic case

In this case an orbit representative of the generators
(2. 4) is given by the radial free Hamiltonian

L+I=4{~8,,+[(Qk-1)°-51/"}

The eigenvalue problem thus gives rise to the general-
ized orthonormal eigenfunctions

Per) = (r8) Wy, (rs)

with eigenvalues 3s®. We also mention that an orbit
representative which is simpler but with no physical
meaning is I; - J; = 37, The relation between the two is
given by exp (L) (I, +1;) exp(—inly) =I; - I,. We em-
phasize that harmonic analysis®®?® in terms of the latter
is simpler than in terms of the former. Nevertheless,
it is the former we are interested in, because of its
physical meaning,

(2.36)

(2.37)

Our unitary mapping (2. 31) can be extended in the
usual way to operate on a suitable space of generalized
functions®? containing the eigenfunctions (2. 37). This
means that the generalized eigenfunctions have a mean-
ing as the kernel of a particular transform (in this case
the well-known Hankel transform) when applied to any
¢ /%0, ). In this sense then the basis elements (2. 37)
are mapped unitarily onto generalized eigenfunctions
g%(¢) of the operator I, + I, realized on the circle, In
terms of the realization (2. 11) we find

I +I;=—i[(1 +cos)d, — ksing]. (2.38)

This operator becomes more transparent under the
stereographic projection of the circle onto the real line
given by

E=tanz, (2.39)
First we note that the space 7; on S' maps onto the
space (called again 7;) of infinitely differentiable func-
tions which decrease at infinity as £** (see the Ap-
pendix). The multivaluedness of functions on S! implies
definite phase properties for the corresponding func-
tions of £ as £~z <, This is specified by choosing the
principal branch of Inz to correspond to the range
-7 = ¢ <mw, so that

—nsd)<71, -—00<§<oo.

. g (7- E)k
k explkl
exp(ik @) = xp< n- +E> e (2.40)
Then (2. 38) in the ¢-space realization becomes
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11+13:-i(a, (2. 41)

2¢
£2 4 1>
The generalized eigenfunctions of (2. 41) then have the
form of a multiplier times the Fourier transform
kernel with the phase inherited from the unitary map-
ping (2. 31). Actually it is a simple calculation to ob-
tain the eigenfunctions directly by applying (2. 31) to
the orthonormal basis functions (2, 37), viz.

2 (6)=(AP)(0) :égqu)(m, ),

where (¥%, %) are the overlap functions between the
canonical basis (2. 6) and the parabolic basis (2, 37).
These overlap functions become trivial to calculate if
we transform the ¢f to a point on the orbit where I, - I,
=472 is diagonal with generalized eigenfunctions if;('r)
=exp(ink)d(r — s), We find

(W, ¥5) = (expGnL)dy, expGrly)dh)
= (exp TN + k)i, TF) = exp(— inN) P (s)*

Hence, the properly normalized (including phase) gen-
eralized eigenfunctions on the circle are, using (2. 32),

() =explEnk)A(p — 7, s). (2. 42¢)

This calculation shows the close connection between the
unitary mapping of Lz(O, «) onto 4/, and the parabolic
basis. In terms of the £-space realization we find the
form

2o () =[T(

(2. 42a)

(2. 42b)

(28) ]2 (55) 21 /2(1 + £5)® exp(3isPE).

(2. 42d)

It is readily checked that these functions are eigenfunc-
tions of (2.41) with eigenvalues 3s°. Actually, since
s?= 0, this is the half-space Fourier transform which
is in complete accord with the fact, as discussed in the
Appendix, that the members f(£) € #; in the £-space
realization are the boundary values of functions f(w)
analytic in the upper half-plane Ime > 0 with Rew = &.

C. Hyperbolic case

In this case an orbit representative is given by the
generator I; which is one-half the Hamiltonian for the
repulsive harmonic oscillator. The eigenvalue problem
is

Lk = v
However, a much simpler orbit representative is given
by the generator I, with the relation

swily)=1,.

(2.43a)

exp(3mil)], exp(-
The eigenvalue problem for I, is
12%(7) = %V%(T)’

with normalized generalized eigenfunctions given by the
well-known Mellin transform kernel

k) =
with — 0 <pv <o, Using (2. 9) to transform these func-
tions to the corresponding basis functions for I, we
find

k() = @mr) 1 /2 explink) exp(Grv)27 /2
X[T(k + 3iv)/T(2R)IMy,, j2, et 2= 172,

(2. 43D)

(@)1 /2wt /2, (2. 44)

(2. 45)
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where My, /5, .1 /2(2) is a Whittaker function. ¥ We wish
to effect the mapping of the functions (2. 45) to the gen-
eralized eigenfunctions on S!. These will be eigenfunc-
tions of the operator

(2. 46)

which satisfy (2. 43a). Again, using the stereographic
projection given by

I =—i(cos¢d, — k sing),

t=tan[3(¢ +3m)], = 3m<¢<im, (2.47)
we can write (2. 46) as
Ii==i[£a, - k(£2 - 1)/(E + 1)]. (2. 48)

Now the unnormalized generalized eigenfunctions of

(2. 48) which satisfy (2.43a) are (g2 +1)*¢*¢!*/2 where
g, =¢for £>0and 0 for £ <0, while {.=- ¢ for £ <0 and
0 for £>0. The correct normalization and phase for
these eigenfunctions can be determined from the map-
ping (2. 31). Alternatively, following the same procedure
as in the parabolic case, we can write the eigenfunc-
tions on the circle in terms of the Mellin transform of
A, viz.

)=
Integrating this expression, we find explicitly
gH(p) =exp[F yin (2k +iv)] exp(ink)2 /2*-1{7 T (2k) ] /2
XT(% + 5iv){sin[3(¢ + 2m) |} [tan[5(¢ + 3m)] |72,
(2. 50)

where ¥ is taken for — 37 <¢ <zmand — fr < <- 37
respectively. In terms of the variable ¢ the eigenfunc-
tions are

20 (0)) = exp[F 1im (2k +iv)] exp(nk)2™ 2+ [z T (2k)]1/?
XT(k+5v)(28 +1)%| g | /2=, (2.51)

@m! ”f dr A(¢ +3m, v)rivt/2, (2.49)

We remark that in the process of evaluating the integral
(2. 49) we have evaluated the more difficult integral of
A(d,7) in (2. 32) with the Whittaker basis functions

(2. 45). This demonstrates the power of the group the-
oretical approach in obtaining special functions rela-
tions and is in the spirit of Refs. 21 and 24, where
more difficult integrals are obtained. One further point
is that the multiplicity of the hyperbolic decomposition
for the representations D; is one in contradistinction to
multiplicity fwo for the pr1nc1pa1 series'®?3 of SL(2, R).
This is apparent in the / 2(0, ») realization, but in S1 it
is deeply hidden in the nonlocal measure. For example,
from (2. 51) one is led to think that the multiplicity is
two—one Mellin transform for each half-axis. How-
ever, as discussed in the Appendix, the Hilbert space
#r in the {-space realization consists of boundary val-
ues of functions f(w) analytic in the upper half-plane
Imw > 0 with Rew = £; hence, one can relate the two ap-
parently independent Mellin transforms by using
Cauchy’s integral formula.

3. THE PSEUDO-COULOMB SYSTEM

The Hamiltonian for the n’-dimensional Coulomb sys-
tem with an extra centrifugal force of strength g’ is
given by

(8.1)
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where 7= |ri. It is to be noted that (3. 1) is relevant in
the relativistic Coulomb problem. 25 The standard trick®
for introducing the sl(2, R) Lie algebra is essentially to
turn the standard eigenvalue problem for the energy

(3. 1) into an eigenvalue problem for the charge g by
multiplying (3. 1) by », viz.,

(rpP = Ev +3g'7™ - )2(r)=0. (3.2)
Then upon introducing the Lie algebra generators

Ky =3lr@ -1)+g'v], (3.32)

Ky=r-p—i(n'-2)=vp,—iln’~2), (3.3b)

Ky=3[r(p*+1) +g"r™], (3. 3c)
Eq. (3.2) can be written as

(G- E)K3+ (z + E)K ~ q]e(r) =0. (3.4)

A. Elliptic orbit (bound states)

There are three different solutions to (3. 4) depending
on which orbit the operator (3. 4) lies. The case E <0
gives rise to the bound state solutions of the H atom,
while for £ > 0 and E =0 one finds the scattering and
threshold solutions. For E <0, the automorphism
exp(i6l,) called “tilting” by Barut and Kleinert, ? where

E++ |E|-

tanh&:E_%:—Tré, (3.5)
transforms (3. 4) into

[(- 2E)' *K3 - q1&(r) =0, (3.6)
where &(r) = exp(i6L,)®(r).

Now we could insert (3. 3¢) into (3. 6) and find the
standard differential equatlon however, we already
know that for the UIR Dj of SL(Z R) the spectrum of K,
is simply m =k + N, Thus we have

g=(-2EM*(k+N), N=0,1,2,- (3.7a)
where
2k =1+[(n'+2L' -2 +4g"1'/% L'=0,1,2,-
{3.7b)

[Note the difference between (3. 7b) and (2. 5)]. Turning
Eq. (3.7a) around as an eigenvalue problem for E, we
find the usual (at least for integer %k, i.e., g’=0) result

E==3¢" [k + N). {8.7c)

It is this interpretation of (3. 6) as an eigenvalue prob-
lem for E which suggests the name pseudo-Coulomb!®
for Eq. (3.4) and the Lie algebra (3. 3). Indeed, the
transition between the two prcblems is canonical only
for fixed E, as can be seen from the transformation of
the coordinate # under the “tilting” operation

expl(i6 K,)rexp(—i6K,) = (- 2E)! ' =p, (3. 8a)

and thus it is seen that &(r) = ®(p). Moreover, by using
(3. 38b) the canonical conjugate variable to 7, p,, trans-
forms as

exp(i6Ky) p, exp(—i6K,) = (- 2E)1/%p =p,. (3. 8b)

It is emphasized that what we have shown here is that
the “tilting” operation of Barut and Kleinert is equiv-
alent to the replacement of » and p, in the generators
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(3.3) by the pair p,p,. Furthermore, if »,p,isa
canonical pair then p, p, is a canonical pair only when

E is constant. Again, turning the problem around, we
can start with p, p, as a canonical pair obtaining #,p, as
one only for constant E. This is the pseudo-Coulomb
problem, and it is this problem which can be mapped
canonically by a simple point transformation onto the
multidimensional harmonic oscillator'®2 and hence onto
the circle S! through the analysis of the preceeding sec-
tion. Nevertheless, this group-theoretical treatment?®
of the hydrogen atom has had remarkable success in
calculating transition amplitudes, form factors, etc.

Rewriting the operators (3. 3) in terms of the variables
p,p, defined in (3. 8), we see that (3. 4) becomes the dif-
ferential equation for the radial part of &{p) which we
denote by @(p),

= p,,— (0" = 1)2,= (A" = g™ + plo(p) = me(p),

(3.9a)

where as before m =%+ N and is related to E through
(3.7a), and, as in (2. 2),

M==L'(L'+n'-2), =0,1,2,---, (3. 9b)

Now again the spectral analysis of (3. 9) with the proper
boundary condition on ¢(p) yields the allowed values of
m as

m:N+k:N+§+[(§n'+L'—1)2+g’]1/2, (3.10)

where we have introduced %k in (3. 7b). Equation (3. 9a)
can now be turned into the analog of Eq. (2.6) with an
operator Hermitean with respect to the measure dp
(pc[0,)) through a similarity transformation mapping
functions as ¢(p) — ¥'(0) =p"/%L¢(p) and operators as

Ky = Ki=p"/"IKp /2, vig,

K3i(p) = miPi(p), (3.11a)
§=3[=po,,=8,+p+ (k- 2], (3.11b)
P(p) = [2N1/T(2k + NY]1/2pk-1 /200 @e=(25) (3. 11c)
and similarly for the operators (3. 3a, b):
Ki=3[-p2,—2,~p+(k-27p"], (3.11d)
f==ilpd,+3). (3.11e)

It is to be noted that the ordinary (g’ =0) »n’-dimen-~
sional pseudo-Coulomb problem with angular momentum
L’ has k=L’ +3(n’ - 1) and thus belongs to the UIR
Dieiirqy o Of SL(2,R). For n’=3, the bound states of the
system belong to the direct sum D¢ D¢ -

We can now establish the link with the harmonic oscil-
lator system. Indeed, if we take Egs. (2.4a), (2. 6a),
and (2. 6b} and effect the following:

(i) A change of variable p=37? as suggested by the
classical analogue (1, 5); we obtain an operator (resp.
eigenstates) Hermitean (resp. orthogonal) with respect
to the measure dv = (2p)~!/?dp by simply following the
chain rule for the derivatives.

(ii) A similarity transformation ¥(p) — ¢'(p)
=(20)"*p(0) and I; ~ K= (2p)" 1/41](2p)1/4 takes us to
eigenstates (resp, operators) which are identical with
(3.11c) [resp. (3.11b)] when
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(iii) We identify

g=4g’, L=2L', n=2n'-2. (3.12)
Implementing this transformation, the spectrum-gen-
erating algebra of the pseudo-Coulomb system is ob-
tained from the operators (2. 4a, ¢) yielding precisely
the operators (3.11d, e). We see that the ordinary
(g’ =0) n'-dimensional pseudo-Coulomb system of angu-
lar momentum L’ belongs to the UIR Dye,(r.1) /2 = D7 240 /4
of SL(2,R). Thus, for example, the states of the three-
dimensional Hydrogen atom (»'=3, L’=0,1,2,---) are
mapped onto the even-angular momentum states of the
four-dimensional harmonic oscillator®’ (n=4, L
=0,2,4,--+) with the representation given by D{® D;
@ ---. We emphasize that the condition (3. 12) and hence
the mapping between the two systems is nof a necessary
one. Other possible mappings of the Hamiltonians were
discussed in Ref. 26. Our choice (3. 12) has the ad-
vantages of associating extra centrifugal potentials with
each other as well as mapping states of zero angular
momentum onto states of zero angular momentum.
For n’=2, n=2, the mapping is the one described in
Ref. 10.

A similar analysis can be effected for the two non-
compact orbits,

B. Parabolic orbit {threshold states)

As the energy here is constant (zero), this is the only
truly canonical mapping between the real Coulomb sys-
tem and the system (2.4). In this case (3.4) becomes
simply

[3(K5+K;)—qle(r)=0, (3.13)
where, from (3. 3),
Ky+Ky=7p*+g'r™. (3.14)

Implementing the necessary similarity transformations
which led to Egs, (3.11) and replacing the variables »
by p and p, by p,, the corresponding generator becomes

K§+K1’:_papp—ap+(k—§)2p'1. (8.15)

Making again the simple change of variables as well as

the similarity transformation (ii) and the identification

(3. 2), we find precisely the operator for the radial free
particle (3. 26) with the generalized eigenfunctions

PR (p) = 12Ty, 4 (s(20) /7).

We mention here that in complete analogy with the
parabolic orbit in Sec. 2 the harmonic analysis in terms
of the operator K} - K{=p is much simpler.

(3.16)

C. Hyperbolic orbit (scattering states)

The case E > 0 gives rise to the Coulomb scattering
states. ? Now Eq. (3.4) can be brought to the eigenvalue
problem for K, by the “tilting” operator exp(i0K,),
where now

E+% |El+3%

1
_ z__&l+z.
tanhe_E—é_lEi—é’ (3.17)
and we arrive at
[(2E) 2K, - q)& =0, (3.18)

which again is equivalent to the replacement of » and pf
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by p and pf, respectively. Under the transformation
(3.16) we have

p=Q@EY /%, p,=QE)'%,, (3.19)

in lieu of (3. 8). Again it is emphasized that for calcula-
tion purposes it is much easier to deal with K,

= exp(~ 3miK;)K, exp(;7iK,) and the corresponding Mellin
transiorm. Here we simply write down the eigenfunc-
tions of the operator Kj [(3.11d)] obtained from (2, 45) by
the point and similarity transformations (i) and (ii) de-
scribed above with the identification (3.12), viz.,

Tk + 5iv)

V5() = (2m)™ /2 expink) exp(imv)2™ /7 T(2k)

(2)7 2

(3.20)

We have shown that the spectrum-generating algebra
so(2,1) =sy\()1, 1) =sl(2, R) [as well as its universal cover-
ing group SL(2, R)] for the pseudo-Coulomb problem
maps unitarily onto the radial harmonic oscillator sys-
tem and thus through the composition maps onto the
circle S!, It is emphasized that this rotor has a nonlocal
scalar product in order to preserve the positive
definiteness of the bound-state spectrum. A similar
situation can be found in the original work of Barut and
Kleinert, ® and Fronsdal, § where a nonlocal scalar prod-
uct appears on the Fock sphere to insure a unitary
representation of the SO(4, 2) group, or equivalently the
SO(2,1) subgroup. Since we have singled out the latter
by studying the radial problem, the symmetry group
SO(4) does not appear here, It should be mentioned that
the stereographic projection of the circle S can be
related to the radial pseudo-Coulomb problem through
a trausform with a Fourier type kernel. The connection
of this with the momentum space and the embedding in
the Fock sphere will be studied elsewhere.

XMy, 12, 5-1 72 (= 21p).
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APPENDIX

We shall relate here the representation theory of
SL(2, R) on the circle S! as presented in Sec. 2 to the
better known representation of the discrete series on
the unit disc as described by Bargmann!! for single-
valued UIR’s of SL(2, R), by Sally'® for the multivalued
UIR’s and Gel’fand!* for single-valued representations
on the complex upper half-plane.

Let fc 7;; then we can expand f together with all its
derivatives in a Fourier series with positive partial
waves as

f (@) = explike) o] @k exp(iNG). (Ala)
Moreover, for z=7exp(id) with » <1,
[ (¢)= exp(ike) 2 air” exp(iNg)
=0
= exp(ik¢) 2 ajz”, (Alb)
N=0
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and hence the series

g@)=27 az" (A2)
N=Q
defines an analytic function whose radius of convergence
is greater than 1. Thus for every f€ 7, we can associate
a function g analytic in a region R, containing the closed
unit disc ) ={z e ¢ : {z| <1} such that exp(- ikp)f(¢) is the
boundary value of g(z) as 1z —1, and conversely, for
every analytic function g in R,D>/)) we can construct the
uniformly converging series (Al), Following Barg-
mann, 1! we equip the space of analytic function on the
open disc with the inner product

(81,8205 = @k =117 [ [)y 7 drdg (1= 7')* gy (2)*gz ()
(a3)

and the norm |lgll,= (g, 8)i/% <. The 7 integral is
understood to be in the sense_gf limit in the mean. Now
if g1, 4, are analytic on all of //j, we can write a Cauchy
integral representation

gzdz'

g(e) = o (A4)

N 2mi 12'1=1 z=-z2"

Substituting (A4) into (A3) and performing the » and ¢
integrals, we find

(g1,820= [ [add de’ Qe - ¢")f1(6)*/2(6") (A5)
with f;(¢) =exp(ik¢) lim,,, .1 g;(z) and Q(¢ - ¢') given
precisely by (2. 22). However, since the norms (A3)
and (2. 15) are equivalent on 7,, mean convergence in
one is the same as mean convergence in the other, and
so the space of functions analytic in/} with finite norm
(A3) is a realization of the Hilbert space #/;. The mem-
bers of //; on St are the boundary values almost every-
where of analytic functions in// with finite norm (A3).
Moreover, as demonstrated by Bargmann11 and Sally, 13
mean convergence in //; implies pointwise convergence
of analytic functions in /.

We can easily express the Lie algebra generators
(2. 8) and group representation (2. 34) on/) by replacing
exp(f¢) by z. Then the mapping (2. 31) is a mapping
from / %(0, ) to the //; realization on the disc. This
mapping was mentioned previously by Bargmann?® and
studied in detail by Sally, 3

The well-known conformal mapping of the unit disc
/M onto the upper half-plane C,={we C: Imw > 0} is the
analog of the mapping (2. 39). Explicitly, for z< C we
write

1-2z
1+z

i—w .
Z2== , w=i
+w

. (A6)

Then it is easy to see that |z] <1 implies Imwu > 0;
moreover, the boundary |zl =1 of // maps onto the real
line Imw =0 including the point at infinity. Thus (A6)
defines a homeomorphism of the closed unit disc/l_d‘ onto
the one-point compactification of the upper half-plane!’
C,={we C:Imw= 0}u {«}. Under this mapping the scalar
product (A3) becomes
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(Fofode = @k = Dr7t [ du(lme)™ 2, ) fy(er),  (ATa)
where
fi(w) = 2252 4 20) PR, (2 (). (A7b)

As a result f is analytic in C,((l) when g is analytic in
MM). Moreover, analyticity of ¢ </ and therefore of
feC, implies the condition at infinity

fa) ~  lwl™E

lwl +

(A8)

The realization of 7 on E,, is the space of all functions
analytic in C, satisfying the condition (A8). The realiza-
tion of #; on C, is the space of all functions analytic in
C, with finite norm || ||, = (f,/)i/? given from (ATa), and
#» is the completion of 7, with respect to this norm.
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