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ABSTRACT

Free motion on a 3-sphere, properly projected on the 2-dimensional manifold of a disk, yields the Zernike system, which exhibits the
fundamental properties of superintegrability. These include separability in a variety of coordinate systems, polynomial solutions, and a par-
ticular subset of Clebsch-Gordan coefficients as interbasis expansion coefficients that are higher orthogonal polynomials from the Askey
scheme. Deriving these results from the initial formulation in spherical geometry provides the Zernike system with interest beyond its optical
applications.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5099974

I. INTRODUCTION

In our recent research on the Zernike system,’ we found that the plane disk of a circular pupil where polynomial solutions are
sought, when “lifted” to a half-sphere, provides a very clear selection of coordinates where the two dimensions separate the defining
Hamiltonian-type differential equation into two such one-dimensional equations. In Ref. 2, we considered three separating coordinate
systems, shown in Fig. 1, and all stemming from polar coordinates on the upper half of a 2-sphere S2, whose coordinate poles lie in
the z-, x-, and y-directions of the ambient 3-space R’; they were characterized as systems I, I, and III, respectively. These will be given
explicitly in Secs. [I-IV. Note that although we also considered elliptic coordinate systems,”* those will not be addressed here. The sep-
arated solutions for systems I, II, and III involve Legendre, Gegenbauer, and special Jacobi polynomials (and in system I, also a cir-
cular trigonometric factor is involved). All these solutions are characterized, by definition, as having finite values at their geometrical
boundaries.

On the disk, system I represents the usual polar plane coordinate mesh, and Zernike’s solutions are characterized by a “principal quan-
tum number” n € Z§ = {0,1,2,...} and “angular momentum” m € {n,n—2,...,—n}. Systems II and III, on the other hand, classify the
solutions by two indices 11, n; € Z§ such that ny + n, = n yields the same principal eigenvalue in the Zernike system; we shall refer to the lat-
ter as Cartesian coordinate meshes on the disk. Although there is an apparent analogy with the quantum indices in the two-dimensional
quantum oscillator on the full plane R, its underlying symmetry is a Lie algebra, while the Zernike system leads to a nonlinear Higgs
algebra.”®

In Ref. 6, we inquired into the overlap coefficients between solutions in systems I, II, and III. Since the three systems are related through
rotations of the full sphere S%, one could expect that the Wigner SO(3) rotation matrices would play a role. This is not so. The overlap
coefficients between the polar- and Cartesian-mesh systems I and I, (n, m) and (n1, n2), respectively, turn out to be a special type of Clebsch-

Gordan coefficient, C’;l,;o_lm- 1,1, These can also be written in analytic form as sF(: - -[1) hypergeometric functions that are particular Hahn
27 2722 _ § . . .

polynomials. Previous works by Zernike, Brinkman,” and Tango® have addressed some of these issues that we discuss at the end of this
paper. The connection between the Zernike system and the 3-sphere is here explicitly exploited to yield the wavefunctions, their separating

coordinate systems, and thus the Clebsch-Gordan coefficients, as properties of a system that is superintegrable.!’-!?
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FIG. 1. Top row: three coordinate systems on the upper half-sphere & € S2, | & |=1,and & > 0, referred to as systems |, I, and III. Bottom row: projections of the latter on
the disk of the Zemnike pupil r = (x,y) € D c R, |r| < 1.

In this paper, we shall elucidate the symmetries behind the appearance of polynomial solutions, by lifting our considerations to the
3-sphere S° in an ambient 4-space. The 3-sphere S° exhibits six coordinate systems where the Laplace-Beltrami operator separates, and these
were found and described in Ref. 9 in the context of quantum free motion in this manifold. In Sec. II, we detail the cylindrical and two
spherical coordinate systems of the 3-sphere to be used here, giving the solutions of the Laplace-Beltrami operator that are the complete and
orthogonal sets of hyperspherical harmonics.

In Sec. I11, we project coordinates of S> on the polar and Cartesian coordinates of a 2-dimensional manifold, the upper hemisphere S.
Then, we recall the original differential equation which determines the Zernike system on the domain of the unit circular pupil D, obtained
from a vertical projection of the upper half of S* shown in Fig. 1, which is itself a projection of the 3-sphere S°.

In Sec. IV, we bind the hyperspherical harmonics on S” to the solutions found in Ref. 2 for the three coordinate systems of S*. These
solutions are SO(3) bases for unitary irreducible representations, where the overlap between eigenstates in systems I and II is recognized as
representation couplings and given by particular Clebsch-Gordan coefficients, derived in Refs. 6 and 17 through laborious integration. We
also generalize system II to system II(«) that are rotated by a from II, which includes system III for « = %7‘[ that results in special Racah
polynomials.”

As we indicate in Sec. V, referring to the previous works in Refs. 1, 7, and 8, we suggest that a wider endeavor to understand the common
origin of a system from free motion on a higher manifold projected in various forms on a compact domain could be fruitful for other two- or
higher-dimensional superintegrable systems.

Il. COORDINATE SYSTEMS ON THE 3-SPHERE $*

Before presenting the Zernike system through its differential equation and domain,' we dedicate this section to set up the three coordinate
systems of the 3-sphere that will be used below to embed this equation.

Consider an ambient 4-space (s1,s2,53,54) € RY, embedding the S sphere on the 3-dimensional submanifold Qs, determined by
Y& ,s7 = 1. In Refs. 9 and 13, its six orthogonal coordinate systems were characterized and called spherical, cylindrical, spheroelliptic, oblate
and prolate elliptic, and ellipsoidal. Of these, we need here only the spherical (in two versions) and the cylindrical. Thus, we introduce the
following three coordinate sets, with their labels referred to Fig. 1 on &%, but here preceded by “S®” to indicate that they parameterize the
3-sphere,
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SystemS3 -1 System S -1 System S -1

cylindrical: canonical spherical: non — canonical spherical:

. . . ! / U
sp=cos pcos¢p;, sy =sinysinBOcos¢d, s =siny cos@ cos¢,

. . . . . ! /. !
sy = cos y sin ¢y, s = sin x sin 0 sin ¢, s =siny cos@ sing, o
1
. . 4
s3 = sin y cos ¢, s3 = sin y cos 0, s3=cosy,
. . . I . /
sS4 = sin y sin ¢, 54 = €OS ¥, s4 =siny sinf,
/ 4
0<y<im 0<By<m, 0<8,x <m,
U
0< ¢1,¢2 <2m. 0<¢<2m 0<¢ <2m

To describe the hyperspherical harmonics on the 3-sphere, find conserved quantities, and determine the Clebsch-Gordan coupling
coefficients, we recall the construction of the Laplace-Beltrami operator from the six generators of rotations of S°,

0 0 0 0

R S M= si— — 54— 2
i Sj 8Sk Sk i Si 854 S4 651‘ ( )

L >
85]'

for i,j, k cyclic in {1,2,3}. These operators close under commutation into the four-dimensional orthogonal Lie algebra s0(4), namely,
[Li,Lj] = -Ly, [MiMj]=-Li, [LiM;]=-M. (3)
The canonical subalgebra chain'* is S0(4) > SO(3) > SO(2), generated by the operator sets {Li, M;} o {L;} > {L3}, where the middle set is

characterized by the SO(3) invariant L* := 3| L? whose spectrum is well known to be £(¢ + 1), £ € Z3.
The structure of the SO(4) algebra is further revealed through introducing

1 1
V= E(Li + M), P = E(Li - M;) 4)
fori e {1,2,3} and noting that these two sets commute
(1) (1) (1) (2) 12) (2) (1) £(2)
U;‘ ’]j ] = _]k > []1 »Jj ] = _]k > [], »Jj ] =05 (5)

this algebra splits reducing as SO(4) = s0(3)Ya@ s0(3)? 5 s0(2)V@ s0(2)?, and where the algebra is now characterized by the two sO(3)
invariants J¥? := Z?;l(]i(l’z))z, with independent spectra j 2 ;"2 + 1), 12 € z;.

Writing L := (L1, Ly, L3) and M := (M1, M2, M3), the Lie algebra so(4) is seen to have two second-degree invariant Casimir operators, the
first of which is L? +M?, with spectrum J(J + 2), J € Z on S°, while the second is L.M + M.L = 0; the latter vanishes because the group coset
space on which the algebra acts,'” i.e., the realization of the algebra in the form (2) is on the group coset manifold Q3 = SO(4)/SO(3). This
vanishing implies that

1
U T R AR (6)
The first Casimir operator is the three-dimensional Laplace-Beltrami operator; from whose form and spectrum, we conclude that

A = Iy M spectrum  J(J +2)

=y oy® oy 4+ )

}:]:2jezg. (7)

The key properties of this construction are well known: spherical harmonics form eigenspaces of the Laplace-Beltrami operator, which
have the discrete, lower-bound spectrum in (7),

AR ®1(03) = -] +P)(), ®)

and which provides J as a label to classify eigenspaces of solutions. It is also clear that Eq. (8) is independent of the parameterization of Q3 and
that their differential equations will be different between the three 3-sphere coordinate systems (1).
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A. System S°-1
The cylindrical coordinates of this system in (1) follow the cylindrical subalgebra chain so(4) = so(3)VYe so(3)® leading to

o O 9 1 9 1 &

AT = 2 4 (coty—t —_—t— —+ .
LB~ 9y2 (cot y ~tan ”)ay cos?y O¢?  sin’y O¢3

)

This allows the separation of the solutions ®;(y, ¢1,¢>) and the generators in s0(2)""® s0(2)®; these determine the rest of the quantum
number labels,

L3(D],m1,m2 = iml®],m1,m2> M3(D],ml,mz = imZ(D],ml,mz- (10)

When the explicit form of (9) and that of the generators as differential operators is written out, they lead to a Poschl-Teller quantum
mechanical equation in the angle y and give J its quadratic spectrum. The (not normalized) solutions to (10) are

(D},m,,mz()/:ﬁbl»ﬁbz) = (cos y)\mll(sin y)\mzl P(l\mz|)|m1\) (cos 2y)
5 U=lmi|=|ma]) (11)

. . I
x el(m1¢1+mz¢z) _. im ¢1 o

G =J,my,my (y’ ¢2)’

labeled by m1, my, being restricted by J — |m1| — |m,| = even, and taking special care of their signs. Here, PP (x) is a Jacobi polynomial, and
EJm,,m, 15 a function of two angles on S°.

B. System S>-lI
The canonical spherical coordinates in (1) follow the canonical subalgebra chain s0(4) 2 s0(3) 2 s0(2) and lead to
2 2 2
@u_ 0 9 9 o) 1 8
A =—+2cot y— — t 0— — | 12
R AT X(aez TN T Sin? 0 ¢ (12

which, in this case, separates ©;(y, 0, ¢) with a different subalgebra chain for the remaining quantum numbers,
L*®ppn = L+ DOppms LsDp e = imPp e, (13)

where the branching rules of the orthogonal algebras'* restrict 0 < £ < J and |m| < ¢, all in Zj. The differential Eq. (12) provides us with the
(not normalized) solutions,

©pen(x:6.9) = (sin )* G (cos y) "
x Py (cos 0)eim¢ = M E}Tg,m (. 0),
where Ck(x) is a Gegenbauer polynomial and P (x) an associated Legendre polynomial, both satisfying Péschl-Teller type equations in y and
0; again E}f&m is a function of these two angles.

C. System S3-IlI

The noncanonical spherical coordinates relate to the S°-II canonical ones through a rotation in the plane of the last two axes,
(s3,50)" = (—s4,53)™. The subalgebra chain is also SO(4) > S0(3)" > sO(2) but with a subalgebra so(3)" rotated in the (s3,s4)-plane from
the so(3) subalgebra of $>-11. This is produced by exp(ia[ M3, o]) for a = %7‘:, mapping (L1, Ly) = (-M2, M1) and (M, M2) — (=L, L1), while

Ls and M3 are invariant. The quadratic operators thus exchange as L% + L3 <> M} + M. In the coordinates (1), this entails 6 <> 6 + %n so that
the canonical Laplace Beltrami operator (12) becomes

82
aXIZ

2 2
AR = +2C0tx,8£)(’+ ! (8 —tan@'i+ L9 ) (15)

sin?y’ 9602 96" " cos26 D¢

This case separates the solutions (D}H (X', q, (/)') in the rotated subalgebra chain, cf. (13), namely,
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(M} + M3 + L3) @), = L' (' + DDy L@, = im®) s (16)

where also in Ref. 14 0 < ¢’ < ] and |m| < ¢', with the same restrictions and satisfying Péschl-Teller equations as in the previous system. The
(not normalized) solutions of (15) are now, cf. (14),

O}ty 6',¢") = siny)" Cl (cos y)

x Pl(sin @)™ = ™ 8l (6. a7

We have thus three sets of functions of the 3-sphere manifold, each labeled by J € Z;, and two extra labels stemming from the different
subalgebra chains for each coordinate system of S°. The algebraic problem of relating them has been solved in quantum angular momentum
theory and involves the well-known Clebsch-Gordan coefficients.'® Before applying these results, we should first relate the previous functions
on Q3 with those on the manifold Q,, whose two coordinates are such that one of them has a constant value on the maximal circle that
separates the two half-spheres so that the two have independent ranges on the upper 2-sphere, S+ in Fig. 1; this further reduces the three
eigenvalue labels in Eqgs. (10), (13), and (16) to two.

IIl. FROM S* TO S AND THE ZERNIKE DISK

By means of a useful reparameterization of S°, we now connect this manifold to the upper-half 2-spheres S> shown in Fig. 1 that are
relevant in the Zernike system and an angle that will be rendered ignorable.

Consider the change of coordinates (sy, 2,53, 51) = (&1, &2, &3, ), where the 3-sphere Y7, s7 = 1 maps on the 2-sphere '3 17 = 1 and
¢ € S (the circle) given by

si=&cos g, s;=&sing, s3=&, sp=&. (18)

In these coordinates, the summands in the Laplace-Beltrami operator AS;) contain the two-dimensional Af? in s3 and s4, i.e,, in (€1, &2, 83),

plus derivatives in &3 and ¢, thus,
0,10 10
08 & 08 f% 3(/)2.

3
AR =AF -2 (19)
i=1

The application of this operator AfB) on the three functions of the 3-sphere, (11), (14), and (17), now applies to functions in the new coordinates
(i, ), where & + £ + & = 1; this eliminates the term Z?:lfiae, from (19). As we saw, those three functions that we encompass writing them

as Oy, (z, @) factor into a phase exp(iy@), time functions on the 2-sphere that we call 2 I,V,H(E ), leaving the correspondence between J, v, 4 and
the three sub-index sets to be determined below.
With this factorization, we write the solutions (11), (14), and (17) as

DOrouEr, &,8,9) = € Buu(61, 6, 8), (20)

while the Laplace-Beltrami Eq. (8) reduces to

3 o~ 2
AD @y, = (Z + %&%z)@w

1)
~ 2
= (Z - 'g—) Opvge = =] +2)Pps
where we introduce the Zernike operator
Z=AY+ = —. (22)
PE 08
In previous papers,”° the Zernike system was characterized through the quantum-type Hamiltonian operator
Z(xy) =V~ (- V) -2r-V, (23)
with the domain on the closed unit disk D := {(x,y) | x* + y* < 1} and determining the Schrédinger-type Zernike equation,
Z(x,y) ¥(r) = ~E¥(r), (24)
on the space of functions on the disk D that are finite on its boundary,
J. Math. Phys. 60, 101701 (2019); doi: 10.1063/1.5099974 60, 101701-5
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‘Y(r)'lr‘=l < 00, (25)
The eigenfunctions of the Zernike equation (24) with this boundary condition are characterized by the discrete “energy” eigenvalues
E=]JJ+2), ] € Z. (26)

As shown in Ref. 3 for generic elliptic coordinates, and including the three systems in Fig. 1,* the solutions (24) are necessarily of polynomial
type (in system I, one has also sine and cosine functions). We should emphasize that although the spectrum (26) is identical to the energies
of a two-dimensional harmonic oscillator on R?, the Zernike and oscillator systems are distinct in their Hamiltonians and in their respective
boundaries.

The key to finding the symmetry hidden in (23), which is embodied in the separability of its solutions in various coordinate systems, has
been to lift the unit disk D to the upper half of a 2-sphere S2. This is easily achieved defining new coordinates, purposefully labeled with the
same symbols as in (18), and their partial derivatives,

& i=x, &=y, . — a2 _
5 5 Bo 0 9 Ho | EVIZEA 27)

ox 05 LU dy 9& &G
Under this map (x,y) € D E €S2, | E |= 1, and &3 > 0, the Zernike operator (23) becomes

0o 10

—_— 3
ZE) =A% -
i=1

with A(ng being the usual Laplacian on the (&1, &2, &3) surface. When acting on functions independent of | 13 | and geometrically fixed to 1, the
middle summation term is zero. Hence, we arrive at precisely the Zernike operator in (22). The boundary condition for polynomial solutions,
Eq. (25), becomes ¥(&1, &, &3)]¢, =0 < 0.

To establish the bridge between the solutions of the Laplace-Beltrami operator in R Dju(&1,82, €3, 9) in (20), and solutions ‘I’],K(f)
(where « will stand for v or ) of the simple equation on S,

ZE)W.(E) = (Aﬁ; + éa%)%,x@) = —J(J +2)¥.(&), (29)

clearly the 8 coordinate ¢ € S' must be made ignorable. This we do next for each of the three coordinate systems.

IV. REDUCTION TO so(3), CLEBSCH-GORDAN COEFFICIENTS AND RACAH POLYNOMIALS

We now render the ignorable phases ¢ € &' in the exponential factors in (11), (14), and (17) by integrating over their circle. This results
in a Kronecker § that sets one of their indices to zero. We refer to the remaining angles to (x,y) € D in the disk of the Zernike pupil through
(27) for each coordinate system. Thus, we write the (not normalized) solutions as

System I:
Tl 1 rr 1 ol
o) = 5 [ 01 P 6192) = G, ()
-7
= e_i%”m(x2 +y2)%‘m|Pf,‘,m|‘0) (1 —20x* +yz))eim¢, (30)
withindices: n=]¢ Z(J; principal quant. num., m = —my,
1
fy = E(n — |m|) € 2§ radial quantum number,
coordinates: x=£& =sinysing,, y=£& =siny cos¢s,
1 2
Gecosy, ¢=-m-¢
eigenfunction of: L2+ M nn+2), Ms:my=-m, (31)
= ‘I’L,m(x,y) indices:n, me {-n,-n+2,...,n}.
J. Math. Phys. 60, 101701 (2019); doi: 10.1063/1.5099974 60, 101701-6
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System II:

_ 1 T
o (0) = 5 f dp DL, (10, 9) = 80 001, 6)

23 Lyl J
S (1-A)iment (x)pnl(ﬁ), (32)
with indices: n =n1+n, =J € ZS principal quant. num., n; = ¢,
coordinates: x =& =cosy, y=& =sinycosb,
& =sinysiné, xlo» 6o,
eigenfunction of: L*+M? n(n+2), . ni(ni+1), (33)

= ¥, . (xy)indices: n; € {0,1,...,n}, n=n-ny.

System III:

7l 1 4 111 11T
U e9) = o [0 Ol 0.9") = 810 Elno(1(,0)
[ x
- =AM =) (34)

. . . A ! . . A !

with indices: n = nj+n5 = J € Z; principal quant. num., #nj = £/,
. . I . / A
coordinates: x =& =siny sinf, y=§& =cosy,

&= sin)(' cos®, X'|g, 9'|"/2

—/2°
eigenfunction of: LM n(n+2), M%+M§+L§ : n;(n{+1), (35)
= Wiy (x,y) indices: nj € {0,1,...,n}, ny=n-ny.

Here, Pff“ﬁ ) (x), Ci(x), and P,(x) are Jacobi, Gegenbauer, and Legendre polynomials, respectively.

A. States in system |

With this list, let us now return to the algebraic structure of so(4) seen in Sec. II to identify system I with its subalgebra chain
so(4) = SO(3)(1)® 50(3)(2) through defining 752 in (4) and (5). Recall Eq. (7), where we concluded that their two sO(3) Casimir operators
J322 characterize these representations by j(l’z) = % J= %n. We also recall that as Lie group manifolds, one has SO(4) = sU2)Ve sU@R)?,
so the functions on the 3-sphere can beget two-valued functions on the real 2-sphere.

(1,2)

Regarding the SO(3) representation row eigenlabel —m of M5 in (31), we note that M3 = J{" — gz) so that the J;> eigenlabels will be

such that m® — m® = —m. Yet looking back at (2), we see that L3 rotates the (s1,s2)-plane which, according to (18), is over the angle ¢

that was integrated in (30) so that L3 is projected to zero; hence, gl) = —]§2) and m" = —m®. The row labels in this subalgebra chain are

therefore m® = —%m and m® =
as

%m. In a convenient bra-ket notation, we can thus write the (normalized) solutions in system I coordinates

I 1 \!
~n, 7m>, (36)

— 1 1\
W) (5,9) = Cho P, ’:("7’">
nm(69) = Con¥pm(%,y) = 0y |50, —om) | -n, o

2

where |x, y) with (x, y) € D is the Dirac basis for functions on the disk. Up to a phase w}, ., the normalization constant Cy, is equal to’
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Crm = Oy (~1)"/(n + D)/ 37)

B. States in system Il

System II is based on the canonical Gel’fand-Zetlin subalgebra chain S0(4) o S0(3) > SO(2), here in representations where L.M + M.L = 0
and reduced by L3 = 0 as in system [; the SO(4) eigenstates |], £, m) are, according to (33), labeled |n, n1,0) and sO(3) states |n1, O)H. Thus, as
in(36)and n; +n2 = n,

¥y (6 9) = Co W (69) = (6, p | 11,0)", (38)

and, up to a phase wj, ,, , the normalization constant is”

11

n]Jr% | (2?11 + 1)(7’11 +ny + 1) ny!
ity 2 1!

o
o 21 (2ny + ny + 1)!

(39)

Finally, it can be seen that system I is only a 1 7r-rotation of the (x, y) disk to (y, —x) of system II, so the above results are valid replacing
n; by nj, picking up an extra phase. The II-III interbasis expansion will be discussed after examining further the I-II expansion.

C. Interbasis expansion I-lI

Having written ‘I’L,m(x, y) and ‘I’LII,,,Z (%, ) as SO(3) states, we inquire into the direct and inverse expansions

n
YLy = > W (k) (40)
m=—n(2)
n
Yroany) = Y Wikl (x,y), (41)
n =0

where n; = n — n; and an=—n(2) indicates that m € {-n,-n+2,...,n}. Using (36) and (38), we write (40) in bra-ket form as

1 1
—n, =
2 2

1 1 1 1
E ,Em|l<£n,—5m‘n1,o>l.l (42)

I " 1 1 1 11
ol 0)" = el 3 [5m=gmy 5 sm)' |
)

m=—n(2
We thus recognize that the linear combination coefficients in (40) are, up to phases w, a special subset of Clebsch-Gordan coefficients,

1 1
Wik, = Gl G =S 0) =LY,
b

_ At *
27270 2 netm it = W™ (43)

where the asterisk indicates complex conjugation. _
It is useful to recall that the general form of the Clebsch-Gordan coefficients, Cj’lt”ml;jbmz, couples the so(3) states |j1,m1) and |, m2)
to a single state |j, m) with the usual branching rules |j1 — j2| <j <ji +j2 and m; + my = m. A property of the special kind of coefficient

(43) is that, as shown in Ref. 6, they can be written in terms of hypergeometric 3F,(- - -|1) terminating series which are known as Hahn

polynomials,
,:1,0 L n! 2n1+1
L=t inim (%(m—nz—m))!(%(ﬂ*'m))! \/ ny! (n+ny+1)!
-y, m+1, —-im+m) )
F. 2 44
X32( -n, 3(m—n—m)+1 )
B (n)? 2n1+1
| |
(%(n—m))! (%(n+m))! m! (n+np+1)!
1
xan(E(n+m); -n-1,-n-1, n). (45)
Wenote that of the five parameters available in 3F,(- - - |1) and in Q.(;; ., .,.), only three, e.g., (11, 12, m), are present in the interbasis coefficients
W', Their phase was determined in Ref. 6 through direct integration of pairs of basis functions and is given by
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wm —lnl( 1)Z(er|m\) ”11)01 : ) (46)
3n

ny,hy [ P A &
m—ym; sn,om

We should mention that this phase is the appropriate one to intertwine between the complex system I functions W%, ,,(x, y)* = W% _,.(x, ) and
the real system II functions ‘I’Lll,nz (%, ), which is assured by the property C”l‘r;ol = (=D
Ln,

MmN —ym M= MmN

1,1
272

D. Interbasis expansions I-lI

We now turn to system III, which we saw is obtained from system II by the rotation (x,y) ~ (y, —x) of the disk plane and is generated
by M through R(a) := exp(ia[Ms, o]) for a = 7. Keeping a € S' generic, we can thus define systems II(«), all of whose eigenstates will be

characterized by the pair of integers (11, n2) with n1 + ny = n. Since M3 = ]§1) - ];2) (as L3 = 0), we have

ﬁa‘ln —1m>I L )I = ei“]§1)|ln —lm)le_i“]?) L lmy
27 27112772 27 2 272
47
__im‘l 1 )I‘l 1 >I (47)
—e —Nn, ——mj)|-n, -m).
2 2 22
The expansion of system II(«) solutions in terms of system I basis for the principal quantum number #, analog of (40), is thus
n
11 , 1
Yam@e) = Y Wil W), (48)
m=—n(2)
with the coefficients W,',‘l‘fﬁz(” directly related to Wi = Wi as
: —i m(0) _ —iam L 0
WIS = T < e i e ()
The inverse transformation (41) from system II(«) to I is now
1 11
W) = 3 W W) (), (50)
ny=0
with
Wil = €™ Wity = Wil (51)
Clearly, for a = 17, we are addressing system III as written in Ref. 6, up to a possible overall phase.
We can now formulate the transformation between states in systems II(«) and II() by passing through system I,
11(B) nm( ) 1I(
il (sy) = Z i Z W i Vs (07)
m——n
52
1y, nz a) ( )
= Z Un, : —a) ‘I’,,M,z (% 9),
=0
where the compound transformation coefficients are
ynm (y) = ei%?‘[(i’li -n) Zn: e—iymcn{,o 11,0
= vo1 11 “1 111
e m=—n(2) E”’_Em>§”’§m 21 =3 51, 5m (53)
A %rr(ni - nl))Z": e—2ika s 0
o 1 n k; 4 31— —n+k —n,zn k,zn,——n+k

When the ¥ ,(ﬁ ), (x,y) are arranged into column vectors with components (11, 112), the coefficients U"1 2 (y) can be fit into matrices which, for
every fixed pr1nc1pal quantum number 7, compose as

Z U:rl ”rz()’l) Un” nrr(yz) = U H //(yl + )/2) (54)

1’2
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E. The interbasis expansion II-llI

When the angle between the two coordinate systems in Subsection IV D is y = 17, the transform kernel (53) takes the form of a special
Racah polynomial® that relates solutions in systems II and III in Fig. 1. It is of 1nterest to rederive this result using the algebraic properties of
the so(4) generators (2)-(5).

Consider the interbasis expansion between the two functions on S° sphere, (D}f[,m (x,0,¢) in (14) and Q%,)m()(', 0',¢")in (17),

]
w68 = Y WD), (x.6.9), (55)
£=|m|

where we shall derive recursion relations for these S’-interbasis coefficients W[,er‘ which form (J — |m|) x (J — |m|) matrices. Below, when
projecting on the S*-interbasis of Zernike solutions, m becomes 0, while the We, ,-matrix will split into four submatrices because of
parity.

The two S*-function sets are common eigenfunctions of the Laplace-Beltrami operator AL(3B) "in (12) and L3; they are distinguished by
their intermediate SO(3) subgroup link in SO(4), as given by (33) and (35),

(L} + L3 + LD} u(x, 6, 9) = L0 + 1D, (1, 6, ), (56)

(M7 + M5 + L3)0) 5 (', 0, ¢') =~ (¢ + 1)} (. 6, ), (57)

but share a common SO(2) subgroup generated by L3 and the eigenvalue m.
To extract the coefficients We,‘ el in (55), we note that M? + M2 = AL(3B) —L* - M2, s0 we replace (57) into the expansion (55), multiply by
CD}TZ',m (x-0,¢)*, and then integrate over the 3-sphere S® with the measure dw = sin’y sin 6 dy d9 d¢. We find

Z w”’”'( [0+ 1) + €00 +1) - J( +2)]00¢ —MQ’;,) =0, (58)
fpl
where M = fS Ol (1, 0,6) M2 O (1,6, 9) d, (59)

Weuse the explicit form of the SO(4) generator M3 in 3-spherical coordinates,

M3 = —cos 62 + cot y sin 62,

60
ox 00 (60)
to compute its matrix representation MU = | MG ¢+l in the basis of functions (D] ¢.m» which is bidiagonal, through the integral
M /S D% (0 0, 6) Ms @l (0 6, ) deo
B (£7m+1)(£+m+1)(1+£+2)(]7£)6
- 20+ 1)(2¢ + 3) 61 (61)

C-mU+m(J+L+1)J-£+1)
20+1)(20-1)

Oprp-1.

Then, we find the tridiagonal matrix of its square, M3 in (59), introducing the usual sum over an orthogonal and complete set of states
{¢x} between a product of two operators A, B as (¢i, AB®;) = >k (¢i, Adr)(¢x, Bd;). Thus, we obtain

M{zfﬂz - ZI: lMgl guMgug = C‘ml(Sg/ 042 —El I(Sgr[ + C 6grg 2, (62)
£"=|m|

where
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crl \/(] (-1D)J -0 +€+2)J + £ +3)
(20 +1)(2¢ + 3)2(2¢ + 5) (63)

x\/(0 = [m| + 1)(€ = [m| + 2)(€ + [m| + 1)(£ + |[m] +2),

J-L+1D)(J+0+ 1) —m?)

20— 1)(2¢ +
+(1—z§(1+e)+(z)(e [l + D+ ] + 1) (64)

20+1)(20+3)

m| _
E," =

Finally, introducing this expression in (58), we obtain the following three-term recurrence relation for the II-III interbasis coefficients
W],Irg‘ in (55),
criwin + (](} +2) UL+ 1) (W +1) - E"”') winh e e wi <o (65)

This recursion relation stems from the integration of (59), where we applied the operator M3 on Q}T&M to its right. However, since this operator
is self-adjoint under integration over the 3-sphere, it can be equally applied on fb}lg to its left. The result is a recursion relation identical to

(65) with the exchange £ < ¢’ for W/ ‘ml . In addition, observe that (65) is a 2-step recursion, which can begin for £’ and £ from 0,2, . . . or from

1,2,...,s0 we have four classes of c0efﬁc1ents for (¢',0) e {(0,0),(0,1),(1,0),(1,1)}, determined by their parity under the reﬂectlons 0 — -0
in Eq. (17) and 6 <> -0 in (14), respectively.

To obtain the S” II-III eigenbases expansion between the Zernike functions, which stem from the above 3-sphere expansion (55),
we integrate over the angle ¢; this angle is common to both systems because they share the same generator L3. We thus integrate (32)
and (34), resulting in the L3 eigenvalue m = 0. We can compare this projection of the SO(4) interbasis expansion with the result in
Ref. 6,
Uit = wie o JEn=mim= n) + n. (66)

The recurrence relation (65) for m = 0 simplifies somewhat and leads to a 1-step recurrence between terms p = ¢ and p = (¢ + 1) according
to parity and their neighbors p + 1. This results in four recurrence relations, each of them characterizing Racah polynomials [Ref. 18, Eq.
(9.2.3)], Rp(A(x); o, B, y, 6) of degree p, orthogonal on a quadratic lattice A(x) = x(x + y + & + 1), times a factor that includes the orthogonality
measures in x and p, and four effective parameters among the six that are generic. (The explicit values of the parameters and the corresponding
Racah polynomials are given in our previous work.?) In this way, we have explained the II-III interbasis expansion and its coefficients that
overlap between two %n—rotated SO(3) subalgebra chain bases of so(4) that share the same SO(2) bottom subalgebra, after the reduction
through integration over the circle of the latter.

V. CONCLUDING REMARKS

In this paper, we have established the link between hyperspherical harmonics on the 3-sphere, which describe a free quantum system on
that manifold, with the polynomial solutions of the Zernike system on the upper-half 2-sphere and thus on the unit disk. The many properties
of the former, such as separation of variables and superintegrability, are thus inherited from the former to the latter.!” The requirement (25)
for the Zernike solutions to be finite on the disk boundary is automatically fulfilled since the hyperspherical harmonics is finite over their
spheres.

Orthogonal coordinate systems on spheres have been a persistent topic of research, credibly introduced by Olevsky'® in 1950; there-
after, the hyperspherical harmonic functions on the 3-sphere were related to special Wigner (Clebsch-Gordan) coefficients through so(4)
Lie-algebraic recurrence relations by Stone’’ in 1955. Analytic and algebraic studies of this manifold and group have been pursued by
many other authors for 2-, 3-, and n-spheres.”’ > As we mentioned in the Introduction, there exist six systems of coordinates which allow
separation of variables in Helmholtz equation on the 3-sphere, namely, spherical (canonical), cylindrical, two ellipsocylindrical, sphero-
conical, and ellipsoidal. Four of them, spherical (canonical and noncanonical) cylindrical, and two ellipsocylindrical, conform to Eq. (19).
The latter two, leading to Heun polynomial solutions in the Zernike system,” have not been examined in this paper, but their SO(4)
origin has been applied to separable solutions of the Kepler system, and their expansion coefficients to the two other systems found by
Grosche et al.”

From the side of the physical system, shortly after the Zernike 1934 paper' appeared, the differential equation and its solutions were
related to the p-dimensional Laplace-Beltrami equation and hyperspherical solutions and products of Gegenbauer polynomials, in a rarely
quoted paper of Zernike and Brinkman.” For the most part, the Zernike polynomials were analyzed in terms of their recurrence relations
and orthogonality properties,”**’ their efficient computation,” and mainly on their applications to the real-time correction of flexible and
segmented optical telescopes (see, e.g., Refs. 8 and 31).

By linking the properties of the Zernike system to that of free motion on the 3-sphere through the reduction of SO(4) representations to
S0(3) ones and their Clebsch-Gordan couplings, we obtain a unifying view of their common or derivable properties. These include separabil-
ity, i.e., superintegrability and interbasis expansions. We note that an expanded analysis of the elliptic coordinate system can follow, as well as
a corresponding analysis on 3-hyperboloids, where the Lorentz algebra so(3, 1) will be at play.

J. Math. Phys. 60, 101701 (2019); doi: 10.1063/1.5099974 60, 101701-11
Published under license by AIP Publishing


https://scitation.org/journal/jmp

Journal of

Mathematical Physics ARTICLE scitation.org/journal/jmp

ACKNOWLEDGMENTS

We thank Guillermo Krétsch for his invaluable help with figures. A.Y. thanks the support of Project No. PRO-SNI-2019 (Universidad de
Guadalajara), and N.M.A. and K.B.W. thank Project No. IG-100119 awarded by the Direccién General de Asuntos del Personal Académico,
Universidad Nacional Auténoma de México.

REFERENCES

'F. Zernike, “Beugungstheorie des Schneidenverfahrens und Seiner Verbesserten Form der Phasenkontrastmethode,” Physica 1, 689-704 (1934).

2G. S. Pogosyan, C. Salto-Alegre, K. B. Wolf, and A. Yakhno, “Quantum superintegrable Zernike system,” J. Math. Phys. 58, 072101 (2017).

3N. M. Atakishiyev, G. S. Pogosyan, K. B. Wolf, and A. Yakhno, “Elliptic basis for the Zernike system: Heun function solutions,” J. Math. Phys. 59, 073503 (2018).

“N. M. Atakishiyev, G. S. Pogosyan, K. B. Wolf, and A. Yakhno, “On elliptic trigonometric form of the Zernike system and polar limits,” Phys. Scr. 94, 045202 (2019).
5P. W. Higgs, “Dynamical symmetries in a spherical geometry,” J. Phys. A: Math. Gen. 12, 309-323 (1979).

6N. M. Atakishiyev, G. S. Pogosyan, K. B. Wolf, and A. Yakhno, “Interbasis expansions in the Zernike system,” ]. Math. Phys. 58, 103505 (2017).

7F. Zernike and H. C. Brinkman, “Hyperspharische Funktionen und die in sphérischen Bereichen orthogonalen Polynome,” Verh. Akad. Wet. Amst. (Proc. Sec. Sci.) 38,
161-170 (1935).

SW.J. Tango, “The circle polynomials of Zernike and their application in optics,” Appl. Phys. 13, 327-332 (1977).

9C. Grosche, Kh. H. Karayan, G. S. Pogosyan, and A. N. Sissakian, “Quantum motion on the three-dimensional sphere: The ellipso-cylindrical basis,” J. Phys. A: Math.
Gen. 30, 1629-1657 (1997).

'9E. G. Kalnins, J. M. Kress, W. Miller, Jr., and G. S. Pogosyan, “Completeness of superintegrability in two dimensional constant curvature spaces,” J. Phys. A: Math. Gen.
34, 4705-4720 (2001).

"W, Miller, Jr., E. G. Kalnins, and G. S. Pogosyan, “Exact and quasi-exact solvability of second-order superintegrable systems. I. Euclidean space preliminaries,” J. Math.
Phys. 47, 033502 (2006).

12E. G. Kalnins, ]. M. Kress, and W. Miller, Jr., Separation of Variables and Superintegrability. The Symmetry of Solvable Systems (IOP Publishing, Bristol, UK, 2018).
3A. A. Izmest'ev, G. S. Pogosyan, A. N. Sissakian, and P. Winternitz, “Contraction of Lie algebras and separation of variables. N-dimensional sphere,” . Math. Phys. 40,
1549-1573 (1999).

1. M. Gel'fand and M. L. Zetlin, “Finite-dimensional representations of the group of orthogonal matrices,” Dokl. Akad. Nauk SSSR 71, 1017-1020 (1950).

5R. L. Anderson and K. B. Wolf, “Complete sets of functions on homogeneous spaces with compact stabilizers,” . Math. Phys. 11, 3176-3183 (1970).

'6L. C. Biedenharn and J. D. Louck, Angular Momentum in Quantum Physics, Theory and Application, Encyclopedia of Mathematics and Its Applications Vol. 8, edited
by G.-C. Rota (Addison Wesley Publ. Co., 1981).

7G. S. Pogosyan, K. B. Wolf, and A. Yakhno, “New separated polynomial solutions to the Zernike system on the unit disk and interbasis expansion,” . Opt. Soc. Am. A
34, 1844-1848 (2017).

'8R. Koekoek, P. A. Lesky, and R. F. Swarttouw, Hypergeometric Orthogonal Polynomials and Their Q-Analogues (Springer, 2010).

M. N Olevsky, “Three orthogonal systems in spaces of constant curvature in which the equation Ayu + Au = 0 admits a complete separation of variables,” Math. USSR
Sb. 27, 379-427 (1950).

20, Stone, “Some properties of Wigner coefficients and hyperspherical harmonics,” Math. Proc. Cambridge Philos. Soc. 52, 424-430 (1956).

21E. G. Kalnins, “On the separation of variables for the Laplace equation AW + K*¥ = 0 in two and three-dimensional Minkowski space,” SIAM J. Math. Anal. 6, 340-374
(1975).

22E. G. Kalnins and W. Miller, Jr., “Lie theory and separation of variables. 9. Orthogonal R-separable coordinate systems for the wave equation ¥, — A, ¥ = 0,” J. Math.
Phys. 17, 331-355 (1976).

ZE. G. Kalnins and W. Miller, Jr., “Separation of variables on n-dimensional Riemannian manifolds. I. The n-sphere S, and Euclidean n-space R,,” ]. Math. Phys. 27,
1721-1736 (1986).

24 A. B. Bhatia and E. Wolf, “On the circle polynomials of Zernike and related orthogonal sets,” Math. Proc. Cambridge Philos. Soc. 50, 40-48 (1954).

ZD.R Myrick, “A Generalization of the radial polynomials of F. Zernike,” SIAM J. Appl. Math. 14, 476-489 (1966).

28E, C. Kintner, “On the mathematical properties of the Zernike polynomials,” Opt. Acta 23, 679-680 (1976).

27 A. Wiinsche, “Generalized Zernike or disc polynomials,” . Comput. Appl. Math. 174, 135-163 (2005).

Z8M. E. H. Ismail and R. Zhang, “Classes of Bivariate orthogonal polynomials,” SIGMA 12(021), 37 (2016), special issue on Symmetry, Integrability and Geometry:
Methods and Applications.

91, Area, K. Dimitrov, and E. Godoy, “Recursive computation of generalised Zernike polynomials,” ]. Comput. Appl. Math. 312, 58-64 (2017).

308, H. Shakibaei and R. Paramesran, “Recursive formula to compute Zernike radial polynomials,” Opt. Lett. 38, 2487-2489 (2013).

51C. Ferreira, J. L. Lopez, R. Navarro, and E. Pérez Sinusa, “Zernike-like systems in polygons and polygonal facets,” Appl. Opt. 54, 6575 (2015).

J. Math. Phys. 60, 101701 (2019); doi: 10.1063/1.5099974 60, 101701-12
Published under license by AIP Publishing


https://scitation.org/journal/jmp
https://doi.org/10.1016/s0031-8914(34)80259-5
https://doi.org/10.1063/1.4990794
https://doi.org/10.1063/1.5030759
https://doi.org/10.1088/1402-4896/aafecb
https://doi.org/10.1088/0305-4470/12/3/006
https://doi.org/10.1063/1.5000915
https://doi.org/10.1007/bf00882606
https://doi.org/10.1088/0305-4470/30/5/025
https://doi.org/10.1088/0305-4470/30/5/025
https://doi.org/10.1088/0305-4470/34/22/311
https://doi.org/10.1063/1.2174237
https://doi.org/10.1063/1.2174237
https://doi.org/10.1088/978-0-7503-1314-8
https://doi.org/10.1063/1.532820
https://doi.org/10.1063/1.1665110
https://doi.org/10.1364/josaa.34.001844
https://doi.org/10.1017/S030500410003142X
https://doi.org/10.1137/0506033
https://doi.org/10.1063/1.522900
https://doi.org/10.1063/1.522900
https://doi.org/10.1063/1.527088
https://doi.org/10.1017/s0305004100029066
https://doi.org/10.1137/0114042
https://doi.org/10.1080/713819334
https://doi.org/10.1016/j.cam.2004.04.004
https://doi.org/10.3842/SIGMA.2016.021
https://doi.org/10.1016/j.cam.2015.11.017
https://doi.org/10.1364/ol.38.002487
https://doi.org/10.1364/ao.54.006575

