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We study a new class of deformations of algebra representations, namely, i,so(n) = si(n, R),
pu(n)=slnC)e u(l)and i,sp(n) @ sp (1) = sl(n, Q) @ sp(1). The new generators are built as
commutators between the Casimir invariant of the maximal compact subalgebra and a second-rank
mixed tensor. These algebra deformations are related to multiplier representations and manifold
mappings of the corresponding Lie groups. Behavior of the representations under Indnii-Wigner
contractions is exhibited. Through the use of these methods we can construct a principal degenerate

series of representations of the linear groups and their algebras.

1. INTRODUCTION

The closely related concepts of expansion and defor-
mation of Lie algebras has been developed in both the
physics and mathematics literature. In physics, expan-
sions first appeared as a way of building symplectic
algebras sp(n, R) from the position and momentum
operators with the canonical commutation relations,!
and later by deforming the Poincaré algebra ta the de
Sitter algebra? as well as obtaining possible dynamical
algebras for various physical systems.3#4 Indeed, these
latter types of deformations have been performed for
inhomogeneous orthogonal, 2:5:6 unitary5:é and sym-
plecticé.7 Lie algebras using a specific type of deforma-
tion, i.e.,is0(n) => so(n, 1), iulk) ® u(l) =>u, 1),
isp(n) ® sp(1) => sp(n, 1) and other noncompact forms.
These deformations have then been applied to various
problems in representation theory> 8 and shown by
Gilmore? to constitute a well-defined family of defor-
mations in which the coset space of the deformed alge-
bra in the Cartan decomposition is of rank one,

In this article we present a family of deformations of
representations of Lie algebras on homogeneous spaces
of rank one (spheres), but where the rank of the coset
spaces of the deformed algebras in the Cartan decom-
position is higher, Specifically, in Sec. 2 we treat the
cases i,s0(n) => sl{n, R), iquln) =>sl{®,C)® u(l) and
ipspln) @ sp(l) => sl(n, Q) © sp(1). We develop these
cases separately so as to provide a clearer formulation
for the reader who is not so familiar with the com-
plications of the quaternionic field, which would be
necessary in a general formulation. We then discuss
in Sec. 3 the connection between the deformations of
these algebras and the existence of corresponding mul-
tiplier representations©:11 of the groups SL(x, R),
SL(m,C) ® U(1) and SL(#n, Q) ® Sp(1) on the homogeneous
spaces corresponding to the real, complex and quater-
nionic spheres. In Sec. 4 we show that the Indnii—
Wigner contractionl2 of the representations of these
groups with respect to the maximal compact subgroups
ar((e ;:he groups I,SOm), 1,8Un) ® U(1), and I,5p(n) ®
Sp(1).

2. DEFORMATIONS OF INHOMOGENEIZATIONS OF
THE CLASSICAL LIE ALGEBRAS

Since we will be interested in deformations12 and ex-
pansions?® which are representation-dependent, we begin
with suitable definitions of expansions and deformations
of representations in which nothing is said about the
abstract Lie algebra. Let ¢ be a representation of a
Lie algebra @, i.e.,a homomorphism of @ into some
suitable defined vector space, which for our purposes
can be taken as the space of infinitely differentiable
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functions over spheres. An expansion of the represen-
tation ¢ is a mapping ¢ — ¥, such that the ¥,'s form a
representation of a Lie algebra G’. Moreover, if the
condition wxx_*g ¢ is satisfied, the expansion is said to
be a deformation. The deformation of an inhomogeneous
algebra can be thought of as the inverse of contraction.12
It is seen that the requirement that the y,'s form a Lie
algebra places severe restrictions on the possible
mappings ¥, . Such restrictions have an elegant formu-
lation in terms of Lie algebra cohomology theory,13
however, rather than attempt the general formulation
here, we will discuss a family of specific examples of
representation~-dependent deformations of inhomo-
geneizations of the classical Lie algebras.

A. is0(n) = sl (n, R)

Consider the Lie algebra so(n) of the orthogonal group
whose generators satisfy the well-known commutation
relations4

[M,,,M,,] = 6,,M (2.1)

po? oMo = 0, Mo —8,6M,

voM,, t+ GHGM

vp?
which preserve the usual metric in real n-space R?,
so that the Greek indices take values 1,...,n. We ad-
join now to this algebra a set of commuting »-dimen-
sional second-rank symmetric tensors P,, = F,,. We
thus arrive at a Lie algebra which we denote by Z,s0(n),
which is characterized, along with Eq. (2. 1) by

[MuD’Ppo] = 6"PPM° - anpuo + GUOP}JP - 6I-HJIJUF" (2. za)
[P,,.P,,] = 0. (2. 2b)

The set of $n(n + 1) generators P constitute the maxi-
mal Abelian ideal of i,s0(n).

The technique for deformation now consists of taking
the commutator of the Casimir operator & of the ori-
ginal algebra so(nz) with the P's, Specifically, we con-
sider the following members of the enveloping algebra
of i,s0(n):

N, =3{®,P,,] + 7P, (2.3)
where & = — %Mp ,,M,,'J and 7 is an arbitrary complex

number,

As & commutes with all of so(n), it follows that the
N's transform under so(n) as the P's, i.e., they satisfy
Eq. (2. 2a) with P,, replaced by N,,. However, if we
consider the analog of Eq.(3.2b), that is,the commutator
of two N's, we find that in general, (for any choice of 7
other than the contraction limit 7 — «), the N's do not
close into a finite-dimensional Lie algebra. This is to
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be contrasted with the better-known expansion9
iso(n) => so(n, 1) where the algebra closes modulo a
normalization factor. We can, however, obtain a repre-
sentation of a Lie algebra if we impose some further
restrictions. We choose the following representationl5

for P, and M ,: P,, = x,¥,/x% where the x,'s com-
mute, x = x“x” andM =x,0,—x,0, + o, » With
[ x)\] = 0, where we have mtroducec‘f 0, = a/ax

is then found that the algebra will close 1%1 and only 1f
0., vanishes. This means that, in contrast with the

iso(n) => so(n, 1) expansion, we do not have the free-
dom to construct an additional vector space structure
upon the representations described by Eq. (2. 3), i.e.,
vector bundles over the sphere. This limits the possible
representations one can construct to degenerate ones.16
In a straightforward manner one can then verify that

[Nyps Nyl = 6,,M g + 8,M, 5 + 8, M, +6,,M,,. (2.4)

pus voup

In order to see more clearly the structure of the
algebra spanned by the M's and N's it is convenient to
construct the traceless operators

1 1
X“u '2_
X,

(M, +N,,)— yv TIN

9, — X, X, (%0 — o) (2.5)

n #"’
where x+9 = x,3,, 0 = 43 n + 7) and where we have
taken the x, to be the Cartesian coordinates on the

(n — 1)-dimensional real sphere S, _,,i.e., x2 = 1. One
then obtains the Lie algebra in the form

(X0 X, 0] = 6,,%,,— 6,,X,,,

and TrX = 0, By identifying the (# — 1) independent
commuting X 's (no sum) as the Cartan subalgebra
and the X, (= v) as the root vectors, one identifies4
the Cartan class A, 4.

In order to see what type of representations are
allowed in our constructions, we notice the following
relation in the enveloping algebra of sl(n, R),

XX = [(n +to)n—1)—oal/n +5,

(2.6)

— 1)olo + n)/n2,

2.7
which can be used to express all the higher-order
Casimir operators in terms of the second-order opera-
tor C, = X, X, ; hence we have only a most degenerate
series of representatmn This reflects the fact that our
representations are built on a rank one homogeneous
space S, ;. Contracting over p and v in (2. 7), we have
Co,=m— 1)l +n)/n.

The fact that we have an sl(z, R) form of A, _, is
indicated by Eq. (2.6) and the form (2. 5) with the speci-
fication of the hermiticity properties which must await
the introduction of a Hilbert space structure which will
be discussed in Sec. 3. Suffice it now to say that all the
generators X, , will be anti-Hermitian under the usual
scalar product on the sphere S, _; with the choice
o =—3n +ip, preal,i.e., for 7 = 2ip. Indeed, with this
choice of 0,C, is — nln — 1)/4 — (n — 1)p2/n. These
representations are reducible as can be seen from the
fact that the generators X,, are all even functions of

. An extra parity label e 1s thus needed to specify
1rreduc1ble representations. Then we can say that the
parameters (p, €) label the representations of a prin-
cipal most degenerate series of si(n, R) built on the
space of square-integrable functions on the sphere.

B. i, ufn) = si(n,C) & u{1)

In analogy with the previous section, we consider the
algebra u(n), the usual metric-preserving algebra for
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the complex space C* and adjoin an ideal formed by
the set of commuting second-rank m1xed tensors Z
with the symmetry property Z (the bar des”
notes complex conjugation). The zZu (n$l algebra is then
defined through the commutation relationsl4

(2. 8a)
(2. 8b)

[Cpuicpa] llpcpo pocpu’

[CpulZ ] 6Up2u0 Gpova!

and the two Z's commute,
The extension proposed in (2. 3) is, for the unitary
groups,

D“u = %[\I”Z

J+1Z,, (2.9)

where ¥ = — ZC +C,, i8 the u(n) second-order Casimir
invariant, Agam we are unable to find an expansion for
a completely general Z, , and again one does not have
the freedom to add an additional vector space structure.
The particular choice of representation for which the
deformation can be carried through is15 Coo=2,9,
2,0, Z,, = 2,2 /|z|2 jz]2 = z”z“ where we have used

the notation a = a/az” and a = 3/0Z,. It is then
stralghtforward to verfiy that"
Dy D,,]=8,,C0—6,,C,u (2.10)

while the D's obey the same transformation properties
(2. 8b) under the C's as the Z's. Moreover, the trace
of C,, which we denote as C = C,,(sum), provides a
u(1) subalgebra which not only commutes with the C's
but also with the D's, thus providing the direct sum
algebra si(z,C) @ u(1). The existence of this #(1) sub-
algebra arises from the fact that the generators D,

as well as each |z, |2, (u fixed) remains invariant"
under z, - eivz . Th1s is the analog of the parity in
the last section, and definite % (1) transformation pro-
perties must be specified in order to get irreducible
representations of sl(n,C). Indeed, it will be seen
shortly how this provides us with an additional Casimir
operator.

A convenient form to display the si(n,C) structure is
obtained by constructing the traceless combinations
Xt = %[Cp,, D, , — 6”,,(0 + TrD)/n], (2.11a)
given explicitly by

Ctog
2n  KY?
(2.11b)

X;y =znau—§z“5u(z-a+5-5—o)—

X, =—2,3, +RE - 0+25-0)-557%,,
(2.11¢)
where 0 = —n + 7 and we have set |z|2 = 1, so that the
(2n — 1) independent real numbers in z are the complex
Cartesian coordinates on the (# — 1)-dimensional complex
sphere C,_, = S,, ;. It is easy to check that all X+*'s
commute with all X-'s and hence we have explicitly a
pair of commuting si(z, R) algebras given by (2.6). In
this form the Cartan subalgebra is given by the 2(z — 1)
independent X}, (no sum) and one easily arrives at the
Cartan structure A, ; @ A, ;. An additional advantage
of the form (2. 11) is the following convenient set of
relations in the enveloping algebra of si(z, C)

X2, X3, =[Nu: 1+2 2(Cto)]X§,,
+2-lcso )<C*"¢1) 8, (2.12)
where N* =z and N- = 0.
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As in the last section, these can be used to express
all the higher-order Casimir invariants in terms of the
second-order onesl?, We are thus led to a class of
degenerate representations, but not just a most de-
generate series: the two Casimir operators obtainable
from (2.12) are C3 = X;,X; + X., X; and take the
values (n — 1)[0(2n + 0) + C2}/2n and (n — 1)C(n + 0)/n,
respectively.

Now using the fact that C is the generator of a U(1)
group and restricting the representations of this U(1)
to be single-valued, one finds that the eigenvalues of C
are integers m.In the next section we shall introduce a
definite scalar product on C,_;, with respect to which
hermiticity will be defined. For the generators (2. 8a)
we will have C,,* = C,,, while for the choice 0 = —n
+ ip,(p real),i.e., 7 imaginary in (2.9)D, 7 =—D,,
and for (2.11), (X%,)* = X7, . For this choice of ¢ and
C, the Casimir operators Cj are — (m2 + 4p2)/2n — n/2
and 2ipm/n, respectively. Thus we have Hermitian re-
presentations of the sl(z,C) algebra described by two
numbers, a real p and an integer m.

In performing the previous deformation, we followed
the analogy with the real sphere, making x WKy zuE v
and using the metric-preserving algebra on the com-
plex sphere. We could alternatively have decomposed
F4 PE , into its real and imaginary parts and considered
the corresponding deformations separately. Indeed, if
we would have done this our ¢ would be —# + £ 7 in-
stead of —#» + 7 making it more compatible with both
the real and quarternionic cases. In the next section,
when we consider the corresponding quaternionic case,
it will be expedient to work in terms of real components
due to the noncommutativity of the quaternions them-
selves, We shall indicate there the corresponding re-
strictions which yield the si{z,C), sln, R), u(n), and
so(n) subalgebras.

C. i,sp(n) & sp (1) = s/fn, Q) & sp(1)

Since the symplectic algebra sp(r) is the metric-
preserving algebra for the n-dimensional quaternionic
plane!8 (it seems natural to carry the analogy with
the last two sections one step further and look for the
corresponding deformation to essentially si(r, Q), the
special linear algebra over the noncommutative qua-
ternionic field'4 (continuous division ring) Q. Since
the quaternions are perhaps not so well known, we pre-
sent first a brief review of their properties!®,

The quaternions form a four-dimensional noncommu-
tative algebra over the field of real numbers with a base
composed of e, (@ = 0,1, 2, 3) whose multiplication
table is

ece;=ee, =€, e2=—ejgee; =c¢;;e, (2 13)
where 7,j,2 = 1,2, 3. We use the convention that the
early Greek letters range from 0 to 3, whereas the
middle Latin letters over 1, 2, 3, reserving the middle
Greek letters for the tensor indices. A quaternion can
thus be written as q = g¢~e . The quaternionic conju-
gate is defined as g* = g%, — g’e; and one verifies
that |ql2 = q*q = qq* = g=g* is a real nonnegative
number which vanishes iff q itself vanishes. We can
form the quaternionic » plane Q» by taking the n-fold
tensor product of Q, which forms a vector space en-
dowed with a scalar product Q# X Q% —» Q given by
u-q = u¥q,. The norm induced by this scalar product
is [ql? = q'q=q%q, = q,a% = ¢gq¢. The scalar pro-
duct defined above is left invariant by the group of »n-
dimensional symplectic transformations whose infinite-

J. Math. Phys., Vol. 14, No. 12, December 1973

1855

simal generators Mg, can be given in two different ways
depending on whether the group action is defined from
the right or from the left. This will be detailed in Sec. 3.
An arbitrary second-rank mixed tensor with compo-
nents Qﬁ‘u transforms under the generators of sp(n) as

[M?‘u’ an] = vaQﬁto - 6;ApQSLa + Gangy - Gqugu’
(2. 14a)
8,90 —0,4Qp, T 8,0Q5
(2. 14b)
[Mfw’ Q;i)o] == GUPQSO - Gprl?U + Gqugp + 5;10ng
(no sum on i) (2. 14c)
[M:uu Q{Ja] = €ijk(oupQﬁo + Gyp%o + aon’fm + GpaQ}fw)'
(2. 14d)
The symplectic algebral4 sp(n) spanned by the M's
satisfies (2. 14) with the additional specification that
M9, =—M9, and M}, =M} . We can realize this
algebrals on Q* as

[Mﬁu, Qgc] = GUPQ:‘O -

Mgu =qQog —qgag, (2.15a)

Ml =+ (g}29 + g520 — 492} — a901) — €lal b + 013},
(2.15p)

where 3¢ = 3/3g+ and where (+) or (—) designates

action from the left or right with respect to quaternionic

multiplication. One sees then that q,qf transforms as a

mixed second-rank tensor under the M+*'s but not under

the M~'s. Conversely, the quaternionic conjugate ngp

transforms as a mixed second-rank tensor under the

M-'s only. Furthermore, the commutator of the M*'s

with the M-'s does not close to form a Lie algebra of

finite dimension. It can be seen, however, that the

traces

M =M =+ 1(q08) — q189) — Fe,,009%, (2.15¢)

commute with the M#t,'s, each forming the algebra

sp(1)* = su(2). Moreover, M~ commutes with q,q* and

Mi+ commutes with q%q,. Hence, we finally arrive at

two possible isomorphic algebras which we denote as

insp(n)* @ sp(1)- and iysp(n)-® sp(l)* spanned by

{mgr, M-, q,q%} and {M g}, Mi+, q%q, }, respectively.

Using either of these algebras we are now in a posi-
tion to write down the deformation formulas which are
a generalization of Egs.(2.3) and (2.9) to the quater-
nionic case. We use the first set of operators spanning
iosp)* @ sp(1)- and consider

Ng, =3[0, (q,q0)*/ ql?] + 7(@,q¥) 2/ a2,  (2.16)
where @* = — MO, MO, + {MitMit is the second-
order Casimir invariant for sp(r)*. If we consider the
combinations

X9, = - (M9, + N, TrNO, (2.17a)

1
___2_725‘“/

Xi, =3}, + N, (2.1Tb)
where the X0 are built to be traceless, and place [ql2 =1,
the (» — 1)-dimensional quaternionic sphere @, ; =

Sg4-1 Where the 4n — 1 independent real ¢ ¢ are the Car-
tesian coordinates, and set 0 = — 2n + L7, we arrive,
after a fairly tedious calculation, at the explicit form
(2.18a)

X9, =qg3g — (a,q})%@q 3 —0) — 5,0/,
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X‘ﬂ,, = qﬁag — q‘?a,’, — €341, ok
~ (q,9%)%q"3 —0), (2.18b)
It can be checked that the X's generate the Lie algebral4

q- a—qdaa

[XD,, X%,] = 6, , X, — 6,5X54, (2.19a)
[(x¢,,Xi ]=—6, X0, +5, X0, (2.19b)
[X”u:X’ 1= €06, , X}, +6,,X%,), (2.19¢)

identified as si(z, Q).

It is not difficult to see that the X0's span an si(z, R)
subalgebra while the X°'s and X?'s for one fixed 7, span
an sl(n,C) ® u(l) subalgebra. By taking the Xe,'s given
by Eq. (2 18) and the traces Mi- in (2. 15c), we obtain
an algebra sliz, Q)* ® sp(1)-. It is easy to check that,
indeed, M*- commutes with all the Xa+'s, Alternatively,
we could have constructed the algebra slln, Q) — & sp(1)+
by starting from the zzsp(n) @& sp(1)+ algebra. The net
effect of this on Eq. (2. 18) is to reverse the sign of the
non-epsilon terms in the expression for the X¢ 's. The
sl{n, Q) structure of Eqs. (2,19) can be brought “out by
taking X0 and, say,le (no sum) as the Cartan sub-
algebra, ’i‘he root vectors are then given by Xg £
z’X‘}y and X2 % zX3 This identifies the Cartan class

2n-1*

The role played by the sp(1) is analogous to that of
#(1) in the complex case. Both the set of generators
Xg and each term |q, |2 of the quaternionic sphere are
invariant under sp(1)-, Again, definite sp(1)- transfor-
mation properties must be specified in order to get
irreducible representations of si{n, Q)*. This will be-
come clearer in the group theoretical context in the
following section,

In the enveloping algebra of si(z, Q) we were able to
derive one analog of Eqgs. (2.7) and (2. 12)

X0,X9, — Xty Xiy = — Xi“—uM"- + [4(n —1)

+R=E Z}XO + 2 =150 + an)s, (2. 20)
It seems, however, that this relation is not by itself
sufficient to reduce all higher-order Casimir operators

to the second-order one. Indeed, we expect more non~
independent Casimir invariants due to the existence of
the sp(1)- algebra. These invariants will be of higher
order than second, since in contrast to the si(z,C) case,
sl(n, Q) is a simple real Lie algebra. Due to the com-
plexity in deriving such relations, however, we have
thus far been unable to find them. Relation (2. 20) does
provide the second-order Casimir invariant C, =

X0, X0, — XitXit = — MiM* + (0 — 1)olo + 4n)/n.

The sp(l) 1nvar1ant (M-)2 = Mi-M* can be chosen to
define a basis where its eigenvalues are I(I + 1) (I in-
teger on half-integer). In the next section we shall in-
troduce a definite scalar product on @, _;, with respect
to which all the operators used in this section are anti-
Hermitian if we choose 0 = — 2n + ip (p real), For
these values of o, the eigenvalue of the Casimir inva-
riant C, is the real number — (1 +1)— (n—1)4n2 +

p2)/n.

3. HOMOGENEOUS FUNCTIONS AND MULTIPLIER
REPRESENTATIONS

In this section we shall relate the expressions ob-
tained in the previous sections by the deformation of
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inhomogeneous algebras to the corresponding technique
of constructing multiplier representations for the group
from certain classes of homogeneous functions similar
to those introduced by Bargmann!©? and Gel'fand.!! In-
deed, from the expressions for the generators given by
Egs. (2.5), (2.11), and (2. 18), the terms in o indicate

that they should upon integration give rise to multiplier
representations.8 Rather than exponentiate these ex~
pressions directly, however, we prefer to construct the
multipliers by Gel'fand's method of homogeneous func-
tions!! and obtain the corresponding generators for the
one-parameter subgroups. This procedure lends insight
into the expansions of the form (2. 3) on the global group
level. All the known expansions of the form (2. 3) dis-
play this correspondence to homogeneous functions.®

It is not difficult to see that the spheres S, ;,C, _;,
and @, _; introduced in the last section correspond to
homogeneous spaces of the groups SL(»,F) of n X n
matrices G = Ilgu I, w,v=1,...,n), detG = ,g,€F,
where F indicates the real, complex and quatermon
fields. Indeed, consider the Iwasawa decomposition4 of
SL(n,F) = KAN where K is SO(n), SUn), and Sp(n), res-
pectively, A is the (# — 1)-dimensional Abelian sub-
group: of diagonal matrices of SL(n, F), and N is the
nilpotent subgroup of lower-triangular matrices. Then'
in each case, if K’ is the canonical subgroup SO — 1),
SU(n — 1), and Sp(r — 1), respect1ve1y K’AN is the sub-
group of # X n matrices G’ = | g/ |l such that the ele-
ments g}, =0 (@ =1,...,2—1), and detG’ = 1. The
homogeneous spaces Q= KAN/K'AN are then, respec-
tively, the spheres S, ,,C,_;,and @ _,. The action of
the group element g €6 on the Cartesian coordinates

sfu=1,...,n),s, € F,s¥s ., from the left is given
DY

8_’; r =¥ 1 Y o rkg-leg-lg 172 (3. 1a)
Sy Su r'g;_.tvsu’ r!' _[s)\gp)\ gpa o ’ *

and if the field F is Q we can also have a distinct action
from the 7ight as given by

s sl =07s, g% = ests g (.1b)
where it should be understood that the involutive auto-
morphism *: s, 2s,* is the identity for F = R, complex
conjugation for F= f} and quaternionic conjugation for

F = Q. The subgroup G’ = K'AN is then the stability
group of the point (s,) =(0,...,0,1) on Q. The trans-
formations of K [SO(n), SU(n), and Sp(n), respectively] are
the largest group of rigid transformations of the sphere
2 since they leave the measure dQ2 on the sphere invar-
iant. The rest of the transformations g € G will produce
a “deformation” of the surface of Q, where the Jacobian
is

@n/aq)t = (r'/r)*, (3.2a)

@Q/da")R = r"/ )b, (3.2p)
where p = n dimF, i.e.,p = n, 2n,and 4n for F = R,C, and
Q, respectively. In the former two cases, (3. 2a) and (3. 2b)
are equal.

In comparing this approach with the one used for4.8290
80, 1} O SO), SUM,1) D SUHK), and2! Spr, 1) D
Sp(n), we notice that there is one essential difference
with the above and that is that in the case of these
groups the subgroup K’ is the centralizer of A and the
normalizer of N in K. This has the consequence that
the irreducible representations of the subgroup K’AN
are just direct products of irreduc¢ible representations
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of K’ and the irreducible representations (characters)

of A. Hence, one can induce all these representations

to the full group KAN. In the case of SL(», F), however,
K’ is no longer the centralizer of A and only a “most
degenerate” representation of K’AN labeled by a charac-
ter of A can be induced2? to irreducible representations
of SL(n, F). These are just the representations described
in the previous sections by the deformation of the
corresponding representations of the inhomogeneous

Lie algebras.

A. SLin,R)

Consider the space of homogeneous functions over the
n-dimensional real plane R? which are infinitely differ-
entiable (except possibly at the origin) and satisfy11:23

Flay,) = a° sgn°aF(y ), (3.3)
where a,y, € R and € = 0,1, Now representations of
SL{n, R) can be constructed over this space as repre-
sentations by left action
TgF(yu) =F(y)) = F(g'wyy), g£< SLn, R). (3.4)
Since the functions F satisfy (3. 3),i.e., are homo-
geneous functions, the representation (3.4) gives rise
to a representation on the unit sphere S, _; in the
following way: From (3. 3) we see that we can define
a function on S, _; through F(y“) =7rof(x,),with x, €
S,.1 and 7 = 0. A simple calculation shows that (3.4)
induces the representation

Tef(x,) = r'/7)°f (x})

over functions on S,_,, where TS = r'“TgTO and the
group action is given by (3. 1a). Furthermore, from

(3. 4) andthe infinite differentiability of the F's, it follows
that the f's span the space D¢ of infinitely differen-
tiable functions on S,_; which satisfy

Fl=x,) = C)ef (x,).

The function (7’/7) ¢ is a multiplier which trivially
satisfies the condition10.11 (7 /y’)o(y'/y)o = (¥"/7)°
and hence Eq.(3.5) is indeed a representation of
SL(n, R).

We obtain the infinitesimal generators of SL(z, R) by
considering the one-parameter subgroups g“,,(t) which
to first order are g, () ~6,, —ta, ,, Tg =1+
ta, X, ,, where we leave i‘mpficit the dependence of
X,, ono. As it is well known that demanding detl g, Il =
1 imposes the tracelessness conditions on the genera-
tors. We can use (3. 1a) and (3. 5) to arrive exactly at
the generators (2. 5) of sl(#, R) obtained in Sec. 2A.

(3.5)

(3.6)

One can obtain unitary representations of SL{%, R)
over S, _, taking the vector spaces D¢, € =0, 1, and
completing them with respect to the norm induced by
the inner product

(F£,15)s = [aalx)fs (x)f5 (%),

where dQ(x) is the SO(r}-invariant measure on S, _;.
Then one can see that the representation (3. 6) is unitary
with respect to (3. 7) witho = — in + ip (p real). The
multiplier in (3.5) is just what is needed to offset the
transformation (3. 2a) of the measure dQ(x) under
SL(n,R).

B. SL(n,C)

Consider the space of functions F(w ) over the com-
plex n plane C», infinitely differentiabl“e in w, and w
(except possibly at the origin), which satisfy‘ilr24

(3.7
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Flaw,) = aolaozF(w“), (3.8)
where a, w,,01,05 € C. Furthermore, we note that
Flew,) = explilc, — 0,)¢]F(w,), thus providing a
representation of U/(1). Requiring this representation to
be single-valued implies that 0, — o, = m is an integer.
Then the functions F are said to be homogeneous of
degree (0,m) where o = 0y *+ 0,. Now representations
of SL{n,C) can be constructed through left action as
TgF(w“) = F(wL) = F(g'lpl,w,,), g€ SL(n,C). 3.9

The homogeneity of the functions F(w) allows us to
construct functions over C,_; as F(w ) = 79f(z ) with
z€ C,_;,7 2 0. The representation (JS 9) induces the
multiplier representation

Tgf(z,) = r'/7r)of(2})

over functions on C,_;, where T¢ = 7~°T 79 and (3. 1a)
for C,_,. It then follows that the functions f(z) are in-
finitely differentiable in z, and Z, with the auxiliary
condition

f(eiil'z“) = e‘""l‘f(zu).

(3.10)

(3.11)

We denote this space of functions as D™, Actually
(3.11) defines a representation of the /(1) subgroup of
SLm,C)® U(1) as T“f(z“) =f(e"wz“) = e""""f(zp).

In the same way as in the preceding section, the in-
finitesimal generators of both the representation of
SL{n,C) (3.10) and U(1) (3. 11) can be found with the
parametrization

u~1—i4y, T, =~1+iyC,

8, 0) = 6,, —ta,, Tg=1+ta,X:

vutpy a"uX;_w)’

By imposing the condition of tracelessness on these
generators, we arrive at the expressions for Xﬁ y given
by Eq.(2.11),

We endow the spaces D™ with a Hilbert space struc-
ture by completion with respect to the norm induced by
the inner product

P c= [do F PR 3(2),

where dQ(z) is the U(n)-invariant measure on C,_;. It
follows that the representation (3. 10) will be unitary
with respect to the inner product (3. 12) if we choose
o =—mn + ip (p real), since the multiplier just cancels
the change in the measure (3. 2a).

(3.12)

C. SLin, Q)

The description of SL(#, Q) follows those of SL(z, R)
and SL(r,C), the major difference now being that the
multiplication of quaternions in the representation can
be taken from the left or right, giving rise to two
different realizations of SL(z, Q). Let F(u“) be an in-
finitely differentiable complex-valued function on the
quaternionic # plane Q® (except possibly at the origin).
We can define representations by left and right group
action as

TEFm,) = Flg;iu,), (3.13a)
TEF(u,) = Flu,g;}*), (3.13p)

withu, € Q, g€ SL{r, Q). Notice that we always have
left multiplication with respect to the tensor indices. As
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in the previous cases, we want to restrict our class of
functions F to be homogeneous functions of Q* in some
sense. Due to the quaternion noncommutativity, there is
an ambiguity in factoring out quaternions as done in
Eq. (3. 8) for C, We thus consider “homogeneous” func-
tions (in an expanded sense) of degree (o, /, ) which
satisfy

Fi(au,) = a°F! (u ),

ac R, (3.14a)

Fi (u,8) :Z; Fi ., )D% . (8(a,B,y)), (3. 14b)
m

where we have used the familiar Wigner D function for

SU(2) = Sp(1),and s is a unit quaternion |8|2 = 1, para-

metrized by Euler angles s(a, 8,v) = exple;a) exple,8)

explegy).

We recognize that in order to write an equations such
as (3. 14b) we must consider vector-valued functions
Fi(u “) on Q» of degree /. There is an expression analo-
gous to (3. 14b) obtained by multiplication from the left.
As in previous sections, we construct functions f on
Q.- through F. (u ) = rofl@,), a€ Q,_;. These will
constitute the space D!-7 of infinitely differentiable
functions over @, _,. We then construct a multiplier
representation of SL(z, Q)L on D! ag

Tiofl(q,) = @'/r)°f (@), (3.15)
where T 20 = r~9T L9 and q, is found in (3.1a). There
is an expression similar to (3. 17) for T2 by using
(3.1b). Now Eq. (3. 14b) simply becomes

(0,8 =2 14(@,) DL, (8). (3. 16)

Notice that D! is not invariant under Sp(1). Indeed,
it is seen that the f! transform as the components of
a rank / spherical tensor under Sp(1)® acting from the
right, This equation also defines a representation of
Sp(1)® by right action,i.e.,T2f% (q ) = f (q,8). It can
be shown easily that this action and (3. 15’3 commute,
leading to the structure SL(n, Q)*® Sp(1)%. It is clear
that one can similarly construct SL(z, Q)% ® Sp(1)Z,

One can then obtain the infinitesimal generators by
using the parametrizationg,, = 6,,e, — ter,, and im-
posing the condition of tracelessness on the agu term
to arrive at the generators given in (2. 15), We can
similarly obtain the infinitesimal generators of Tg by
reversing the sign of all non-epsilon terms in the co-
efficient of . Also from Eq. (3.16) we can obtain
Ehe ger;erators of Sp(1)R; they are the traces Mi- in

2.15¢).

We introduce the Hilbert space structure by com-
pleting D7 with respect to the norm induced by the
inner product

(fllm’fZIm)Q = fdQ(Q)fllm(quzlm(q)’

where q € @,_; and d2(q) is the Sp(r)L ® Sp(1)® in-
variant measure on @, ;. Notice that there is no sum
over m here since the space D¢ is invariant under
the representation (3. 15) of SL(n, Q)Z. This represen-
tation is unitary if we choose ¢ = — 2n + ip due to the
SL(n, Q) transformation of d2(q) in (3. 2a).

Also it can be seen that the representation (3. 16) of
Sp(1)2 is unitary for ! integer or half-integer, upon
introduction of the usual vector space inner product

(3.17)

(fL, /0@ =2 f12,@7 4, @. (3.18)

J. Math. Phys., Vol. 14, No. 12, December 1973

1858

4. CONTRACTIONS OF REPRESENTATIONS
A. Of the algebra

The contractionl? of the previous representations of
the Lie algebras sl(z, F) @ a(F) is to the algebras
i, k(TF) @& a(F). We will adopt the notation used in the
beginning of Sec. 3 and treat the three cases F = R, C,
and Q together, and hence let 2(F) denote, respectively,
so(n),u(r), and sp(r), while a(F) denotes 0, (1), and sp(1).
The generators of k(F) are M &y, where a = 0 for F = R;
a=0,1for F=C;and o« =0,1,2,3 for F = Q; the re-
maining generators are

Ne, = 39, (s, sy + (s, s« 4.1)

with the same ranges of a. In order to perform the con-
traction one considers the generators N g,,/ T as spanning
along with the M2, a sequence of representations de-
noted by si(z, F) . Upon taking the limit as |7]|— o,
one finds

lim lNﬁ‘u = (5,50 4.2)

Iriseo T
whence we write sl(n, F), 171> §, i(F). Equation (2.7),
(2.12), and (2. 20) become identities in the contraction
limit. We note that no role is played by a(F) in the
contraction procedure. The deformation performed in
Sec. 2 and the above contraction are inverse opera-
tion.® We make note that although our representations
were built as deformations of i, X(F)® a(F), they can
also be viewed as expansions of the inhomogeneous
algebra ik (F) & a(F).

B. Of the group

The contraction of the correspending group repre-
sentations (3. 5), (3.10), and (3. 15) proceeds in the stan-
dard way812 by allowing the group transformation g{(¢)
to approach the identity (¢ = 0) as we let p — « in the
sequence of representations SL(n, F),, in such a way
that #p = £, a real constant. Thus we see from (3.1)
that s =29 s, and

N -p/2+i a* + .
Hm(Z) 5 S lim (1 + Eax Qe T ow )PP
r p°Y 2 H

= explitag,(s,s¥) ], 4.3)
where the same remarks for the cases F = R,C, and Q
apply. It should be noticed that only the symmetric part
of @, and the antisymmetric one of a?,, contribute to
the multiplier; the representations therefore contract as
UmTg f(s,) = expliéag, (s,s¥) 9 f(s,), 4.4)
showing that only the “boost” group elements generated
by (4.1) have a finite contraction limit. We thus have
found the representations built in Sec. 3 to contract as
SL(»,R) - I,SO@), SL(,C) ® U(1) > I,SUR) ® U(1),
and SL(z, Q) ® Sp(1) - I,Sp(n) ® Sp(1).

5. CONCLUSION

We have exhibited deformations of inhomogeneiza-
tions of all the classical Cartan Lie algebras to those
of the linear groups. These deformations are repre-
sentation-dependent in that the procedure can be im-
plemented only for representations which can be realized
on rank one homogeneous spaces. While we have not
been able to provide an 'if and only if' statement of
this fact, we believe that we have indeed constructed
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the most general representations from our deformation
procedure. Thus while our family of deformations falls
outside the class studied by Gilmore? (i.e.,rank one
coset space in the Cartan decomposition), it does so only
in a mild way, since a rank one homogeneous space is
involved. These representations are precisely those
which do not exhibit multiplicity problems when re-
duced to the maximum compact subgroup. This supports
a conjecture by Mukunda25 and Hermann4 that the
ability to use the deformation or expansion algorithm

is intimately connected with the nonexistence of mul-
tiplicity problems.

On the group level, it was shown that these deforma-
tions are related to multiplier representations and
“deformations” of the homogeneous space. In this re-
gard, there seems to be a need to establish a more
thoroughgoing connection between the infinitesimal and
global approaches. A related approach is to perform
the deformations not merely on homogeneous spaces,
but on the whole group manifold.2! In this way, cases
where multiplicity problems appear might be incor-
porated.

The multiplier representations discussed in this
paper can be used to calculate the finite group element
representation matrix elements? in the basis obtained
by the canonical decomposition SL(r, F) D K(F) [K =
SO(n),SUn), or Sp(n)]. Although we only explicitly
constructed a principal series, other series (e.g.,
supplementary and discrete) should be obtainable by
allowing a nonlocal measurel®11 a5 has been done26
for SO0(n, 1) D SO(n). It is also to be remarked that
other noncompact chains can be discussed as well
through our deformation procedure and multiplier re-
presentations implemented on hyperboloids
SySY +r o+ 85k — 5,188, — " — 8,8 =1,as well
as spheres. This would allow one to discuss such de-
compositions as SL(n, R) D SO — k,%), SL{n,C) D
SUn —k,k),and SL(n, Q) D Spln — k, k), B =1,...,

n — 1), without multiplicity problems beyond the doub-
ling encountered in the reduction® SO(n,1) >
SOm — 1,1).

In conclusion if can be said that our realizations for
n=2,SL(2,R)= S0(2,1), SL(2,C)= S0(3, 1) yield all
the principal series representations and reproduce the
known results on these groups by Bargmannl0 and
Gel'fand and collaborators.’! One can use similar pro-
cedures to discuss the representations of SL(2, Q)=
SO(5, 1).
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