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The problem of accidental degeneracy in quantum mechanical systems has fascinated physicists for
many decades. The usual approach to it is through the determination of the generators of the Lie
algebra responsible for the degeneracy. In these papers we want to focus from the beginning on the
symmetry Lie group of canonical transformations in the classical picture. We shall then derive its
representation in quantum mechanics. In the present paper we limit our discussion to the anisotropic
oscillator in two dimensions, though we indicate possible extensions of the reasoning to other

problems in which we have accidental degeneracy.

1. INTRODUCTION

The subject of accidental degeneracy in quantum mech-~
anical systems, i.e., degeneracies not associated with
obvious groups of symmetries, has fascinated physicists
for many decades. The two classical problems in this
field have been the isotropic harmonic oscillators and
the particle in a Coulomb potential. The nature of the
Lie algebra responsible for the accidental degeneracy
in these problems has been known for a long time.1 2
However, the Lie groups of canonical transformations
generated by these Lie algebras, apart from their geo-
metrical invariance subgroups, have been discussed only
recently.34

Besides the problems mentioned, there are others that
present features of accidental degeneracy in the quantum
picture. The question is then raised about general pro-
cedures for obtaining the Lie groups of canonical trans-
formations responsible for these features.

To be able to focus on these procedures we decided to
analyze systematically three simple problems in two
dimensional configuration space that have accidental
degeneracy: (1) the anisotropic oscillator when the ratio
of the frequencies is rational, 1.5:6 (2) the isotropic os-
cillator constrained to a sector of the plane of angle /¢
with ¢ integer, (3) the Calogero problem? of particles
moving in one dimension and interacting through poten-
tials that depend both in the square and the inverse
square of the distance between the particles. When we
are dealing with three particles and eliminate the center
of mass this problem can be reformulated in a two di-
mensional configuration space.

In this and the following paper we analyze cases (1) and (2),
reserving the Calogero? problem for a later publication.
While we shall be discussing very special systems, we
will continuously try to keep in mind the general ideas
behind these problems to see what is the information
they supply on the abstract question of Lie groups of
canonical transformations and accidental degeneracy.

2. ACCIDENTAL DEGENERACY IN AN ANISOTROPIC
OSCILLATOR WHOSE FREQUENCIES HAVE A
RATIONAL RATIO

The anisotropic oscillator whose frequencies have a ra-
tional ratio has been extensively discussed in the litera-
ture.1:5:6 In the pioneering work of Jauch and Hill! the
generators of the Lie algebra for both the isotropic and
anisotropic oscillator (in the latter case for the two di-
mensional problem where the ratio of the frequencies
was 1: 2) were obtained in the classical picture. Dem-
kov5 then discussed the different subsets of the set of
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states of the anisotropic oscillator that have the fami-
liar degeneracy associated with SU(2), and obtained the
generators of this group in the quantum picture. Cis-
neros and MclIntosh® greatly extend and complement
the analysis in their search for a universal symmetry
group in two dimensions.

From these and other papers it would appear that further
discussion of the problem is unnecessary. The present
approach differs though in that it goes directly into the
determination of the canonical transformation that in the
classical picture maps the anisotropic oscillator on the
isotropic one. As the latter has a symmetry group of
linear canonical transformations3 that are a representa-
tion of SU(2), we can combine them with those that give
the mapping, to obtain the symmetry group of the aniso-
tropic oscillator. Once the classical picture is clear we
can pass to the creation and annihilation operators in the
quantum picture which have different forms for the dif-
ferent subsets of states mentioned in the previous para-
graph.® From them we can construct the generators of
the SU(2) group responsible for the accidental degeneracy
of the two dimensional anisotropic oscillator whose fre-
quencies have a rational ratio.

Besides its intrinsic interest, the present approach pro-
vides part of the ground work required in the next paper
where we analyze the accidental degeneracy of the oscil-
lator in a sector of angle 7/q. It may also be useful in
other problems” that have an energy spectrum similar to
that of the anisotropic oscillators.?

Let us consider now a particle of mass unity movingin a
plane under the influence of a quadratic potential whose
frequencies in the X, i = 1, 2, directions are w,;. The
Hamiltonian is then

H=3%(P?+ wiX?) + 3 (P} + w}Xd). (2.1)
We shall assume, furthermore, that
wi/wy =ky/ky, Orkjw,;=kowy, = w, (2.2)

where &, k, are relatively prime integers. Without loss
of generality we may take w = 1 or, equivalently,

w,=ki1, i=12 (2.3)

We now introduce creation and annihilation variables
under the definitions

n; = (1/V2), (B]Y/2 X, — ik}/2P),

£, = (1/V2), (kj1/2x, + ik}/2P), i=1,2. (2.4)
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In the quantum mechanical picture where [X;,P;] = 45,;
(we takei=1), the variables 7, , {; become operators and
the Hamiltonian (2. 1) takes then the form

H=kitn&, + kingdy + (2k,)71 + (2k5)71. (2.5)
The eigenstates of H are given by
lvyva) = (vy! Vzl)-l/zni’n;blo), (2. 6)

where v,, v, are nonnegative integers and |0) is the
ground state n71/2 exp[—3 (X2 + X3)].

We now proceed to divide the set of states (2. 6) into sub-
sets characterized by a pair of indices (7\1,)\2) given by

v,=x,modk;,, X, =0,12"k—1 i=12.(2.7)
From the range of values of the A, we conclude that
there are k,k, different subsets of states, which can be
characterized by the kets

Iniky + Ap,n0ky + 2y (2.8)
for given A, A, restricted as in (2. 7) and for arbitrary
nonnegative n,,n,. Immediately we see that the states
(2. 8) are eigenstates of H with eigenvalues

E=(ny +ny) + k1A + 3) + k3l(xy + 3), (2.9)
and, hence, those members of the subset (2. 7) for which
ny + n, is the same have equal energy and give rise to
accidental degeneracy. It is important to stress that the
accidental degeneracy is present only for states within
the subset labelled by (A;,2,) and not for those belong-
ing to different subsets even if their », + n, happen to
be the same. We note also that each subset of states can
be put into one-to-one correspondence with the full set
of states of the isotropic oscillator. Thus, we can speak
of k. k, copies of the fundamental degeneracy pattern.

The question of what is the Lie algebra and the Lie group
responsible for this accidental degeneracy then arises.
We shall endeavor to answer it both in the classical and
quantum picture in the next sections.

3. THE SYMMETRY LIE ALGEBRA AND GROUP FOR
THE CLASSICAL ANISOTROPIC OSCILLATOR

We proceed first to analyze the classical system. The
Hamiltonian then has the form (2. 5) where we suppress
the last two constant terms and in which 7, §; are the

combinations (2. 4) of classical coordinates and momenta.

We shall introduce a canonical transformation which maps
this Hamiltonian to another one corresponding to an iso-
tropic harmonic oscillator where the Lie algebra of the
symmetry group is well known.3

Before proceeding with our analysis, we note that from
(2. 4) the classical Poisson bracket of two observables
F, G can be written as

{F, G} = E(Eﬁ_ﬁij’ﬁ) _ l-z;(a_Fa_G_a_Fg9>
i 9§, an,
(3.1)
which implies that {n,, £,} = i6,,. Thus, if we have 7}, &,
as functions 7, £, such that {n}, Ek'} = 10;,, we can be sure
that X |, P; defined as

X;=(/N2),(n; + &), Pj=GN2Z),(n,—&), j=1,2

(3.2)
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are canonically conjugate. If £, is also the complex con-
jugate of 7, the canonical transformation is real.

We now consider the following canonical transformation
in the classical picture

- k)2 K ' -1/2 1-£,)/2
n;= kil/z (n; € o B k=i ! (n;£) */2,
(3.3)
From (3.1) we see that {n, £, } = i5,, and, besides, as
£, = n} we obtain {; = n,*. Furthermore,
H=kilny &y + k3l nyks =181+ 138, (3.4)
Thus (3. 3) is a real canonical transformation that re-

duces the Hamiltonian (2. 5) to that of an isotropic har-
monic oscillator.

The symmetry group3 for the two dimensional isotropic
harmonic oscillator is the unitary group U(2) whose
generators are

nE, 4,i=1,2 (3.5)
and for which the Lie algebra is determined by the Pois-
son brackets

nig,mpk=—

The Lie symmetry group of the anisotropic oscillator
relates the creation and annihilation classical variables
n;, &, ton,, £, through the following steps: First, invert-
ing the relations (3. 3) and writing all variables with a
bar above we get

= 1/2 =" (k+1)/28, ' (R;-1)/ 2k,
ni:ki ni it i ; i y 1,
(3.7a)
- 1/2 7' (R+1)/ 2k, = " (k, 1)/ 2k,
£i= ki Ei it zni i i,

Then we note that n;, £/ are related to n;, £, by a unitary
transformation generaged by (3. 5) and, thus, we can
write3
T=Tuyn, E=Tuhe @7
J 7
where [T, is a 2 X 2 unitary matrix and U}l is its

complex conjugate. Finally,n;, §; are related to 7, §

through (3. 3), which we can also write as !

CS1/2 D)2, (R)2
n;* £,

' -1/2 . (k+1)/2  (1-k)/2
n; =k E, =k, TE; i "i( [

(3.7¢)

It is clear that the full transformation (3. 7) leaves the
Hamiltonian (3. 4) invariant and, thus, is a realization of
U(2) which is the symmetry Lie group of the anisotropic
oscillator. We can then make use of the transformations
(2. 4) and their inverse to express the elements of this
group as real canonical transformations.

Having analyzed the classical Lie algebra and symmetry
group, we turn now our attention to the quantum picture.

4. THE GENERATORS AND THE UNITARY
REPRESENTATION OF THE SYMMETRY GROUP
IN THE QUANTUM PICTURE

In the quantum picture the creation and annihilation vari-
ables 7, {, become operators. Therefore, n;, £, of (3. 3)
must also be expressed as operators that act on the
states (2. 7). As 7, £, do not commute, there are am-
biguities in the translation of the classical relations
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(3. 3) into operator form. How can we get rid of these
ambiguities? We shall use the isotropic oscillator as a
guide. In there &, = k, = 1, implying A, = A, = 0, so that
we have a single set of states of the form (2.7),1i.e.,
|n;n,). At the same time, when by = ky = 1, 5/ =1,,
¢,=m,;, £, =¢,. Thus, in the isotropic case we have

nilnny) = (g + D/2|n, + 1,m,),

nalnmy) = (ny + 1)V2|n 0, + 1y,

, (4. 1)
£1|n1n2> = n}/zlnl -1, nz),

Eolngny) =n}/2|n,ny — 1),

For the anisotropic case we require the operators ni’, ¢!
to have the same effect on each subset of states |n &, +
X ,nyk, + A, characterized by fixed A,,A,. This would
automatically3 guarantee that the generators 7§/ of U(2)
connect the states (of the subset of given A, 2, ) for
which n, + n, is fixed, i.e., of the same energy, showing
that this symmetry group is responsible for the acciden-
tal degeneracy in the anisotropic oscillator whose fre-
quencies have a rational ratio.

For fixed A1, A, we shall now define the creation and an-
nihilation operators n;, £/ as

ny =2k — 2 ) g ), — -

(m&;— &, + 1)]—1/2 T)fi, (4. 2a)

£, = EM[(,E )k — 1)+

(€, — by + D] V2m,6,— 2 ) 2EY2. (4.20)
We claim that (4. 2) are the right quantum analogies of
(3. 3) when applied to the eigenstates (2. 7) of the number
operators n,§,, i =1, 2. First, they are well defined in
this basis. Second, the classical limit #— 0 of (4. 2) is
(3. 3) as can be seen by keeping % and w in the notation.

We now apply n, to the state
nylnky +a,myky + 2y)
-1/2

=ky " & — )‘1)1/2[(77151)(77151 -1

(18, — by + D2 [0y, + 2 ) gk, + 25)1]1/2
x nl(n.l+1)k1+)\l 77’;2 kytd, | 0)
= (ng + DY [lng + Dy + Aq ]t ngky + 2,1} Y2

no+1 A
x nl( 1t )k1+)‘1n2"2k2+ 2 |O>

Y2 (ny 4+ Dy +Ag,mpky A0, (4.3)

=(1‘l1+ 1)

In a similar fashion, we can apply 75, £1, £, to (2.7) and
we get kets in which, respectively,n,,n, > n,,ny + 1;
ny, Ny > ny — 1,n,5 2,0, 2 0y, 1, — 1, multiplied by fac-
tors (ny + 1)1/2,n1/2) n3/2, It is important to stress that
for each set (x;),) we have different ;, £, as indicated
in (4. 2). In particular, (4. 3) does not hold if the A's for
the operators and the kets do not match.

Let us introduce, for fixed A, A, 2 shorthand notation for
the ket (2. 7) of the form

Inyky +Ap,moky + 2,0 = jim), (4. 4a)
in which
jEilmy +ny), m=im,;—ny). (4. 4p)
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Furthermore, we denote the generators of our SU(2)
symmetry group by the notation

T,=T,+iT,=n&,,
T.=T,—iT,= T]éﬁi

Ty=13m18] —n3és),
(4. 5)

From (4. 3) and similar relations, we obtain then

{j'm' ’T*'J'm}= [((GFm)tm+ 1)]1/26]']"6”””'1
{im'|T3lim}=mb, 6, .- (4.6)

thus seeing that in each of the k%, subsets of states of
the anisotropic oscillator with fixed x4, A, the matrix
elements of the generators of SU(2) have the standard
form.

We can now turn to the question of the unitary representa-
tion of the SU(2) symmetry group in the quantum picture.
In the usual way, we define®

R(Cl, B, 7)= eiOCT;;eiBgei)'Ta, 4.7
and have
R(U’ B, 7) Ij’n})\l Ay = 2' Ijm'})\l)\zi)rzl'm(aﬁl),)’ (4. 8)

where the D's are the Wigner matrices.8 We stress the
fact that both |jm} and |jm’} [as well as the operator
R(o, B, ¥)]in (4. 8) correspond to the same subsget charac-
terized by a fixed A, A, by now adding a subscript A2,
to the kets |jm}.

We, furthermore, note that

M’"é{j m Ijm})‘l)‘z
= (kg + Ay ngky + A n kg + Xm0k, +2y)

(4.9)

= 5"1”‘1 6"’2”26)‘1')‘16>"2)‘2 '

Actually, the matrix element (4. 9) is different from 0
only if
nk,+ A =nk, +r] or (m,—n)k,=A]—X,

13 t 1

(4.10)

but as A, A, = 0,1, -k, — 1, the Eq. (4. 10) has a solu~
tion only when n; = n;, Al = A,

From (4. 8), (4. 9) we then reach the conclusion that the
unitary representation of the SU(2) symmetry group re-
sponsible for the accidental degeneracy, with respect to
the eigenstates (2. 7) of the Hamiltonian A, is given by

>‘1')‘é{] 'm'IR(a, B, 'Y)Ij'n})\l)\z = 6)‘1')\16 AbAg 5]' 'j :DZn'm(aB'y)-
(4.11)

We have obtained, from (4. 2) and (4. 5) the generators of
the SU(2) group and from (4. 11) its unitary representa-
tion. In the next section we analyze the general conclu-
sions that one can draw from the complete analysis of the
group responsible for the accidental degeneracy of the
anisotropic oscillator.

5. CONCLUSIONS

From the analysis of the problem of accidental degeneracy
in an anisotropic oscillator system whose ratio of fre-
quencies is rational, one possible general procedure
emerges.

We first must solve fully the quantum mechanical prob-
lem and see what is the structure of the set of states
that have the same energy. If this happens to be a
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structure that we normally associate with an SU(2)
group, i.e., we have sets of states that have degeneracy
1,2,3,4, -+, we can look into the possibility of finding
a classical canonical transformation that maps the
Hamiltonian of the problem into that of a two dimen-
sional harmonic oscillator. If the structure of acciden-
tal degeneracy is similar to that of other well-known
problems in mechanics, the classical canonical trans-
formations we may look for is the one that maps our
problem into the well-known one.

Once we have this canonical transformation we can re-
write the generators of the Lie Algebra of the well-
known problem in a way that makes them the generators
of the symmetry group of the problem under study. We
can then obtain the Lie symmetry group by a procedure
similar to that in (3.7).

But our problem does not finish with the analysis in
classical mechanics. We must then express the genera-
tors of our group, and frequently the creation and anni-
hilation operators from which they are built, in the
quantum picture as is done for example in (4. 2). We
expect this quantum mechanical formulation to reduce
to the classical one in the limit # — 0,but we may find,
as was clearly seen in Sec. 4, that the generators of the
Lie algebra may have different forms in the different
subsets of states of the quantum problem.

Once an explicit form of the generators is available in
the quantum picture, we could pass to the determination
of the unitary representation of the group of canonical
transformation along the lines also discussed in Sec. 4.
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While the procedure outlined for finding the groups re-
sponsible for accidental degeneracy seems fairly general,
we shall show in the next article that it does not apply to
some other simple problems. We shall illustrate an al-
ternative development when we discuss in the following
paper the problem of the isotropic oscillator in a sector of
angle 7/q where ¢ is integer.

We are indebted to Dr.P,A. Mello for many useful dis-
cussions.
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