Theoretical and Mathematical Physics, Vol. 129, No. 2, pp. 1501-1503, 2001

GRAF’S ADDITION THEOREM OBTAINED FROM SO(3)
CONTRACTION

P. Winternitz,! K. B. Wolf,2 G. S. Pogosyan,®> and A. N. Sissakian?

We show that Graf’s addition theorem for Bessel functions is obtained by contraction of the composition
formula for SO(3) rotations.

1. Graf’s addition theorem for Bessel functions (see Sec. 7.6.2, Eq. (6) on p. 44 in [1]) relates the terms
of the polar expansion of a function on the plane around two centers separated by a distance z. Let P be

a point with the coordinates (r, ¢) with respect to the center O and the coordinates (r/, ¢’) with respect to
O’ (see Fig. 1). Then

Jm/(rl)eim’do': Z Jm'—m(Z)Jm(T')eim(ﬁ, (1)

m=—0Q

where (from plane trigonometry)

rsing = r'sing’, rcos¢ =r'cos¢’ — z. (2)

For integer m/, this formula also has a clear group theory meaning: it determines the matrix elements of
translations within the standard (k=1) irreducible representation of the Euclidean group 1SO(2) [2].

The purpose of this note is to derive Graf’s formula (1), (2) by contraction of the product of two
rotations in the group SO(3),

R(¢/’9/,¢l) = R(¢,97¢) R(Ol,ﬂ, ,Y)a o (3)

which are related by

cos @' = cos 6 cos 3 + sin O sin Bcos(¢ — a),

cotfsin

cot(¢/ +9) = cot(@ ~ a) cos — XA,

2. The SO(3) unitary irreducible representation matrix elements of (3) result in the well-known ex-
pansion formula for spherical harmonics [2], [3]:

4
va,m’ (617 ¢,) = Z n,m(ea ¢) Dfn,m’ (O‘7 B, »}/)’ (4)

m=—{
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Fig. 1
where we have the Wigner D-functions,

Dﬁmm’ (Oé, /67 ’7) = e—ima dz m,m’ (B) i ’Y

R eI e B

><2F1<m—~£, -m' —f;m—m' + 1; — tan® g) (5)
and the spherical harmonics are

Yom(6,¢) = D§ (1,6, ¢)

in the initial and rotated coordinate systems.

We use the Hamilton theory of turns (see Chaps. 4 and 5 in [4]) to assign a triangle of arrows on great
circles of the sphere to the product of rotations (3) as in Fig. 1, where the turns (directed segments) PO
corresponding to R(¢), 0, ¢) and OO’ corresponding to R(a, 8, 7) yield PO’ corresponding to Ry, 0, ¢).

3. There are several ways to contract the rotation group SO(3) to the Euclidean group 150(2) [5]-[8].
Spherical coordinates yield the Cartesian or the polar coordinates on the plane. We use the latter contrac-
tion, which is best known as the Inonii-Wigner contraction [9]. We thus consider a “radius” parameter R
that increases without bound and determines the rate of increase and decrease of the representations and
angles in (4) by

r A z
{~FkR, 9:—]%, HE—E, ﬂ:}—%,
where k, r, and r’ are finite numbers. Using an asymptotic formula for the hypergeometric function in (5),
we obtain

lim dm m? (,8) = Jm—m’(kz)a

R—o0

Jm =¥ (0,6) = (17 E oy e,

With these results, the limit of (4) as R — oo yields Graf’s addition theorem (1), as was stated at the
beginning.
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BBLIBOJIIL TEOPEMBI CJIOXKEHUWSA I'PA®A
IIYTEM KOHTPAKIIMHA T'PYIIBI SO(3)

Iloxasano, uTo Teopema cioxenws ['pada nns dynxiwai Beccens Moxer 6LITL nonyyena
IyTeM KOHTpaxLwii GOpMy Ll [UA Npou3Beneris Bpamenyii rpynmt SO(3).

Teopema cnoxenna ['pada mua pyuxkui Geccens (em. m. 7.6.2, popmyna (6) Ha c. 54
e [1]) cBA3LBaET YileHLI NOISIPHOIO PA3I0KEeHMA PYHKIMM HA IIIOCKOCTH BOKPYT IBYX
YHLIX LIEHTPOB, HAXONAIUMXCA HA PACCTOAHMM Z OPYr OT apyra. Ilycrn P — Touka

maTtamu (1, ¢) oTHOCUTeLHO uentpa O n koopmmatamu (r’, ¢’) ornocurennuo O’ (cm.
ok). Torzma

AT Tt A I A (1)

\K 9TO CJIeNyeT U3 MIIOCKOi TPUrOHOMETPUH,
rsing =r'sing’, rcos¢ =r'cos¢’ — z. (2)

uiLIx ' 3Ta GopMyIia MMeeT Tak ke ACHLIA TeOPETHKO-TPYIIIOBOM CMLICI: OHA Opene-
ATPHYHLIE 2JIEMEHTLI ONlePATOPa COBUTa B CTaHAAPTHOM (k = 1) HEMpUBOIMMOM npexn-
‘HiM eBK M noBoi rpymmnt 1 SO(2) [2].

L HACTOAIIEH 3aMeTKH — nosyunTs popmyry I'pada (1), (2) myTem KoHTpaximii ipo-
HMA IBYX Bpamenyii rpymint SO(3),

R(',6',¢") = R(%,6,6) R(, 5,7), (3)
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228 II. BUHTEPHMUL, K.B. BOJIb®, I'.C. [IO'OCSAH, A.H. CUCAKAH

o' 0]

KOTOPLIE CBA3aHbLI COOTHOIIEHNAMM

cos 8’ = cos 8 cos B3 + sinfsin B cos(¢p — @),

ctgfsin §

sin(¢ — a)’

2. Tlepexon B pasencTse (3) K MATPVUHLIM 3JIEMEHTAM YHUTAPHO-HENPUBOIMMOTO TIPell-

crasyierya rpymist SO (3) NpUBOMAT K XOPOLLIO M3BECTHOM GOpMYyJIe pa3IIOKeHus A Chepu-
YECKMX FapMOHMYECKMX PyHKIwiA [2], [3]:

ctg(¢’ + ) = ctg(¢ — a) cos B —

Yol = Z Ye,m (6, ¢) DL, (e, 8,7), )

m=—£

B KOTOpYy!0 BxomaT D-¢pyuxirm Burnepa

DL, (@, By) = 7 dl, i (B) e ™Y,

c gt R Emplll - mit 7 g\ g gy
dé, v (B) = (m —m)! \/ E—m)(€+m) (C"S 5) (S“f 5) *

><2F1( —l, -m' —tm— m+1—-tg2'3) (5)
¥ chepuiecKrie FapMOHUECKE (YHKIIAN

Ye,m(0,¢) = D§ (4,6, 9)
B UCXOIHOM ¥ NOBEPHYTOM CUCTEMAX KOOPIMHAT.

Vcnonn3yeM raMmiInLTOHOBY T€OPMIO NOBOPOTOB (cM. ri1. 4 u 5 B kayre [4]), uroGut mo-
CTaBUTL B COOTBETCTBME NPOM3BENCHMIO BPAIEHNit (3) TPEyTOILHIK, CTOPOHAMI KOTOPOTO
SBJIAIOTCA BEKTOPLL Ha BOMBIIMX KPyrax cepsl, KaK NOKa3aHO HA PUCYHKE, rie BeKTopsl PO
n 00, coorBeTcTByIOmME noBopoTaM R(1, 0, ¢) u R(a, B,7), B CyMMe JaloT BeKTOP PO,
cootsercTByrommii mopopoty R(v’, 6, ¢').
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3. CyurecTByeT HECKOJILKO CIOCOGOB KOHTPAKIMiA TPy Lt Bpameryii SO(3) no eBkmanc
Boit rpynmt 1.S0(2) [5]-(8]. Chepiraeckme KOOPMIHATLI DAIOT NEKAPTOBLI MM IO APHLIE K¢
OPIWHATLI Ha MIIOCKOCTH. KOHTpaKInm, KOTOpLIE MLI UCTIOL3YeM MaJiee, M3BECTHLI KAK KOH1
paxwm Vnonio—-Burnepa [9]. PaccMoTpim nostomy “pamiannuir” mapamerp R, KoTopot
HEOrPaHiTYEHHO BO3PACTAET U ONPeNesAeT CKOPOCTH POCTa U yOLIBAHNSA 1A IPeACTABIEHN
u yryioB B Gopmyite (4) crenyonmm obpasom:

!

)~ rs L v T o
kR, O0x%, Oz, B

z

E )

rne k, r u r’ — koneusnvie uwncna. Vcnonnsys ACMMITOTHNECKYIO (bopmyny LA TUTiepreoMe’
puraeckoit pynkinm B paBencTse (5), monyyaem

Jim dfn,m, (B) = J o ernrlk2),

m k 1m
Aim ﬁnm(e ,$) = (-1) f Jm (kr) e'™®.

Ilepexon s (4) x npeneny R — 00 C MCHOJIL30BAHMEM STHUX PE3yJILTATOB AA€T, KAK 3TO BLi
YKa3aHo BHauaJe, TeopeMy cioxerms ['pada (1).
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