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Mcixncr oscillators haye a ground state and an 'cnergy' spectrum that is cqually spaccd; thcy are a two-paramcter family of models that
satisfya lIamiltonian equation with a dijJerence operator. Mcixner oscillators include as limits and particular cases the Charlier. Kraychuk
and Hcrmitc (common quanturn-rnechanical) harmonic oscillators. By the Sommerfeld-Watson transformation they are al so related wirh
a rclatiYistic model of the linear harmonic oscillator. built in terms of the Meixner-Pollaczek polynomials. and their continuous weight
function. We construct explicitly the corresponding cohcrent states with the dynamical symmetry group Sp(2Jt). Thc reproducing kernel ror
the wavcfunctions of these models is also found.

Kevwords: Quantum mechanics; harmonic oscillators; difference operators; Meixllcr polynomials

El oscilador Meixner tiene un estado base y un espectro de energía uniformemente espaciado; son una familia de dos parámetros de mode-
los que satisfacen una equación hamiltoniana con un operador d~F:re/1cia.Los osciladores Meixner incluyen a los osciladores armónicos
de Charlier. Kravchuk y Hermite (comunes de la mecánica cuántica) como casos límite y particulares. Mediante la transformación de
Sommerfeld~Watson se relacionan también con un modelo rclativista del oscilador nfmónico lineal. construido en términos de los poli-
nomios de Meixner-Pollaczek y sus funciones continuas de peso. Construimos explícitamente los estados coherentes correspondientes al
grupo de simetría dinámica Sp(2,Ji). Se encuentra también el kernel dc reproducción para las funciones de onda de estos modelos.

Descriptores: l\1ccánica cuántica; osciladores armónicos; operadores en diferencias; polinomios de rv1eixner

rAes, 03.65.Bz. 03.65.Fd

1. Inlroduction

An oscil1ator is called harmonic when its oscillation period
is inLicpcndent ol' its energy. In quantum theory. this slatc-
Illent leads to its characterization by a Hamiltonian operator
whose energy spcctrum is diserete, lower-bound, and eqllally
spaced [l],

H1/;" = E,,1/;".

E" - n + constant. n = O. 1.2. . . . (1)

\Vithin the framcwork of Lie theory, this furthcr indicates that
only a few choiees of opcralors and Hilbert spaees are avail-
ahle if the Hamiltonian operator is ineorporated inlo sOllle
Lie algebra 01'low dimensiono

Ir we rclax the strict Schrodinger quantization rule, \>,/c
find a family of harmonic oscillator modcls characterized hy
Hamiltonians that are difjerence operators (rather than differ-
enria1 operators). Their spectrum is also (1). withn either
ullhounded. or with an upper bOllnd ¡V. The wavefunctions

are still eontinuously defined on intervals either unbounded
or boundeJ. but the governing equation will relate their val-
ues only at discretc. equidistant points of space; the Hilbert
space ol' wavcfunetions will then also have discrcte mcasurc.
Thus 'spacc' appears to he discrete rathcr than eontinuous.
Thc two-paramctcr family of Mcixl1er oscillator models. to
he exarnined here. is hannonic. Limit and special cases of
r..kixJ1cr oscillators will be shown to inelude the Charlier,
Kravchuk. and the ordinary Herrnite quantum harmonic os-
cillator models.

\Ve consider the lwo-parameter Mcixner oscillator to be
of interest for intertwined physieal and rnathernatical rca-
sonso Two physicCll systems, whose description leads to spe-
cial cases of Meixner functions. are the relativistic model of
the quanlulll oscillator developed in the framework of Ihe
quasipotenlial approach of Logunov and Tavkhelidze, and
Kadyshevsky [21. and the lín;!c oplical waveguidc model [3J;
as well as Ihe very well-knO\vn quanturn-mechanical har-
monic oscillator [1], 01'eourse. The first two models suggest
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Therefore, the normalizcd wavcfunclions

(3)

(5)

(7)

, _ r=')1l'cn-v1f_n ..

=¿ VI::(()I¡'~(()= 6(( - ().
n.=0

erators are dcflned as usual:
1

(1+ = -(( - Dd 'J2
[(1, ,,+J = L

Eigcnfullctiolls 01' lhe Hamiltonian (2) are expresscd in
lenns 01' the Hermite polynomials Hn(E,), 11 = 0, L 2, ...
Thcir explicit form is

Il,,(O=(2()"2Fo( -~n,~(1-n):-}2)
- - "

[,,/2j(-1)'(20"-2'
=n! ¿ k' (/1 _ 2k)' ' (4)

1.:=0

V)::(O = JI''' (O/r" H,,(O (6)

I el",=,;;;== ll,,(O c- -, /1 = O, 1,2" ,
y' JT.2Iln!

are orthooormal ami complete in the Hilberl space L?('fl),
commonly used in quantlllll Illechanics, namcly1-: d(lj'::(O 4);'(0 = 6n"

where [1/.12] is &u or 1(n - 1) according to whether 11 is
even or odd. Hcnnile polynomials are orthogonal and of
square nonn en lindel' intcgralion over E..E :'R. \vilh measurc
1'''(0 de where

1'''(0 = e-e

a cerIain disereteness 01'space heeausc they are hased on d(f-
fercflcc equations, rather than differential ones. This is not to
say, howcver, Ihat space is redueed to points; hut rathe!', that
Ihe equations of molian always relate three separale points
01' Ihe conlinuous wavefunetions, which satisfy discrete or-
thogonality relations. Meixner oseillators seem to he a very
general family 01'models witll these charaeteristies.

Tlle Hcnnite, Charlier anu Kravclluk oscillalor Illodels
are revicwed in Section 2, logclher wilh their limil reiations.
Tlleir comll1on salient reature is to possess associaled rais~
ing anu lowcring operators ror the energy quantum nUIl1-
ber n in (1). In Ihe f1rsl I\VO, Hermite and Charlier, the
Hamiltonian operator further faetorizes into the pmduet 01'
these raising anJ lowering operators; the relevant Ue algehra
is the Heisenherg- \Veyl one, which can he extended to the
¡\',lo-dimensional dynamical symplectic algebra sp(2, :R)
'0(2,1) = sll(l, 1),

The Meixner oscillator model is inlrodueed in Seet. 3,
using well-known properties of the Meixner polynomials
and ils diffcrence cquation. The dynamieal syrnmetry is also
~p(2. 'R). It is then natural to build the coherent states of
Meixner oscillators in Seet. 4. Seetion 5 establishes the ana-
logue rOl"Meixncr wavcfunctions of the well-known property
01'(he Herlllite funetions to self-rcproduce under rourier (and
fractional romier) transforms. This property applies in the
processing of signals by optieal means [4J. Seetion 6 shows
Ihat limils and speeial cases of the Meixner oscillator are the
I-Icrmite, Charlier. and Kravehuk oscillators. In this section
\Vediseuss also how the Meixner oseillator is rclaleJ Ihe ra-
dial pan of the nonrelativistie Coulomb system in quantum
Illechanics and a relativistie model of tlle linear harlllonic os.
cillator, nuilt in terms of the continuous Meixner-Pollaezek
polynolllials.

2. Hermite, Charlier amI Kravchuk ()scillators

In this section we colleet 1'01'the reader the basic facts
O[l the I-Icrmite, Charlier and Kravchuk oscillators. We in-
troduce their Hamiltonian operator and wavefunctions, as
well as raising and lowering operators for eaeh oscillator
Illodel. Finally, we show the ¡¡mit relations wherehy Char-
liel' amI Kravchuk "discrele" oscillators converge both lo thc
qU<lntum-meehanical (Hermile) harmonie oscillator.

2. J. lIcrmitc (quantum-mcchanical) ()scillator

The lincar hannonic oscillator in nonrelativistic quantum me-
chanies is govcrneJ by lhe well-known Hamiltonian

(2)

whcre ( = y'mw It, x is a dirnensionlcss eoordinale (m is the
lIlass and w is Ihe angular frequency of a c1assical oseillator);
we indicate Dt, = dld~, and the ereation and annihilation op-

Their corresponding cigenvalues undcr (2) define the energy
spectrum 01'the hannonic oscilIator, and are (1) in the forrn

En = ilW(1I + ~), (8)

2.2. Charlier oscillator

A dilTercncc (nI' discl'cle) analogue 01' the lincar harmonic
oscillator (2). can he huilt 011 lhe halr-line in terms 01' tlle
Clwrlier polynoll1ials en (;r; p), for any fixcd JJ > O and
11 = O, 1, 2"" 151, eharl;er polyoomials are delíned as 16, 7J

n ( (), " -1 ¿ -11)" -:1',C,,(,I': 1') = 2f,,( -/1, -,1': Il ) = ,,' (9)
k'"/...=0

where (11)" = 1'(11+ 0)/1'(0) = o(a + 1).,. (o + /1 - 1) is
the shirtcd factorial and l'(z) is the Gamma fuoet;"'],

Thc Hamiltonian rOl' the Charlicr oscillator mouel is a dif~
ferellce opcrator (5 J

[["(O = itw[2¡, + ~+~ - !"('l + 1 + ~),,",i1,
2 11, V Ii[

,,(,,+ 1:,)"-,,,8,], (lO)
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It is clcar from the definition (9) that the Charlier polynomials
are self-t1ual: Cn(,l';¡t) = C,r(Uj¡t); lherefore lhe Charlicr
fUllcliolls (13) satisfy (WO discn:le orthogonalily relalions

is a shin opcralor hy !J with Ihe step 11,1= 1/ J2ji. Eigen-
fUllClions 01' ( 1O) have the "lame eigenvalues (H); lhey are 01'-

lhogonai with respect to Ihe weighl fUIlCtiol1

(201

11"(0 = I,c.!{211(1 -I')i\' + ~ + (~- JI) !..-
2 '2 "'2

~VJI(I -1') [o(~),.",iI,+ o(~ ~ h,)"-,,,iI,]}

o(~) = ('1N - /, )(JlN + 1 + /~J.

This is a family nI' polynomials. parametrized by O < J1 < 1.
nI" degree 1/ = O. 1.~ .... in the variahle ,1',

The corresponding Kravchuk oscillator Hamiltonian is a
dillercnce operator with step"'2 = j'2Xpq [8J.

The cnerg)' speclrum is Ihe same as in (8). cxcepl that in Ihe
Kravchuk case there are (In 1)' ;J l¡nite nlllllher nI' energy levels
11 =0.1. ... N.

Tlle Kravchllk POIYIl{Hlliais are orthogonal with respeel lo
Ihe hinomial Illeasure

( 12)

( 1 1 )

(13)I,n ( ~) ( ~ ),I'e l'+ -, en "+-, ;l' .n, /1 /1

e",y8, J(.r) = J(.r:!:!J)

=L ¡P~l(~k)~"~(~k) = Ó"',II'
k=O

".'(0 = (-1)"

where hy t1ellnition

antl have lhe form

=1: '¡Pf(~m) ~}.f.(~n)= 61l,m,
k=O

(14 )
(':Z. = N'/r(.,. + 1) r(.Y -.,. + 1). (21)

The eigenfunclions 01' the dilTerem:c operator (20) are

( 15) where ('::1 is the hinomial cocfflcienl. The Kravchuk poly-
nomials (19) are also self-tllIal. and therefore lhe Kravchll\.;
functiolls (22) salisf)' the discrele nrthogonality antl COI1l-
pletellcss relatiolls over lile poinls (j = (j - pN)h'!.:

whcrc ~k = (h - ¡t)h1• Thesc are lhe discrete analogucs 01'
lhe (,.'ontinuous orthognnality ami Ihe cOlllpleteness rclaliolls
in (7).

As in Ihe nonrclativistic case (2), il is possihle 10 factnr-
i/e 1;' Ilhe Hamiltonian (10)

HC(O = t,c.! (1)+ {¡+ ~).
hy means of Ihe differcnce operalors

J ~ I 'Jb = ¡/ + 1 + - (' lIt ~ - JIi.
'/1

{¡+ = JI' + ~ "-,,,a, - ,¡¡;.
!t,

(
l' )" eC~I -- pK (pN + -,' )

1 - Jl /'}.

X /',,('IJV + E./h';JI. N).

,'\'

""'/"(c.)/"(') \L'f'n .....j I¡,~I..' •....j = (n,I..' ,

j=O

(22)

These operalors satisfy lhe Hciscnherg COlllmutation rclation

[{¡.I>+j=l. ( 17)

.\'

.••• '''(' ) '''(' ) - JL l.•... ) •••.•11 t j •....~. - n,k.

j=O
(23)

Allolher diffcrence analogue of Ihe hannonic oscillalor 181
can he huilt 011 the finile inlerval [O. N]. where N is sOIllC
positive inlegcr. in terms oflhe Kravchuk polynomials [fi. il

I\',,(;r; p, N) = '}.F¡ (-'" -,1'; -N; p-1)

ami their actinn on lhe wavefunclions ( 13) is

b1)~(0= J,I'IJ~_1(O.

1,+V)~(O= ¡;;-:¡:]"V';;+I (O.
2.3. Kran.'huk oscillators

( IX)

1''''"./;=0.1. .... Y.
NO\v. it has heen shoWIl in [81lhat the differcllce opera-

Ims

,1(0 =(1 - JI) ,,(O ,.",iI, _1",-I<,iJ, 0(0

+ V/,(I -1') [(2,,- ¡)N + 2~/h,j. (24)

..1+(0 =(1 - JI)c-",iI, 0(0 -l'o(Oe",iJ,

+ V/,(1 -1') [(21'- l)A + 2E./h,J, (25)

logcther wilh Ihe operalor

( 1 'J) I [" 1 ]..10(0 = - 11 (O - ~(,v+ 1)¡'U) 2 (26)

R('I', Me.\". Fú. 4-t O) (19lJX) 2.l5-2+t
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close undcr commutation as lhe algebra 50(3) of lhe rotation
group.

["1,,.,,1] = -A. [Ao.A+J = ,,1+.

[A +. AJ = 2,10' (27)

Thc aClion 01' lhe opcrators (24-25) on Ihe wavcfunctions

(22) is gi\'cn by

A(~) "~(O = V"{1\' - n + 1) ljJ~_, (O. (28)

,1+(0 "~(O = v(n + 1)(N -11) ~'~+I(O. (29)

\Ve note thal lhe Kravchuk oscillator was applicd rcccntly in
linitc (multimodal, shallow) wavcguidc optics [3}.

3. Mcixner oscillators

\Ve now organile lhe properties of the Meixncr polynomi.
als l6,7} according to the scheme followcd in the previ-
ous seclioll. Known orthogonalily rclations for the Mcixner
polynomials lead to ortnollormal functions and a difference
Hamiltonian operator, whose spectrum is Ihe set of energy

levels (1).

3.1. l\lrixner polynomials and fUllctiolls

The Meixner polynomials (fi.7] are Gauss hypergcomclric

polynomials
2...•. Limiting C~ISCS

wilh respect lO the weighl function and square norm

=L 1'''(11/).\[,,(11/: IJ, '¡).\h(II1: /3, ,) = d"ó", (37)
m:=O

Thcy fmm a two-paramcler family of polynomials, for ;3 > O
amI O < ...,< 1. of dcgrcc 11 = O. 1.2 ..... Thcir orthogonal.

ity relation is

Among lhe previous modcls. lhe Kravchuk oscillator is lhe
most general: il limits lo Ihe Charlier oscillator; in turno Ihe
laltcr limits lo lhe comlllon Hermitc harmonic oscillalOf 18]:
Kra\"Chuk --t Charlier. Becausc of Ihe I¡mil rclation [í]

\illl 1\,,(.1': I,/N. N) = G,,(x: 1') (30)
.\ -tOO

hrlwl'eo lhe Kravchuk (19) and Charlier (9) polynomials.
when.Y --+ co and p = I'/s --+ O. lhe operalors llK(~) .
..l(O/Ñ and A+(O/JR redure lo lhe Charlier Hamil.
ton;an (15). amllhe lowering and raising operalors (16) for
lhe Charlier funclions. respecl;vely. The so(3) algehra (27) in
turn rontracts to ¡he Hcisenbcrg-Wcyl algchra (17).
Charlicr ---t IIcrmitc. In lhe Iimit whcn lhe Charlicr pa.
rameler 11 tends 10 intlnity. \Ve have {7]

Iim h,"G,,(I,+~/hl:1,)=(-I)"H,,(O. (31)
11-+00

Similarly. in lhe ¡¡mil JI -7 00, lhe opcrators (16) hccolTIC

¡, --+ ". ¡,+ --+ ,,+. and llC(O --+ ll"(O. Thc Charlier func-
tions (12) coincide Ihen with lhe Hcrmitc functions (6), i.e.

lim h,'/2 ¡jJ~(0 = ~,~(O. (32)
}, ....•oo

.lEn (~: IJ. í) = ,F, (-". -~: iJ: 1 - 1h)
= Md": IJ.'¡).

M (') _ (lJ)( ,/
{J •.•. - el .,.

n!
d - ------" - ',"(1)),.(1 - _,)3'

Hence, the wavefunctions of the form

(36)

(38)

KnnThuk ---t IIcrmite. From lhe I¡mil rclations [7. S}

Iim (-1)" C::':(p/q)"E\,,(pS+Uh,;p.S)
s .....•:-..

AIso. when X --+ oo. lhe operalors llK(O. A(O/.JR ami
,1+ (O/,¡:;: reduce 10 Ihe Hcrmilc Hamiltonian (2). annihi-
lalÍon 0(0. allllcrcation a+ (.o opcrators (3) for lhe ordinary
ljuantum harmonic oscillator, respectively. Thc so(3) algc.
hra (27) nI' this f1nitc oscillator contracts to ¡he Heiscnhcrg-
\Veyl algl'hra af quantum Illcchanics.

(.JO)

(39)

=L 4'~I'(III:¡J, -r) l¡,~I(lIl;¡J, l') = 6n,k'
11I=0

",M( .J ) ,M( '.'J ) - ÓLltJn 1/1, ~ ,í l¡J/I /1/./, 'Y - m,m',

n=O

,:'~:(~:¡j.,) = (-1)" VI'M (O/d"M n (e /3. '¡).

satisfy the Jiscrctc orthogonality relations

as a consequcnce of (37) ami Ihe self-duality 01" Meixner
polynomials (36). Henceforth we shall supress for hrevily
the super-index M fmm all operalors and functions of Ihe
r..1cixncr (lscillator modelo

The Meixncr polynomials (36) satisfy lhe threc-lcrm rc-

currence relation I7J

(35)

(33)

(3.J)

l. -1/' K() , ( ),UII 112 Wn ~ = t¡Jn é.. .
,\ •...•00

Iim h:¡' pK(pX + Uh,) = ~ ,.-('~_~ vn

il follows that

ami

Re\'. M('x. Fís . ..w (3) (1998) 235-244
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The right-hand side of (49) suggesls thal it is neeessary lo
inlroduce new opcrators

and lhe differencc cquation in lhe real argurncnt

llenec, lhe functions (39) are cigenfunctions 01'lhe dilTcrcncc
f\..'1cixncrHamiltonian opcralor

[" + (n + (3)¡ - (1 -')')(jM,,((; (3,')')

= (n + (3)¡M,,+! ((; (3, ')') + nM,,_, (~; /i, ')'), (41)
(50)

(51 )

1
[JI, CI = -C + .JY (JI + 1 - (3/2), (52)

[JI, C+] = C+ - ~ (JI + 1 - (3/2). (53)
v1

Thcse new operators have ¡he following cornrnutation rela-
tions wilh l!le Harniltonian operalor

(54 )

We now build the diffcrencc opcrators

!,-+ = C+ - _1_(H + 1 - (3/2)
.JY

1 1 2.JY= -,,(OeU
, + -1',1'1'(0- -(~+(3/2),

1-'( 1-1 1-')'

(-14)

(45)n = 0,1. 2, ...E" = n + (3/2,

1/(0 = V(( + I)(~ + (3),
w¡lh cigenvalues

h(~+ ¡3)ea, + ~e-a, - (1 + ')')(~+ (311')

+ (1 + ')')(n + (3/2)1M,,((; (3,')')= O. (42)

H(O = 1+')' (~+ (3/2)
I - ')'

- .JY [I'(Oe8, + /1(( - l)e-o'J (-13)
1-')'

3,2, Hy"amical sl'mmelC)' al~ehra Sp(2, R)

As in all prcvious cases, wc can construct lhe dynamical sym-
lllclry algcbra (sec, [or cX3mplc, Rcfs. 9 and 10) by facloriz-
ing [11. 12] the differenee Hamiltonian (43). Indeed, IIne can
verifl' that

!,-=c__1 (H+I-¡3/2).JY
= _1_1/«)ea, +-')'-"-"'11«)_ 2.JY(c+(3/2). (SS)
1-)' 1-')' '1-1' .

where B = 8(0 and B+ = B+(O are the difIerence oper-
ators

Togethcr wilh 1\"0 = H. lhey no\\' form lhe closcd Ue algchra
sp(2:J1),

H(O = B B+ + 13/2 - 1, (46)

(56)

B= ¡/_')'[v'ftlela'-V')'((+(3-I)e+"]. (-17)

B+ = _1_ [e-la, Vf+l-ela, V')'((+(3 - 1)]. (48)
JT=)

11is csscntial ro nole Ihal lhe factorization orthe Hamilto-
nian (43), in contras! 10 Ihe case orthe harmonic osci11 ator (2)

and the differenee model (15), does nol Iead immediatcll' lOa
ciosed algehra consisting of H (O, B and B+ To ohtain sueh
an algchra. we compute Ihe cxplicit form 01' lhe commutator
bCLwccn lhe lasl two,

The raising <lnd lowcring operalors 1\'+ and 1\'_ are con.
ncclcd hy I,\'ilh lhe cartesian gcnerators

1,-,= - ~(1'+ -!,_)= ~ [I/(Oea, - e-a'¡I(()] , (57)

K,=-~(I,-++K_)=- 2;1~'~)[I/(Oeo, + e-a'II(~)]

') .JY
+ -- -(~+(3/2). (58)

1-')'

Thc invarianl Casimir operalor in lhis case is

Thc cigcnvalue -13/2 of lhe Casimir operator K2 deler-
mines that the rnodel realizes lhe unilary irreducible repre-
sentalion D+ (-(3/2) of the Sp(2.'l?) group. The eigenvalues

[B, B+] = H(O - 1+ 1 [U ~((3 - 1)]
1-')' 2

+~[J(U(3-~)(U~)CO, (49)

+J (~+ (3 - ~) ( ( + ~) e-a, ]

!-" 1'" 1'" }_o\-=\(j-\j-\i

= [((~- 1\'0 - 1\'+1\_

=~(~-I)/.
2 2

(59)

Ni'\'. Mex. PÚ. 44 (3) (1l)9~)235-244
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whcl"c "/1 )11(11 + ii - 1). Hcncc ¡he fUllctiollS
l. 'l' ((: ,~. -/) L'an he ohtaincd by JI-foil! applicalioll 01' lhe op-
cralor 1\'-+ lo lhe grounJ slate wavcfunction, Iha! is

01' the (olllpact gcncrator A'o(~) in stlch rcprcscnlaliolls are
bOlllldcd frolll hclow and ('qual lo ¡J/2 + 11. /1 = n. 1. 2 ..
In othcr words, a purcly algebraic approach ('nahles one (o

lind lhe correel spcctrulll orlhe Hamiltonian l/(£.) = !\'o(E. l
in (45).

Thc action 01' lhe raising and lowcring dirrcrcncc opcra-
Ims 1\'+ and /\'_ OHlhe wavcfunctions (J9) is giWll hy

1\'1 ¡/'/J (E.; ,!J, ,"},) = ""'11+ 1 4'n+ I (E.; ji, )') ,

In deri\'ing (6)) \Ve llave used lhe aJdilion formula for Ihe
i\Ieixllcr poiYllolllials (3ú l gi\"cll in Re!". 13. Eq. (1\.6).

4. Cnhcrent states

Tlle dynalllical SYlIlIlIl'lry 01" Ihe l\-1eixllcr oscillalOl
lllodcl (43). allows liS lo L'ollstrucl Iwo kinds oí" coherelll
stales [14, 1;j[. Recall lhal in lhe case of harmonic oscilla-
tor (2) co!lerelll slatl's arl' delincd as eigenslates 01' lhe anni-
hilati(ln opcrahlr /1 (() I [(i]. Coherenl slatcs for the Illodel (43)

can be delined eilher as eigellslales [14J orille lowcring op-
eralOr /\"_([,). or h.y aCling 011 Ihe ground stale (62) wilh Ihe
opcrator ('xp[(/\"+(UJ [1;)]. This gi\"es rise to Iwo distinct
coherelll slales.

.t l. The Barut-( ;iranll'1lo l'llhercnt states

(61 )

(62)

1 J'''"(C'¡J ,)r::rt7i\ \+ ...0 •..•, • i '
V "'(8),,

1,,,((:,1.',)= )(1-')"1'(0,

J..t LJllitar~' t'quivalencc in lhe sl'cond paramctcr

lhese coherclll slates can hc expanJed in terms 01' Ihe wavc-
funclions (31).

(6X)
= f" 1 - " )¿~J/II((: ¡jo ¡) = (,1 I FI (- [,:.3: -'-,-1 .

11.
Il=O

Char,lCleril.ing lhe I{arut.( iirardello coherelll slales hy lhe
complex llulllber::, E (', which is lhe eigcllvalue lindel' lhe
lowering (lperator.

Using lhe generating fllllclion [71 ror lile t>.-1cixllerpoJynomi-
als (.16)

lheir cxplicit forlll IS fOlllld lo he

(63)

This sho\\'s {hey are reklled hy a hoosl in Ihe 0-2 plane by
lhe hypl'rholic angle 6 E :R. Consequcnlly. the wavefullc-
lions (y») wilh dilferent values 01' Ihe parallleler 1 are con-
nl'l.:fcd hy

Ohsl'rVl' Ihal Ihe eigenvalues 01' lhe Casimir operalor (5lJ).
as well as lhe Jllalrix elcJ11CnlS (60) 01' lhe opcralors 1\"+
:llld 1\"_. do nol depcnd 011 lhe second parallleler. ,. 01' lhe
i\leixller \\,¡¡vefllllclions. Thcreforc Ihe basis rUllclions (39).
cOlTcsponding lo 1\\'0 dislincl values 01' lhe parallleler ~,. musl
he illlertwined hy a unilary transforlll<llioll. To lind ils cxplicit
fonn wc Illay compare 1\\'0 sets oflhe gcneralors /\"0. 1\"1 amI
1\"'1 [see formulas (43) amI (57.58)]. corresponJing lo dilTer-
enl \'allles ¡ami ,'.

Inlroliucing angles H and (/' such Ihal ., = lallh:2(fJ/:?).
l' = f:lIIh'1(H' (l.) anJ 6 = (/'- (/,lhe relalion hel\Vccn lhe
1\\'0 sets 01' gelleralors is \\-Tilten as

/\"0 = ('o~h6 l\"~+ ~illh ~ I\'~'

l.' (e, ,1 ,) = f,iI,';' t', (C, (i ")IJ .•••••• I . 11 ••••'. I

=
= L jJ,;,/ V'dUI, ,'), (6~)

1.'=0

The Iast expression is the matrix fonn, with elelllents

(C,' ,)_ ,-',ro F (_e ..J. ,,-1,) ,,(e. J ) «(,")O:; •....¡)" -/ J J (.".!. vf)- 1.-0 •.•.. ' .. ). "J

These col1erent slales are overcomplele ano Ihcrcforc
nonorlhogonal.

~,
.11,;/ =L '¡',,(UJ,~I)ifJd(:(3,,')

~=o

= (_1)' (3),,(lJ), (1 18)"+'
1 J.! aH 1 :-,

/l. h. _

X (rOSh~)-J M,,(k,¡i,lauh2~). (65)

=
Lq«(:IJ,,)ó,'(Ui,',) =
~=O

(:' :' )(1-,1)/2 r(¡J)Jd- ¡(v':. :') , (70)

\vhere /"(::) is Ihe lllodiliL'd Bessel funclion.
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The sum over 11 in (7~n is lhe hilincar gcnerating function
(Poisson kernel) rol' lhe Jlv1eixnerpolynomials [2;3J,

L /:..:,(U') /:..'"c(, (') = /:..:",(U") . (77)
E'=O

sYllllllelric with rcspect lo exchangc 01'~ ami e, and because
01'the orthogonalily rclalion (40) il has the propcrty

(78)

/:..:,(~.n= J('(C ('(e) (1 _ ,)/3

~ (11)" (, )"\1 (C. (O ~.) 11 (e'. (3 ~)X ¿ --,- yf • n •..•' 1-1, j • H l." , I .
11.

11,=0

Reproducing kerncls rol' the Charlicr (12) ami Kravchuk (22)
runctiol1s have been discusscd in [19], whereas lhe cases 01'
Ihe (¡-Herlllilc alle!Askey- Wilson polynomials have heen C0[14

siucrcu in 120] anu 121. 221, respeelively.
Substituling (39) in (76), we can wrilc

(72)

The second detlnition ol' gencralized coherenl states is due
(o Perelomov [15]; it is huilt through the action orthe group
operalor exp( (I,+) on lhe ground slale </!o(~;(;,,):

4.2. Perelomo\' coherent sta tes

where ( is a eomplex number sueh lhal 1(1 < 1.
Using the generaling funclion ror lhe Meixner polynomi~

als [r., 71.

we find

\( (U;,,) = (1 - 1(12)~/2exp((f{+) 1/Jo(~; (VI)

=(1 -1(12)N'I: J(fJ~" ("t/J,,(~;{3,,), (71)
n.

Il=O

(73)

These eohercnl slales salisfy lhe relalion 1<1 (70)]

00 ('1)L~ t" i\f,,(f;¡i,,) i\f,,(C;¡J.,) = (1 - t)-¡J-(-('
l/.

1<=0

(79)

Thus lhe kernel /:..:,(en is written as

For inleger ~ and e \Ve have Ihe limil

00

Lx«(~;fJ,~fb(,(U3.~il =
E=O

[(1-1('1') (1-1(I')]N'(I- ('(')-11. (74)

5. Reproducing transforms

COllsider lhe task to lind a reproducing kernel 1'Ol"the Meixner
rUllctions (39), deflned hy the relation [17]

(80)

(X 1)

In this limiL the relalion (76) coincides with lhe dual orthog-
onality (40) ofthe Meixner I"unctions.

The [imil 01' (80) when t --+ i (7 --+ 7r /2) corresponus lo
a discrcle ¡lIlalogue 01"the classical Fouricr- Bessel transforrn;
whercas the lalter integrales over the nonnegativc half-axis,
Ihe ronner SUlllS ove!" lhe integcr poinls ~ = 0, 1, .... Thc
limil is

L K.,(~,() </!,,((,{3,,) = t"t/J"(U;,,). (75)
E'=O

The quantum mechanical analogue of this cxpress ion is the
propcrty of Hennite functions lO reproduce under fracliolla!
Fourier transl'onns ol' anglc T for t = CiT; the cOllllllon
rourier lransform 01' kernel exp(i~e) corrcsponds to T =
rr/2 [181. The Fourier-Kravchuk transforlll has the sallle
property on lhe Kravchuk functions, and has been showll re-
cently to apply to shallow multimodal waveguides wilh a 11-
!lite Ilumher 01'sensors [~n

Using lhe dual orthogonality rclation of the Meixncr
funelions (40). lhe explieil form 01' lhe kernel /:..:,(~,el IS

lounu lor Itl < 1.

--- (-2i)I(+(')/'(1 - ,)~
= J('(f) ('(e) (1 _ i~I)(+('+11

X,FI [-e _e; -{J; (1 ;,,)2] (X2)

It is a bilincar gcnerating function for lhe Meixner functions.
By lhe definilion (76), lhe reproducing kernel K.t(~, () is

/:..:,(U') =L t">!J,,(U3,,) </!,,((;{J,,).
n=O

(76) 1Iis casy In vcriry that ror inlegcr f.. ami tU,
00

L /:..~i(en J,.:i((, e) = J(.(" .

E'=O
(X3)
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6. Limit and special cases Using lhe Iill1it relation (88) il is easy to check lhat

The dilfercncc model of the Meixner linear harrnonic oscil-
lator l~lJnily (43) contains as Iimit and particular cases alllhe
models 01 Hermite (2), Charlier (10) and Kravchuk (20), \Ve
make lhese Iimits explicit below. Here we discuss also lhe
corresponding relations with lhe radial part of the nonrela-
livislic Coulomb system in quanlUm mechanics and a rela-
livislic moJel 01' lhe linear oscillalor, buill in terms 01"the
continuous Meixner-Pollaczek polynomials.

(,.1. J\-Ieixncr --+ Herl11ite

Hcnce the wavefunctions (39) with argument 1/ + ~/hl and
par:llneter ¡ = 11/13 coincide. in the Iimit when ¡3 --t 00,

wilh lhe wave funcilons of lhe difTerence (discrete) model
01"the Charlier oscillator (10). In the same limil. the com-
hinalion Jl(,,) + ~(I - {3) reproduces HC(O/JI"", \Vhereas
/j-I/'2 K-f::(!J tcn«to lhe raising and lowering operalors B+
ami B, rcspectively.

(84)

6.3. l\leixllcr --+ Kravchuk

The Kravchuk polynomials (19) are also a particular case of
the Meixner polYllomials (36), with lhe parameters IJ = -N
aml-¡ = -1,/(1 - 1'), that is,

Froll1 the recurrence rebtion ror lhe Meixner polynomials
(41), it can be show that the following Iimit to lhe Hermite
polynomials holds:

. ('J ,,/2. (" +V2v(" ) _ ( " ()111n _1/) AIn ----,-,/' - -1) Hu é..
1'-1:'1(, 1-¡ ~I

Furlhennore, measures ami nonnalization coefflcients relate l\n(~;I"N) = M,,(~;-N,p/(p- 1)). (91 )

as

6.2. l\leixller --+ Charlier

The \Vavclul1clions (39) \Vith argumenl (" + V2v0 / (1 -
1') and /j = vI,'. coincide in the Iimit v ---t 00 wilh the wavc-
functions of the linear harmonic oscillator (6), i.e.,

6.4. Meixller --+ Laguerre

/ ,[ ]N-(-<'Io.:K((,() =v (-2ipq)(+(' C~C~ 1- (I - i)p

X 2FI [-~, -e; -11.; (1 )]. (92)
21' 1 - l'

As 1'01l0w5 fmm the relation (91) for 13 = - N.
"! = -1'/(1 - 1') ami argument pN + )21'(1 - p)N(,
the mollel (43) coincides with lhe difference moJel 01' the
Kravchuk oscillator (20).

In this case, I"mm (82) olle ohtains lhe reproducing kernel for
lhe Kravchuk lunetions (22) [19],

. ... , . _ n! 13-1 ..luu ,\l,,(,,/iJ, (J,1 - h) - -(J) Ln (l.), (93)
h-lO J n

The limit rclatioll [7,24]

(87)

(86)

(85)

(2,,)1/4 ("+V2v~,,). I -. __ lB
Irm (1 )1/2'1'n 1 ,-,,,! -'1',,(0.
1/-1= - ¡ - /' ¡

The comhination [{o(~) - v/2¡ reproduces, in lhe same
limiL the produet 0+(00(0, \Vhereas the matr;x clements 01
J~r/IJJ\--i::.(f..) converge to lhe creation and annihilation op-
crators (J+ (O and a(O. respectively. The Meixner oscillator
family (43) tilus contains as a limit case the linear hannonic
oscillator (2) nI' quanturn rncchanics.

1t is known that the Meixner (36) ami Charlier (9) polynomi-
als are connccted hy the Iimit relation [6,7]

Iim M,,(~;IJ,II/{3) = C,,(~,fI), (88)
{3 -1 =

HCllCC in the limil when f3 ---t 00 and l' = Jt/ /3 ---t 0, from
(X2) (lile ohtains the reproducing kernel for lhe Charlier func-
liolls 119]:

\vhere L~(;r) are tlle Laguerrc polynomials, enahles us to
consider lhe Ilonrcialivistic Coulomh systell1 as another limit
case ollhe dilferenec model (43), Indeed, lrom (39) ami (93),
il follows that

wherc

= e-(l-i)~L
is lhe radial wavefunction 01"lhe Coulomh system (see, for
example. Rer. 25), r is lhe radial variable. l and n + l t 1
are orbital and principal quanlum numbcrs respectively. and
k = 11/e2/1i'(n + 1+ 1).

(-2i¡I)(+('

~'~"
x ,Fa [-(, -e; - 2:,] . (89)

R",I(,r) = (-1)"
II! , .) .)_____ ;,.,,.-x/- L-I+1Cr)

(11.+21+1)' n
(95)
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In the limil h --> O. lhe generators 1,',,(.1') and f\'x(.r).

where ,t = '2kr/h, reproduce lhe well-known gcncralors of
Ihe dynamical sYlllmetry algcbra su( 1,1) for the nonrelativis-
tic Coulomb model [91

The reason why we menlion these polynomials here ¡s
Ihe following. In Re!'. 28 il was shO\vn thallhc tv1t:ixner poly-
l10mials ¡\ln(£'; l~. ~¡)anJ Ihe Meixner-Pollacl.ek polynomi-
als (98) are in fact interrelaled hy

(,.5. l\1l'ixllcr-PolI:.u.'zck (relati"istic) nsdllatnrs

which satisfy the onhogonalily relation

There is Ihe famil)' 01' Meixner-Pollaczek poJynomials

1,-\(r' o) - (2/\)/1 ,,-1110F(-n A_ i,.. ,) \, 1- ('"líO) (9X)
n ' '. - //! ,.', -' , . ,

(101 )
-111(,1

1"(<' .) - ' (.) \) \1 ('c \ .. ) \ -"')
JI ". Ir' - --,- -' n' 11 '" - , • _, • e .

11.

Tlle Iransilioll fmm tlle discrete nrthogunality (37) for lhe
fvlcixner polyrHlIllials j'¡JI(~; ,ti. ~() hl the continuous one (<)9)
¡s analogolls lo Ihe wcll-knowll SOllll11erfeld- Watson lrans-
formatioll in optics and quanlllm Ihcory of scattering.

In lhe rclalivislic model of Ihe linear harrnonic oscillalor.
proposed in [2!.JI. rhe \\'3\'elünctions in conf1guralion space
¡¡re cxpresscd in lenns 01' the Mcixllcl"- P{)llaczek polynolTl ials
(9X) and thcir weighl fUllclion (tOO) with the specilic value
01' the parallll'lcr ei) = '2/Tr. Tllc Silllle mudel in lile Ilolllo-
gelleolls extcrnallicld !J.l' corresponds 10 lhe vallle of Ihe pa-
rallleter O giví..'1lhy arccos (y//I/( ..•••.). where 111 and ••.' Ila\'e the
S<lIllCIlleaning as in lile classical case, ami (' is the \'elodty
nf lighl [2!L :HlI. In othe!" \\'ords. the relalion (101) givcs the
C(lnneClioll helwl'en Ihe relativislic harmonic oscillalor and
lhe Meixller oscillator, disclIssed in Ihis papel".

(n)

(Y6)1 [, (1 + 1(2)' ,].Jo = - - rD; + Dr - ---- - k r
2/; l'

.Ix = -.1" + kr 'f (rOe + 1(2).

This conneclion hclwccn Ihe Meixner polynomials ami
radial wavefunctions ror the nonrclalivislic Coulomb syslelll
can he used ror constructing a q-anaJogue 01' lhe Coulomh
wa\'cfunclions in terms of Ihe q-I\Ieixner polynomials (scc
Rcfs. 26 and 27).
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