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In a previous paper a discussion was given of linear canonical transformations and their unitary representa-
tion. We wish to extend this analysis to nonlinear canonical transformations, particularly those that are rele-
vant to physically interesting many-body problems. As a first step in this direction we discuss the nonlinear
canonical transformations associated with the radial oscillator and Coulomb problems in which the correspond-
ing Hamiltonian has a centrifugal force of arbitrary strength. By embedding the radial oscillator problem in a
higher dimensional configuration space, we obtain its dynamical group of canonical transformations as well as
its unitary representation, from the Sp(2) group of linear transformations and its representation in the higher-
dimensional space. The results of the Coulomb problem can be derived from those of the oscillator with the
help of the well-known canonical transformation that maps the first problem on the second in two-dimensional
configuration space. Finally, we make use of these nonlinear canonical transformations, to derive the matrix
elements of powers of 7 in the oscillator and Coulomb problems from a group theoretical standpoint.

1. INTRODUCTION

In previous publications,1=3 we discussed the role of
canonical transformations in quantum mechanics, and
when the transformations were linear we obtained
their unitary representations in appropriate spaces.
These representations have also been derived by
other authors from a more abstract standpoint. ¢

As our eventual aim is to obtain relevant canonical
transformations and their unitary representations
for physically significant many-body problems,3 we
must first deal with problems of one particle in one
dimension that go beyond the harmonic oscillator
case,! which was the starting point of our discussion.
Thus in this paper we derive explicitly the dynamical
Lie group (and not only the Lie algebra as is custo-
mary in the literature) of canonical transformations
of the radial oscillator and Coulomb problems in
which we have a centrifugal force of arbitrary
strength. We then proceed to obtain the unitary re-
presentation of this group in configuration space and
in the basis in which the Hamiltonian H is diagonal,
and finally determine, as a group theoretical problem,
the matrix elements of powers of the radial coordi-
nate with respect to eigenstates of H,

By embedding our one~dimensional radial oscillator
in a two-dimensional configuration space, we easily
derive its dynamical group and the corresponding
unitary representation from particular linear canoni-
cal transformations in the four~dimensional phase
space of the latter problem. The well-known map-
pings3.5 between the two-dimensional oscillator and
Coulomb problems, allows us then to translate our
results to the radial Coulomb case in a straightfor-
ward fashion.

2, THE RADIAL OSCILLATOR PROBLEM

We wish to consider a single particle one-dimen-
sional problem whose Hamiltonian (in units in which
the mass, frequency of the oscillator and 7 are 1) is
H = 3(p2 + X272 + r2) (2.1)
The coordinate 7 varies in the interval 0 = v < «, P,
is its canonically conjugate momentum, and X is an
arbitrary real constant. For reasons that will appear
later we shall denote by u a real positive constant
related to A through
p=0Z+ Y2 or A2=(u— -1 +1] @2
As the Poisson bracket {1’, p,,} is 1, we conclude that
in the quantum mechanical picture p, = — i9/87 and
thus the eigenstates f(r) of (2. 1) satisfy the equation

2
1 (. az 2z 72>f('r) = Ef(r). (2.3)

It is well known that the eigenstates of (2. 3) charac-
terized by u and an integer » have the form

fer) = [20D)]V2[T + p + 1) 1/2e 772 yu1/2Lur2),
(2. 42)

where® Li is an associated Laguerre polynomial, and
x and p are related as in (2. 2). The states (2. 4a)
are orthonormal in the sense

[ o =s,,,

and the eigenvalues of (2. 3) are given by

(2. 4b)

E, =(2n + p+ 1), n nonnegative integer. (2.5)
A. The Dynamical Group of Canonical Transfor-
mations

We wish now to obtain explicitly the dynamical Lie
group associated with the Hamiltonian (2. 1), and its
unitary representation both in configuration space
and in the basis where H is diagonal. For this pur-
pose let us first replace A in (2. 1) by a momentum
P, associated with an angle 6; we have then the two-
dimensional Hamiltonian for an oscillator problem
which in polar and cartesian coordinates takes the
form

H = 3(p7 +772p3 + 72) = 2(p% + 12)

= 3(p? +x3 +p3 +x3). (2.6)
We first recalll-2 that the dynamical group of canoni-
cal transformations of H is the symplectic group in
four dimensions Sp(4). This group has a subgroup

Sp(4) > Sp(2) X 0(2), @.m
where O(2) is the rotation group in the two-dimen-
sional space, while Sp(2) is the symplectic group of
linear canonical transformations

r=ar+bp, p=cr+dp, ad—bc=1, (2.8)

in which the constants a,b, c,d are real.

We now note that under the transformation (2. 8) the
angular momentum

b = x1Pg — X0y 2.9)

remains invariant. As, furthermore, we have that

rp=r7p,, P2 = pZ+ r'ng, (2.10)
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We see that the transformation (2. 8) implies that the
new radial coordinate and momentum 7, p, are given
in terms of the old ones 7, p, by

v = [a2v2 + b2(p2 + A2r~2) + 2abrp |12, (2. 11a)

acr2 + bd(p2 + A2v°2) + (ad +bc)rp,
" [a2r2 + b2(p2 + A2r2) + 2abrp JL/2°

(2. 11b)

where we replaced p, = P, by a constant value X.

We have thus obtained the dynamical Lie group asso-
ciated with the Hamiltonian (2. 1) which is a represen-
tation of the group of unimodular real matrices

(a b), ad —be = 1. 2. 12)

c d

The subgroup 0(2) of (2. 12) (not to be confused with
the rotation group in two dimensions) for which
a=d = cosia, =— ¢ = sinje, (2.13)
is the symmetry group of the Hamiltonian (2. 1) as
can be checked directly. We wish to determine the

unitary representation of the canonical transforma-
tions (2. 11) in a basis in which 7 is diagonal.

B. The Unitary Representation of the Dynamical
Group in Configuration Space

We shall limit our discussion to the transformations
(2.11) in which b > 0, The case 0 < 0 follows imme-
diately®.2 from it as well as the limit b — 0. The
analysis in Ref. 2 then indicates that for the group of
linear canonical transformations (2, 8) of the two-
dimensional oscillator (2. 6}, the unitary representa-
tion is
{r'|UIr") = (2wb) L exp[(— i/2b)

X (ar'2 — 2r’*r” + dr"2)]

= (216 )1 exp[(— ¢/2b)(ar'2 + dr”2)]
X 23 i, (b7lyr'y")eim@om),
m=-00

where in the last term we have expanded the two-
dimensional plane wave in polar coordinates.?

(2. 14)

The eigenstates of the two-dimensional oscillator
(2. 6) in polar coordinates are characterized by the
integer quantum numbers 7, m and have the explicit
form

(rlnm) = r-1/2 fIm\(y)(2n)1/2¢ im0, (2. 15)

where the radial function is given by (2. 4a) with y =
(A2 + $)1/2 peing replaced by |m|. The unitary repre-
sentation (2. 14) with respect to these states is clear-
ly diagonal in the m index as (2. 14) is invariant under
rotations and, thus, we can write
(n’ml UIn”m) — ff <7l'7’ll' r/>drl<rll UI r”)dr”(r”ln”m)
f % fml p-1
— m ’ Rimph—
=/ L Fimrdrdi
X (7 )L/20,, (b"Lr'r") expl(— i/2b)
X {ar'2 + dr"2)[}dr"flm(r"). (2. 16)
This equation immediately suggests that for p = [l
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or X = (m2 — §)1/2 the unitary representation be-
tween the radial variables (»'|U |7") of the canonical
transformation (2. 11) [which explicitly depends on pu
through (2. 2)] is given by the expression inside the
curly bracket of (2.16). Thus we may expect that for
an arbitrary g we have for the unitary representa-
tion of (2.11)

@ lr7) = b7 r )27, (0" r'r")

X exp[(— i/2b)ar’2 + dr"2)]. (2.17)
We suppressed the ¢# in (2.17) as,in any case,our
representations will be ray representations.1.2.8

While (2. 17) is rigorously true for yu = |m, it is only
a surmise for other values of u. We proceed to jus-
tify it by obtaining explicitly the unitary representa-
tion for arbitrary u in the basis in which the Hamil-
tonian (2. 1) is diagonal.

C. Unitary Representations of Canonical Transfor-
mations in the Basis in Which H Is Diagonal

If we want to have the unitary representation (2. 17) in
a basis in which H is diagonal, we must calculate the
integral

O .00
<1’Z'IU |7’l”> - f f p,(rl)d?-l(/},ll U IV")d’V”f“,,{T")
M 00 " * b ”

(2.18)
This integral can be evaluated by exactly the same
procedure that was followed in the determination of
the matrix element (4. 34) in Ref. 2. In fact, we just
need to replace [ by p — 4 and suppress the factor i!
to get the value of the double integral (2. 18).

To justify now the value (2. 17) for (»’| Uuir”> for
arbitrary u, we notice first that the most general
matrix (2. 12) of the symplectic group can be written
asl

<a b) <cos%a sinéoz)(el/28 O>
¢ d/  \— sinta cosie 0 e1/23

cos3y
X L 1
— singy cosiy

s 1
sinzy

>. 2. 19)

The transformations associated with the angles o and
v leave the Hamiltonian (2. 1) invariant and thus from
a classical standpoint we could identify these angles
with time, Therefore when the elements of the matrix
(2. 19) are given by

(a b) <cost sint>
¢ d/  \—sint cost/’
the transformation (2, 11) gives us the coordinate and
momentum at time ¢ from the coordinate and momen-
tum at time 0. The corresponding unitary represen-

tation in the basis in which the Hamiltonian is diago-
nal must then be

(2. 20)

@ NU R 0y goyeg = O, exp[i@r’ + u + 1)],
] o=2t,B8=y=0 n'n [ ] (2.21)
as the energy is given by (2. 5). From (4. 37) in Ref.
2 we note that we get exactly this value when we re-
place I by u — (1/2) except for a constant phase
which is irrelevant because we deal with ray repre-
sentations. Thus the integral (2. 18) gives the correct

Downloaded 29 Jun 2011 to 132.248.33.126. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions



CANONICAL TRANSFORMATIONS 903

unitary representation for any canonical transforma-
tion (2.11) in which the symplectic matrix has the
form (2. 20).

It remains then to check only if the integral (2.18)
gives the unitary representation for a dilatation in
which

a=d1 268/2, b=c=0. (2.22)

Using the formulaé

Lg(eﬁxz)zéo[k!r‘(n —k+p+ DIATH + p 4+ 1)
x eln-BB(1 — eBYELp _ (x2),  (2,23)

we can immediately find out the expansion of the
states

e B/afp(eB/2y), (2. 24)
in terms of the states fI(r) of (2. 4). The result turns
out to be

@ U <0890 = i P L 10" IT@ + u + 1)
x T@” + p + 1)]1/2(coshzp) w1
X (1 — eﬁ)n""n'/(l + eB)—nl—n//

><§{[1>!(n' — )" —p)IT(p + p + DL
X (— 1)»~?(sinh3g)"2}, (2. 25)

and up to a phase it is identical? to the one that
comes out from the integral (2. 18).

We have thus proved that (2. 17) is the unitary repre-
sentation in configuration space of the group of canon-
ical transformations (2. 11) for arbitrary X =

(2 — §)1/2, The unitary representation in a basis in
which the Hamiltonian is diagonal is given by pro-
ducts of the matrices (2. 21) and (2. 25) using the de-
composition (2. 19).

3. THE RADIAL COULOMB PROBLEM

We now wish to consider a Hamiltonian which in
atomic units has the form

= 5(p2 + A2r2) — 1 3.1)
with 7,p, having the same meaning as in Sec.2 and A
being an arbitrary real constant. As in (2. 2) we in-
troduce a positive constant M related to A through
M= (A2 + 3)1/2  or

A =M—3[M—3) + 1]

3.2)

We shall denote the eigenvalue of the Hamiltonian
(3.1) by

E = — (2v2)1, (3.3a)
Introducing then the variable
p={/v), (3. 3b)

we see that the eigenstates of (3. 1) satisfy the equa-
tion

p[(— a2 %) + l:lF(p) = 2uF(p).

i (3.9)

The analysis of this equation indicates that the solu-

tions will be regular at © only when

v=n+M+ 4, (3.5)
with the radial quantum number » being a nonnegative
integer. The eigenstates have then the explicit form

F¥(p) = A, pM1/2e L 24(2p), (3.6)

where® L2M are associated Laguerre polynomials in
which M and # are related to A and v through (3. 2)
and (3. 5).

The coefficient A,y can be determined by normaliza-
tions which can be achieved in two ways. If we consi-
der FM as a function of 7, the requirement

00
[ Fer/v)FY, /vy = 6, (3. 72)
gives )
2M+1(p ! 1/2
AnMEA;Mz[ 2 e —1)! ] . (3.7
(+M+ HTEM +n + 1)

On the other hand, if we consider F¥ as a function of
p, the operator on the left-hand side of (3. 4) will be
Hermitian (and thus give rise to orthonormalization),
only for integrals of the form
o0

[ Fu(o)FY (p)o2dp = 5, (3. 82)
which implies that the normalization coefficient be-
comes

An= ALy =242 1)/Tw + 2M + 1)]1/2, (3. 8b)
The upper indices ¢ and p distinguish between the two
cases when necessary. When referring to the function

F¥(p) without qualifications, we shall understand that
it is given by (3. 6) with the normalization (3. 8b).

We wish now to obtain explicitly the dynamical Lie
group associated with the problem (3. 4) as well as its
unitary representation. We can achieve both objec-
tives through the mappings between the two-dimen-
sional oscillator and Coulomb problems.

A. Mappings between the Two-Dimensional Oscillator
and Coulomb Problems

From the two-dimensional coordinate and momentum
vectors r, p we can build the following independent
quadratic expressionsl:2

(P2 —r2), I,=3(r*p+p°'r),
(2 + r2) = 3H.

Iif

1y

I 3.9

1
4
1
q

il

The Poisson brackets between the I;, either when they
are considered as classical observables or quantum
mechanical operators, are given by

L, L=~15, {nLl=1, L LI=I,. (3.10)

Thus they correspond to the generators? of a Lie
algebra of the group SU(1, 1), which is isomorphic13
to the Sp(2) group of linear canonical transformations
2. 8).

Turning now our attention to the two-dimensional
Coulomb problem, we describe it in terms of the
radial coordinate p and an angle ¢. The correspond-
ing Cartesian coordinates we designate by
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£, =pcosy, &, =psing (3.11)

and their canonically conjugate momenta by 7, 7,.

In terms of the two-dimensional vectors &, 7 we can
now construct the expressionsl®

Kl = %P(ﬂz - 1)’
K, =3p@2 + 1),

K, =31 + 47
2 et (3.12)

The Poisson brackets between the K;, both classically
and quantum mechanically, are given by
{K1, Kyl = — K,

Ky, K1l =Ky, {Ky, Kgh =K.

(3.13)

Thus they correspond to the generators® of the Lie
algebra of SU(1, 1). The operators K; are Hermitian
under the measure used in (3. 8a).

Before proceeding with the explicit construction of the
group whose generators are the K; of (3. 13), we first
indicate why we are interested in it. When we write
K3 as a quantum mechanical operator in polar coordi-
nates, we immediately notice that its eigenstates are
given by the wavefunction

V(p, @) = p1/2F (pleiMe,

in which F(p) satisfies Eq. (3. 4) with M = (A2 + 3)1/2
being an integer. Thus the relation of the problem

(3. 4) with the Lie algebra (3. 13) is exactly of the
same type as the one that exists between the radial
equation (2. 3) for the harmonic oscillator and the

Lie algebra whose generators are the I; given by
(3.9). As the latter relation allowed us to deter-
mine,1=3 the group of canonical transformations and
its unitary representation for the harmonic oscillator
problem, we expect that the former relation will
achieve the same objectives for the Coulomb problem.

(3.14)

We now consider a canonical transformation that con-
verts the I, of (3.9) into K; of (3. 12) assuming them
to be classical observables. The mapping appears in
its simplest form in polar coordinates if we consider
the relations3.5

r2 = 2p, (3. 15a)
0 = 3¢ (3.15b)
This implies that in Cartesian coordinates we have

£1 = %(x% - x%);

£y = x%,.

(3. 16a)
(3. 16b)

To determine the corresponding relation for momenta
we recall that in classical mechanics the generalized
velocities and momenta are connected by Hamilfon's
equation

G, = H/3p,.

For the two-dimensional oscillator and Coulomb pro-
blems the H are, respectively, 27; and 2K; and thus

(3.17)

p, =%, 7w, =£/2, i=1,2, (3.18)
From (3. 16a) and (3. 16b) we obtain then that
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Ty =7"2(x1p1 — x,b,), (3. 16¢c)

Mg =7"2(x1py + x,01). (3. 164)

We easily check that the transformation (3. 16) is
canonical and besides it maps the generators I, of
(3. 9) of the Lie Algebra of the harmonic oscillator
into the K; of (3. 12) of the Coulomb problem. From
(3. 16) we note also that

T, =&y — E571 = 5(¥105 —%,01) = 504,(3. 192)

pr, = & = 31°p = 37p,, (3. 19D)

72 = p2/7r2, (3.19¢)
In particular the transformation (3. 15) maps I; on K
even when we interpret them as quantum mechanical
operators, ‘

With the help of the canonical transformations (3. 15)
and (3. 19), we are now in position to obtain the dyna-
mical group of canonical transformations associated
with problem (3. 4).

B. The Dynamical Group of the Coulomb Problem
and Its Unitary Representation

The dynamical group of canonical transformations
associated with the harmonic oscillator problem is
given by (2.11). In the Coulomb problem our radial
variable is p and its corresponding momentum 7,.
From the relations (3. 15) and (3. 19) connecting p, 7,
and 7, p, we conclude that (2. 11) gives rise to the
following nonlinear canonical transformations for the
Coulomb problem

p =372 = (a2r2 + b2p2 + 2abrep)
= p[(a + bm,)? + b2A2p-2], (3.20a)
(a+bm)(c +dn,) + bdA2p~2
(@ +bm,)2 + b2A2p2 ’
where we have replaced 7, = 7, by the value 4; it
takes in the classical picture. Thus we have obtained
the dynamical Lie group of canonical transformations

associated with the Coulomb system in the formula-
tion (3. 4).

To discuss the unitary representation of the canonical
transformation (3. 20), we first notice that from

(3. 15a) and (3. 19b) we can map the classical oscilla-
tor problem (2. 1) with A = 2A, onto the Hamiltonian

7, =T =

(3. 20b)

p(ﬂ% + A2p72 + 1), (3.21)
with the help of the canonical transformations

p =32, (3. 22a)

T, = r-1p,. (3. 22b)

Thus if we obtain the unitary representation V asso-
ciated with (3. 22), we can determine the correspond- -
ing one for (3. 20) through the similarity transfor-
mation

Wy = Vi, (3. 23)

where the matrix elements of U, are given by (2. 17).
In this expression we have to use the relation u = 2M,
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which is the quantum mechanical equivalent of A = 2A,
as in quantum mechanics p and M are, respectively,
the eigenvalues of p, and T, related by p, = 21r¢ as in-
dicated in the previous subsection.

To get V, we proceed as in Refs. 1 and 2. Using the
Dirac notation in which we indicate by {»'|,|{7") and
(p’1,|p") bras and kets in which  and p are, respec-
tively, diagonal, we look for the transformatmn
bracket (v’ |p’) that satisfies the equationl.2

plr'|p’) = p'(r'lp"). (3.24)
From (3. 22a) this equation implies that the transfor-
mation bracket is proportional to &6(p’ — 37'2). If we
further require that the bracket should be orthonor-
mal in the sense

o0
L (pr |r’)dr’(r’ lp") - 5(/3' _ p”), (3. 25)
we obtain that
(r'|p’) = (20")1/46(p" — 37"2). (3. 26)

We can multiply the expression (3. 26) by any phase
factor which is a function of p’; but this proves un-
necessary as the transformation bracket (3. 26) al-
ready guarantees that

(o' lplp"y = [ (p' 17y br (e | pydr' = p'6(p" — p”),

(3. 27a)
@lnlon =1 (p |w>[(——a— + =L |p”)]dr'
P "arr 2v'2
~J = 2 ar
7 op
=—.—1—a7 5(p’ — p") (3. 2b)
i op

where we made use of the fact that the Hermitian

form of the quantum mechanical operator M, of
(3. 22b) is

I
Lt

Lolp +p )=t
20710, + 8,7 rar 2r2

(3.27¢)

The unitary representation of the canonical transfor-
mation (3. 22) is thus given by the bracket (3. 26) and
therefore the matrix element of V-1U/,,V in the repre-
sentation in which p is diagonal takes the form

(p’|WM'P”) = (p’ | V‘1U2M V| p”)
= [ (o' l7"yar | Uyl r"ydr(r | p").

Substituting the values (2.17) for (+'|U,y|7") and
(3. 26) for (r'|p’), we obtain

(3.28)

(p'1Wy1p") = b1 52672 (p'p")1/2]

x exp[(— i/b)(ap’ + dp”)].  (3.29)

The unitary representation when the Hamiltonian
(3.21) is diagonal, rather than the observable p, is
given by

(n’!WMIH”)— fw£wpf-1/2FM( /)

x dp’(p'| Wy | p")dp” p"-V/2EH(p"), (3. 30)

905

where FM(p) is given by (3. 6) and the extra factors
p-l/2 p” -1/2 come from the normalization (3. 8). A
from (2. 4a) and (3. 6) we have that

F¥(p) = (p/2)t/4f2M[(2p)1/2], (3.31)
we immediately obtain that
' | Wyln") = ' |[Ugyln", (3.32)

with the latter expression being given by (2. 21) when
the transformation is of the type (2. 20) and has the
form (2. 25) for a dilatation.

It is important to keep in mind that our canonical
transformations and their representations are not so
much connected with the Coulomb problem (3. 1) as
with the one whose Hamiltonian is (3. 21). The latter
is directly related, when A2 = I(l + 1), with the stereo-
graphic projection of a four-dimensional point rotor
on a three-dimensional momentum space as was
first pointed out by Fock.11l Thus we shall refer to
the problem whose Hamiltonian is (3. 21) as the
pseudo-Coulomb problem and our analysis, so far,
has been restricted to it.

4, RADIAL MATRIX ELEMENTS

The matrix elements of powers of the radial coordi-
nate with respect to oscillator or Coulomb wavefunc-
tions are easily evaluated using properties of the
Laguerre polynomials or their generating functions.®
We wish though to obtain their values through the use
of the dynamical group of canonical transformations
s0 as to develop a procedure susceptible to generali-
zation to more complex problems.

For the oscillator case the radial integrals were al-
ready determined through the use of the dynamical
group of canonical transformations12 as well as by
other group theoretical approaches.13 We have thus
to concentrate on the Coulomb problem, on which
group theoretical methods have been developed,14 but
they do not use canonical transformations. Rather
than enter into this problem directly it will prove
more effective to discuss first the matrix elements
of 2% P integer, in the oscillator problem, from an
angle different from the one used in Ref. 12, Once we
determine these matrix elements the extension to the
pseudo-Coulomb problem will be achieved through the
mappings (3.22a) and (3. 31), while the actual Coulomb
integrals of »#can be obtained from those of the
pseudo-Coulomb problem and the expression (2, 25)
for dilatations.

A. Matrix Elements of »2* for Oscillator States

We start our discussion by noticing that if in the
generators (3. 9) of the dynamical group of the two-
dimensional oscillator, we replace

P2 =p3+772F,  py=1,

we get the observables

(4.1)

(P2 + A2r-2 — 52),
(P2 + A2r-2 + 72),

I, = 1(vp, + p,7),
(4.2)

1
4

1

1

The Poisson brackets of the I;, both classically and
quantum mechanically, have the value (3, 10) and thus
these observables are the generators of Lie Algebra
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of a group 5p(2) as well as groups isomorphic to it1
such as SU(1, 1).

From I; and I, we can construct the operators

I,=1; + i, (4.3)
and we easily check that for the fi (r) of (2. 4a) we
have

Lfsry={n+p+ 5 3)n+ 32 HP2FL,0). (4.4)

Thus I, are raising and lowering operators for the
index n and the set of f£(r),n =0,1,2,...,belong to
a single unitary irreducible representation of the
SU(1,1) group. The lowest weight element of the set
corresponds to n = 0 and, thus, is an eigenstate of I,
with eigenvalues #(u + 1). We can use this number or
more compactly u itself to label the irreducible
representation. If u is 0 or a positive integer, the
representations are part of the discrete series dis-
cussed by Bargmann®: They are single valued on the
SU(1, 1) group manifold and are characterized by the
integer or semi-integer numbers

Hp+1)=451,3,23,---. (4.5)

When p is an arbitrary nonnegative real number the
representations are multiple valued on the SU(1, 1)
group manifold and are not discussed in Bargmann's
paper; but they are as straightforward to obtain as
those when p is integer. In fact, a basis for multi-
valued-irreducible representations for arbitrary p
is precisely given by the functions fE(r),n =
0,1,2,...,with u specifying the irreducible repre-
sentation and » indicating its row.

We wish now to characterize 2% as a linear combina-
tion of irreducible tensors of SU(1,1). When we
achieve this purpose we can make use of the Wigner—
Eckart theorem to express the matrix elements of
¥2F in terms of the Wigner coefficients of SU(1, 1)
determined by Ui.15 To reach our objective we notice
from (4. 2) that

(4.6)

1

jli=T+ il
SU(2)

Thus 72* can be expressed as a polynomial in the
generators I, of the dynamical group. To develop
this polynomial in terms of irreducible tensors of
Su(1, 1), we first introduce the auxiliary generators
=i, I;=il,,

I = I, (4.7)

The SU(1, 1) Casimir operator can then be written as

B-B—-B =1+ + 1, 4. 8)
so we can deal formally with the I} as generators of a
rotation group, In order to express 72 as a lowering
operator in SU(2) we rotate the generators by 7/2

around the axis 1,i.e.

(=1, Iy=1I, I§j=—1, (4.9)
and thus
72 =14 + il = (I — i), (4.10)
As the rank 1 irreducible tensors in SU(2) are
I, =% (2)‘1/2(1f +il3), Iy=1%, (4.11)

we can build the rank % and projection — % irreducible
tensor in the 77 as

(3720 = GR(IY — iI)e = {RARI2(1 e = jR2RI2TE(T"),
(4.12)
We can now express ¥2% in terms of I’ undoing (4. 9)
through the rotation matrices f,,,,(@py),i.e.,16
(Er2)e= j220/2 3 THIDE W7/2,7/2,—1/2)
- ,
= T ( 2wz (2k) ]2
T

x [k + 1) (B — T)]/2T E(I'). (4.13)
Now in order to pass from the SU(2) irreducible ten-
sors T#(I') of (4. 13),to the SU(1, 1) irreducible ten-
sors TF#(I), we notice that the former are defined by

UL, TRUN] = [k F Dk £ 7+ DJ2TE, (1)

Uy =13, 1, THE] = TR, (4. 14)
while the latter are characterized by!2:15
I, =1 ily, [, TEHD] =% [(kF T)k £ 7+ 1)JY2TE (D
st(1, 1){ |
Iy = I, [Io,Tf(I)]: TTE(T). (4.15)
T
From these relations and (4. 7) we see that w
AYEYSAY)
TEI') = iTTH(D). (4. 16) X [, T @2 yridr . (4.17)

Carrying the corresponding substitution in (4. 13), we
finally obtain, using the Wigner—Eckart theorem,

[ oy r2yriear

T (R 1)z )1/2 (o, oy Th M0, }
B Z#L((k’ + T)‘(k— T)' <ll, 0: k’ O\.U'! 0>n.c.

Ik

nn

il
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The brackets (1), ., stand for the Wigner coefficients
of the noncompact group SU(1,1). These coefficients
were given by Uil® for integer u;but this formula is
still valid for arbitrary u. As the last integral is

trivial to determine, we get from the explicit expres-

sion of {!), ., and the selection rule!Sn + 7 =n’,
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y DT RITR+ p 4 1) (n!n'!l"(n’ +u+1)>1/2
T gk (B +n' —n)! Tn+p+1)

907

minn, k+n-n')
X Y, (p -
p=max(On-w\PIk + n —n' — Pl =Pl (n' —n + P)IT(W —n + p +p+ 1)

The relation — 2 = 7 = k implies the selection rule
|n—n'l<k.

B. Matrix Elements of p* for the Pseudo-Coulomb
Problem

For the pseudo-Coulomb problem we need to calculate
the matrix elements
00 .

J. F¥(p)p Fl (p)p™Adp, (4.19)
as we are using the normalization condition (3. 8).
Taking then (3. 22a) and (3. 31) into account, we imme-
diately see that the integral is identical to (4. 17) and
thus is given by the [%2M of (4, 18).

n'n

C. Matrix Elements of v * for the Coulomb Problem

For the Coulomb problem the states are normalized
according to (3. 7) and thus we are interested in the
integral

00

TS = (Agy /AR AG o /ALy) [ FHGr /vy Flir/v)dr,

(4. 20)
where AZ,, A?, are given by (3. Tb) and (3. 8b), respec-
tively,and v, v’ and n,n’ are related by (3.5). As be-
fore the functions F¥(p) are normalized in the sense
(3. 8). Introducing then the variable p = (#/v), we can
write
JEM = [’ (n + M+ N+ M+ /2

X vt Jo F(p)ptLFY (vo/v o dp.  (4.21)

(F+n —n+p) > (4.18)

—
From (2.17) we easily see that

lim <7"|LL|’V”> = {#1g 125 — g 17, (4.22)
>0

d=a’l

and thus using (3. 32) we obtain
Flwp/v') =27 (v/v')1/2FY (p)ir+

x {n"| U2M|nl>oc=0,8= 1n(w/vn), ¥ =02 (4.23)
where the matrix element is given by (2. 25). Combin-
ing the previous results, we obtain

J kM

nn'

= (n + M+ 5 +M + )] 1/2(w/v)1/ 21

% ;/) {[ﬁ%ﬁl(n" | UZM. n,>oc=0,6= InCw/ y').7=0}’ (4' 24)
where, because |n —n”|< k,the summation is a finite
one.

We have thus achieved by group theoretical means the
determination of the radial integrals in the pseudo-
Coulomb and Coulomb problems. We note though that
we have the same M in both radial wavefunctions.
This is unavoidable if we consider the radial problem
as one~-dimensional, forgetting its relations with other
coordinates in a higher-dimensional space in which it
can be embedded. If we think in terms of the groups
of canonical transformations in these higher-dimen-
sional spaces, we can obtain matrix elements for dif-
ferent irreducible representations of SU(1, 1) in bra
and ket as was shown for the oscillator case in Ref.12.
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