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In a previous paper a discussion was given of linear canonical transformations and their unitary representa
tion. We wish to extend this analysis to nonlinear canonical transformations, particularly those that are rele
vant to physically interesting many-body problems. As a first step in this direction we discuss the nonlinear 
canonical transformations associated with the radial oscillator and Coulomb problems in which the correspond
ing Hamiltonian has a centrifugal force of arbitrary strength. By embedding the radial oscillator problem in a 
higher dimensional configuration space, we obtain its dynamical group of canonical transformations as well as 
its unitary representation, from the SP(2) group of linear transformations and its representation in the higher
dimensional space. The results of the Coulomb problem can be derived from those of the oscillator with the 
help of the well-known canonical transformation that maps the first problem on the second in two-dimensional 
configuration space. Finally, we make use of these nonlinear canonical transformations, to derive the matrix 
elements of powers of r in the oscillator and Coulomb problems from a group theoretical standpoint. 

1. INTRODUCTION 

In previous publications,1-3 we discussed the role of 
canonical transformations in quantum mechaniCS, and 
when the transformations were linear we obtained 
their unitary representations in appropriate spaces. 
These representations have also been derived by 
other authors from a more abstract standpoint. 4 

As our eventual aim is to obtain relevant canonical 
transformations and their unitary representations 
for physically significant many-body problems,3 we 
must first deal with problems of one particle in one 
dimension that go beyond the harmonic oscillator 
case,l which was the starting point of our discussion. 
Thus in this paper we derive explicitly the dynamical 
Lie group (and not only the Lie algebra as is custo
mary in the literature) of canonical transformations 
of the radial oscillator and Coulomb problems in 
which we have a centrifugal force of arbitrary 
strength. We then proceed to obtain the unitary re
presentation of this group in configuration space and 
in the basis in which the Hamiltonian H is diagonal, 
and finally determine, as a group theoretical problem, 
the matrix elements of powers of the radial coordi
nate with respect to eigenstates of H. 

By embedding our one-dimensional radial oscillator 
in a two-dimensional configuration space, we easily 
derive its dynamical group and the corresponding 
unitary representation from particular linear canoni
cal transformations in the four-dimensional phase 
space of the latter problem. The well-known map
pings3 ,5 between the two-dimensional oscillator and 
Coulomb problems, allows us then to translate our 
results to the radial Coulomb case in a straightfor
ward fashion. 

2. THE RADIAL OSCILLATOR PROBLEM 

We wish to conSider a single particle one-dimen
sional problem whose Hamiltonian (in units in which 
the mass, frequency of the oscillator and 'Pi are 1) is 

(2.1) 

The coordinate r varies in the interval 0 ::5 r < 00, Py 

is its canonically conjugate momentum, and A is an 
arbitrary real constant. For reasons that will appear 
later we shall denote by IJ. a real positive constant 
related to ~ through 

IJ. = (A2 + {)1/2 or A2 = (IJ.- ~)[(f.1.-~) + 1]. (2.2) 

As the Poisson bracket {r,p y } is 1, we conclude that 
in the quantum mechanical picture Pr = - ia/ar and 
thus the eigenstates f(r) of (2.1) satisfy the equation 

1 t d
2 

A2 ) - -- + - + r2 f(r) = Ef(r). 
2 dr2 r2 

(2.3) 

It is well known that the eigenstates of (2.3) charac
terized by f.1. and an integer n have the form 

f~(r) == [2(n!)]1/2[r(n + f.1. + 1)]-1/2e-y2/2rfJ+1/2L~(r2), 

901 

(2.4a) 
where6 L~ is an associated Laguerre polynomial, and 
A and f.1. are related as in (2.2). The states (2.4a) 
are orthonormal in the sense 

1
00 

f~, (r)f~II(r)dr = 0nlnll' o 
and the eigenvalues of (2.3) are given by 

(2.4b) 

En = (2n + f.1. + 1), n nonnegative integer. (2.5) 

A. The Dynamical Group of Canonical Transfor-
mations 

We wish now to obtain explicitly the dynamical Lie 
group associated with the Hamiltonian (2. 1), and its 
unitary representation both in configuration space 
and in the basis where H is diagonal. For this pur
pose let us first replace A in (2.1) by a momentum 
Pe associated with an angle 8; we have then the two
dimensional Hamiltonian for an oscillator problem 
which in polar and cartesian coordinates takes the 
form 

H == ~(P; + r2p~ + r 2) = ~(P2 + r 2 ) 

= ~(N + x~ + P~ + x~). (2.6) 

We first recall1 ,2 that the dynamical group of canoni
cal transformations of H is the symplectic group in 
four dimensions SP(4). This group has a subgroup 

SP(4) :J SP(2) x 0(2), (2.7) 

where 0(2) is the rotation group in the two-dimen
sional space, while SP(2) is the symplectic group of 
linear canonical transformations 

r = ar + bp, P = er + dp, ad - be = 1, (2.8) 

in which the constants a, b, c, d are real. 

We now note that under the transformation (2.8) the 
angular momentum 

(2.9) 

remains invariant. As, furthermore, we have that 

(2. 10) 
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We see that the transformation (2. 8) implies that the 
new radial coordinate and momentum r,P y are given 
in terms of the old ones r, Pr by 

r = [a2r2 + b2(P~ + x. 2r-2) + 2abrpy ]1/2, 

_ acr2 + bd(P~ + x.2y-2) + (ad + bc)rPr 

py = [a2r2 + b2(P~ + x.2y-2) + 2abrPr]1/2' 

(2.11a) 

(2. 11b) 

where we replaced Pe = Pe by a constant value x.. 
We have thus obtained the dynamical Lie group asso
ciated with the Hamiltonian (2. 1) which is a represen
tation of the group of unimodular real matrices 

ad - be = 1. (2. 12) 

The subgroup 0(2) of (2.12) (not to be confused with 
the rotation group in two dimensions) for which 

a=d=cos~a, b=-c=sin~ll', (2. 13) 

is the symmetry group of the Hamiltonian (2.1) as 
can be checked directly. We wish to determine the 
unitary representation of the canonical transforma
tions (2. 11) in a basiS in which r is diagonal. 

B. The Unitary Representation of the Dynamical 
Group in Configuration Space 

We shall limit our discussion to the transformations 
(2. 11) in which b > O. The case b < 0 follows imme
diatelyl.2 from it as well as the limit b -7 O. The 
analysis in Ref. 2 then indicates that for the group of 
linear canonical transformations (2.8) of the two
dimensional oscillator (2.6), the unitary representa
tion is 

(r' I u I r") = (21Tb)-1 exp[(- i/2b) 

x (ar'2 - 2r'or" + dr"2)] 

= (21Tb)-1 exp[(- i/2b)(ar'2 + dr"2)] 
00 

X L; i mJrn (b-1r'r")e im(e'-f)"), (2. 14) 
m=-OO 

where in the last term we have expanded the two
dimensional plane wave in polar coordinates. 7 

The eigenstates of the two-dimensional oscillator 
(2.6) in polar coordinates are characterized by the 
integer quantum numbers n, m and have the explicit 
form 

(rlnm) = r-l/2f~rnl(r)(21Tt1/2eime, (2.15) 

where the radial function is given by (2. 4a) with Jl = 
(,\2 + t)1/2 being replaced by I m I. The unitary repre
sentation (2.14) with respect to these states is clear
ly diagonal in the m index as (2.14) is invariant under 
rotations and, thus, we can write 

(n'ml Uln"m) = II (n'ml r')dr'(r'l ul r")dr"(r"ln"m) 

= (100 

jlml(r')dr'{imb-1 
'0 0 n' 

x (r'r,,)1/2Jm (b- 1r'r") exp[(- i/2b) 

x (ar'2 + dr"2)]}dr"f,i::'l(r"). (2.16) 

This equation immediately suggests that for Jl = I ml 
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or A = (m 2 - t )1/2 the unitary representation be
tween the radial variables (r'l Uill r") of the canonical 
transformation (2.11) [which expliCitly depends on Jl 
through (2.2)] is given by the expression inside the 
curly bracket of (2. 16). Thus we may expect that for 
an arbitrary Jl we have for the unitary representa
tion of (2. 11) 

(r'l U I r") = b-1 (r'r" )1/2J (b-1r'r") 
11 M 

X exp[ (- i/2b )(ar'2 + dr" 2)]. (2. 17) 

We suppressed the i/l in (2.17) as,in any case,our 
representations will be ray representations. 1.2.8 

While (2. 17) is rigorously true for Jl = I ml, it is only 
a surmise for other values of Jl. We proceed to jus
tify it by obtaining explicitly the unitary representa
tion for arbitrary Jl in the basiS in which the Hamil
tonian (2.1) is diagonal. 

C. Unitary Representations of Canonical Transfor-
mations in the Basis in Which H Is Diagonal 

If we want to have the unitary representation (2.17) in 
a basis in which H is diagonal, we must calculate the 
integral 

(n'IU/lln") = ~co~oof~,(rl)dr'(rllu/llr")dr"f~,,(r") 
(2.18) 

This integral can be evaluated by exactly the same 
procedure that was followed in the determination of 
the matrix element (4.34) in Ref. 2. In fact, we just 
need to replace l by Jl - t and suppress the factor i l 
to get the value of the double integral (2. 18). 

To justify now the value (2. 17) for (r' I ufll r") for 
arbitrary Jl, we notice first that the most general 
matrix (2. 12) of the symplectic group can be written 
as 1 

(ac 
b) =(COS~ll' sintll') (e l/2fJ 

0 \ 
d - sin~a COS~ll' 0 e-1 / 25) 

(
cosh Sinh) 

X . 1 l' 
- S1ll2Y COS2'l' 

(2.19) 

The transformations associated with the angles 0' and 
y leave the Hamiltonian (2. 1) invariant and thus from 
a classical standpoint we could identify these angles 
with time. Therefore when the elements of the matrix 
(2. 19) are given by 

(
a b) (cost sint), 
e d - - sint cost 

(2.20) 

the transformation (2.11) gives us the coordinate and 
momentum at time t from the coordinate and momen
tum at time O. The corresponding unitary represen
tation in the basis in which the Hamiltonian is diago
nal must then be 

(n'l U)lln")Ci~2t fJ~Y~O = 0n'n" exp[i(2n' + Jl + 1)t], 
. (2.21) 

as the energy is given by (2.5). From (4.37) in Ref. 
2 we note that we get exactly this value when we re
place l by Jl - (1/2) except for a constant phase 
which is irrelevant because we deal with ray repre
sentations. Thus the integral (2. 18) gives the correct 
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unitary representation for any canonical transforma
tion (2.11) in which the symplectic matrix has the 
form (2.20). 

It remains then to check only if the integral (2.18) 
gives the unitary representation for a dilatation in 
which 

a = d-1 = e 8/ 2 , b = c = O. (2.22) 

USing the formula6 

n 

L~ (e 8 x 2 )= ~ [k! r(n - k + /1 + 1)]-lr(n + /1 + 1) 
k=O 

X e(n-k)8(1_ e8)kL~_k(x2), (2.23) 

we can immediately find out the expansion of the 
states 

(2.24) 

in terms of the statesf~(r) of (2.4). The result turns 
out to be 

(n' I Ullln")a =0,8,'1'=0 = i-Il - 1 [n'! n"! r(n' + /1 + 1) 

x r(n" + /1 + 1)]1/2(cosht{:l)-1l-1 

x (1 - e 8)n f +n"(1 + e8)-n'-nff 

x ~ {[p!(n' - p)!(n" - P)!r(p + /1 + 1)]-1 
p 

X (- 1)nf
- P(sinht{:l)-2P}, (2.25) 

and up to a phase it is identical2 to the one that 
comes out from the integral (2. 1S). 

We have thus proved that (2. 17) is the unitary repre
sentation in configuration space of the group of canon
ical transformations (2. 11) for arbitrary A = 
(/12 - ~ )1/2. The unitary representation in a basiS in 
which the Hamiltonian is diagonal is given by pro
ducts of the matrices (2.21) and (2.25) using the de
composition (2.19). 

3. THE RADIAL COULOMB PROBLEM 

We now wish to consider a Hamiltonian which in 
atomic units has the form 

(3.1) 

with r'Pr having the same meaning as in Sec. 2 and A 
being an arbitrary real constant. As in (2.2) we in
troduce a positive constant M related to A through 

M == (A2 + t)I/2 or A2 = (M - t)[(M - t) + 1]. 
(3.2) 

We shall denote the eigenvalue of the Hamiltonian 
(3.1) by 

(3.3a) 

Introducing then the variable 

p = (rill), (3.3b) 

we see that the eigenstates of (3.1) satisfy the equa
tion 

p~(- d
2 

+ A2) + 1JF(P) = 211F(p). (3.4) 
~ dp2 p2 

The analysis of this equation indicates that the solu-

tions will be regular at CIJ only when 

II =n + M + !, (3.5) 

with the radial quantum number n being a nonnegative 
integer. The eigenstates have then the explicit form 

(3.6) 

where6 L;M are associated Laguerre polynomials in 
which M and n are related to A and II through (3.2) 
and (3.5). 

The coeffiCient AnM can be determined by normaliza
tions which can be achieved in two ways. If we consi
der F~ as a function of r, the requirement 

~oo F~,(r/vf)F~,,(rlv")dr = 0nfnff (3.7a) 

gives 
A == AC - [ 22M+l(n - 1)1 J1/2 (3.7b) 

nM nM - (n + M + t)r(2M + n + 1) • 

On the other hand, if we consider F~ as a function of 
p, the operator on the left-hand side of (3.4) will be 
Hermitian (and thus give rise to orthonormalization), 
only for integrals of the form 

~oo F~,(p)F~,(p)p-ldp = 0n'n'" (3. Sa) 

which implies that the normalization coefficient be
comes 

AnM == ACM = 2M [2(n !l/r(n + 2M + 1)]1/2. (3. Sb) 

The upper indices c and P distinguish between the two 
cases when necessary. When referring to the function 
F~(p) without qualifications, we shall understand that 
it is given by (3.6) with the normalization (3. 8b). 

We wish now to obtain explicitly the dynamical Lie 
group associated with the problem (3. 4) as well as its 
unitary representation. We can achieve both objec
tives through the mappings between the two-dimen
sional oscillator and Coulomb problems. 

A. Mappings between the Two-Dimensional Oscillator 
and Coulomb Problems 

From the two-dimensional coordinate and momentum 
vectors r, P we can build the following independent 
quadratic expressions1.2 

II == t(p2 - r2), 12 == i(r'p + p'r), 

I3 == t(p2 + r 2) = tHo 
(3.9) 

The Poisson brackets between the Ii, either when they 
are considered as classical observables or quantum 
mechanical operators, are given by 

(3.10) 

Thus they correspond to the generators9 of a Lie 
algebra of the group SU(1, 1), which is isomorphic1.3 
to the SP(2) group of linear canonical transformations 
(2.8). 

Turning now our attention to the two-dimensional 
Coulomb problem, we describe it in terms of the 
radial coordinate p and an angle cpo The correspond
ing CarteSian coordinates we designate by 
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~1 = P coscp, ~2 = p sincp (3.11) 

and their canonically conjugate momenta by 1T l' 1T 2' 

In terms of the two-dimensional vectors ~,1T we can 
now construct the expressions10 

Kl == !p(1T2 - 1), K2 == ~~011 + tn°~, 
K3 == !p(112 + 1). 

(3. 12) 

The Poisson brackets between the K i , both classically 
and quantum mechanically, are given by 

{K1,K2}=-K3 , {K3 ,K1}=K2, {K2,K3 }=K1• 

(3. 13) 

Thus they correspond to the generators9 of the Lie 
algebra of SU(l, 1). The operators Ki are Hermitian 
under the measure used in (3. 8a). 

Before proceeding with the explicit construction of the 
group whose generators are the Ki of (3.13), we first 
indicate why we are interested in it. When we write 
K3 as a quantum mechanical operator in polar coordi
nates, we immediately notice that its eigenstates are 
given by the wavefunction 

tJ;(p, cp) = p-1/2F(p)e iM "" (3. 14) 

in which F(p) satisfies Eq. (3.4) with M = (A2 + t)1/2 
being an integer. Thus the relation of the problem 
(3.4) with the Lie algebra (3.13) is exactly of the 
same type as the one that exists between the radial 
equation (2.3) for the harmonic oscillator and the 
Lie algebra whose generators are the Ii given by 
(3.9). As the latter relation allowed us to deter
mine,1-3 the group of canonical transformations and 
its unitary representation for the harmonic oscillator 
problem, we expect that the former relation will 
achieve the same objectives for the Coulomb problem. 

We now consider a canonical transformation that con
verts the Ii of (3.9) into Ki of (3. 12) assuming them 
to be classical observables. The mapping appears in 
its simplest form in polar coordinates if we consider 
the relations3.5 

r2 = 2p, (3. 15a) 

(3. 15b) 

This implies that in Cartesian coordinates we have 

~1 == !(x~ - x~), (3. 16a) 

(3. 16b) 

To determine the corresponding relation for momenta 
we recall that in classical mechanics the generalized 
velocities and momenta are connected by Hamilton's 
equation 

(3. 17) 

For the two-dimensional oscillator and Coulomb pro
blems the H are, respectively, 213 and 2K3 and thus 

i == 1,2. (3. 18) 

From (3. 16a) and (3. 16b) we obtain then that 
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1T 1 = r-2(x1P1 - x 2P2), 

1T 2 = r- 2 (x1P2 + X 2 P1 ). 

(3. 16c) 

(3. 16d) 

We easily check that the transformation (3. 16) is 
canonical and besides it maps the generators Ii of 
(3. 9) of the Lie Algebra of the harmonic oscillator 
into the Ki of (3.12) of the Coulomb problem. From 
(3. 16) we note also that 

1T", == h1T2 - ~21T1 == !(x1h -x2P1) == !Pe ,(3.19a) 

(3. 19b) 

(3. 19c) 

In particular the transformation (3.15) maps Ii on Ki 
even when we interpret them as quantum mechanical 
operators. 

With the help of the canonical transformations (3.15) 
and (3.19), we are now in position to obtain the dyna
mical group of canonical transformations associated 
with problem (3. 4). 

B. The Dynamical Group of the Coulomb Problem 
and Its Unitary Representation 

The dynamical group of canonical transformations 
associated with the harmonic oscillator problem is 
given by (2. 11). In the Coulomb problem our radial 
variable is p and its corresponding momentum 1Tp' 
From the relations (3.15) and (3.19) connecting p, 1Tp 
and r,p y we conclude that (2.11) gives rise to the 
following nonlinear canonical transformations for the 
Coulomb problem 

p = !r2 = !(a2r2 + b2p2 + 2abrop) 

== p[(a + b1Tp)2 + b2A2p-2], (3.20a) 

_ _ - _ (a + b1Tp)(C + d1Tp) + bdA2p-2 
1T - p-l~ 011 - -----'-----'------

p - - (a + b1T )2 + b2A2p-2 ' 
P 

(3.20b) 

where we have replaced 1T", == iT", by the value A; it 
takes in the classical picture. Thus we have obtained 
the dynamical Lie group of canonical transformations 
associated with the Coulomb system in the formula
tion (3.4). 

To discuss the unitary representation of the canonical 
transformation (3.20), we first notice that from 
(3. 15a) and (3. 19b) we can map the classical oscilla
tor problem (2.1) with X == 2A, onto the Hamiltonian 

p(1T~ + A2p-2 + 1), 

with the help of the canonical transformations 

p == !r2, 

(3. 21) 

(3. 22a) 

(3. 22b) 

Thus if we obtain the unitary representation V asso
ciated with (3.22), we can determine the correspond- . 
ing one for (3.20) through the Similarity transfor
mation 

w == V-1 UV 
Mil' 

(3.23) 

where the matrix elements of U
II 

are given by (2.17). 
In this expression we have to use the relation IJ. = 2M, 
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which is the quantum mechanical equivalent of X = 2A, 
as in quantum mechanics Jl and M are, respectively, 
the eigenvalues of Pe and Tr", related by Pe = 2Tr", as in
dicated in the previous subsection. 

To get V, we proceed as in Refs. 1 and 2. Using the 
Dirac notation in which we indicate by (r'l, Ir") and 
(p'l , I p") bras and kets in which rand p are, respec
tively, diagonal, we look for the transformation 
bracket (r' I p') that satisfies the equation1.2 

p(r' I p') = p'(r' I p'). (3. 24) 

From (3. 22a) this equation implies that the transfor
mation bracket is proportional to o(p' - ty'2). If we 
further require that the bracket should be orthonor
mal in the sense 

fO (p' Ir')dr'(r' Ip") = o(p' - p"), 
a 

we obtain that 

(r' I p') = (2p,) 1/4 o(p' - ~r'2). 

(3. 25) 

(3. 26) 

We can multiply the expression (3.26) by any phase 
factor which is a function of p'; but this proves un
necessary as the transformation bracket (3.26) al
ready guarantees that 

(p' Ip !p") = f (p' !r'Hr'2(r' !p")dr' = p'o(p' - p"), 
(3. 27a) 

(p'!Tr !p") = f (p'!r,)~(~_a +~)(r'!p"~dr' 
p ~ ir' ar' 2r'2 ~ 

= f (p'!r,)(_l_a_(r'!p")\dr' 
i ap" 'l 

1 a "(' ") = - i ap" u p - p , (3.27b) 

where we made use of the fact that the Hermitian 
form of the quantum mechanical operator Trp of 
(3. 22b) is 

1 1 1 a i 2(r-1p +p r )=--+-. 
r r ir ar 2r2 

(3. 27c) 

The unitary representation of the canonical transfor
mation (3. 22) is thus given by the bracket (3. 26) and 
therefore the matrix element of V-1 U 2M V in the repre
sentation in which p is diagonal takes the form 

(p'! WM Ip") = (p'! V- 1U2M V! p") 

= ff(p'lr')dr'(r'!U2M lr")dr"(r"lp"). (3.28) 

Substituting the values (2. 17) for (r'l U 2M! r") and 
(3.26) for (r'! p'), we obtain 

(p'IWMlp") = b-1J 2M [2b- 1(p'p")1/2] 

x exp[?- i/b)(ap' + dp")]. (3.29) 

The unitary representation when the Hamiltonian 
(3.21) is diagonal, rather than the observable p, is 
given by 

(n'IWMln") = ~oo ~oo p'-1/2F~(p') 
x dp'(p'l WM I p")dp" p"-1/2F,.Af,(p"), (3.30) 

where FM(p) is given by (3.6) and the extra factors 
p'-1/2, l-1/2 come from the normalization (3.8). As 
from (2.4a) and (3.6) we have that 

F~(p) = (p/2)1/4f~M[(2p)1/2], (3.31) 

we immediately obtain that 

(n' I WM In") = (n' I U2M In"), (3.32) 

with the latter expression being given by (2.21) when 
the transformation is of the type (2.20) and has the 
form (2. 25) for a dilatation. 

It is important to keep in mind that our canonical 
transformations and their representations are not so 
much connected with the Coulomb problem (3.1) as 
with the one whose Hamiltonian is (3.21). The latter 
is directly related, when A2 = l(l + 1), with the stereo
graphic projection of a four-dimensional point rotor 
on a three-dimensional momentum space as was 
first pointed out by Fock.ll Thus we shall refer to 
the problem whose Hamiltonian is (3. 21) as the 
pseudo-Coulomb problem and our analysis, so far, 
has been restricted to it. 

4. RADIAL MATRIX ELEMENTS 

The matrix elements of powers of the radial coordi
nate with respect to oscillator or Coulomb wavefunc
tions are easily evaluated using properties of the 
Laguerre polynomials or their generating functions. 6 

We wish though to obtain their values through the use 
of the dynamical group of canonical transformations 
so as to develop a procedure susceptible to generali
zation to more complex problems. 

For the oscillator case the radial integrals were al
ready determined through the use of the dynamical 
group of canonical transformations12 as well as by 
other group theoretical approaches,13 We have thus 
to concentrate on the Coulomb problem, on which 
group theoretical methods have been developed,14 but 
they do not use canonical transformations. Rather 
than enter into this problem directly it will prove 
more effective to discuss first the matrix elements 
of r2k, k integer, in the oscillator problem, from an 
angle different from the one used in Ref. 12. Once we 
determine these matrix elements the extension to the 
pseudo-Coulomb problem will be achieved through the 
mappings (3. 22a) and (3. 31), while the actual Coulomb 
integrals of r k can be obtained from those of the 
pseudo-Coulomb problem and the expression (2.25) 
for dilatations. 

A. Matrix Elements of r2k for Oscillator States 

We start our discussion by noticing that if in the 
generators (3.9) of the dynamical group of the two
dimensional oscillator, we replace 

p2 = P~ + r-2p~, Pe = X, 

we get the observables 

/1 = t(P~ + X2r-2 - r2), 

13 = t(P~ + ,\2r-2 + r2). 

(4.1) 

12 = t(rPr + Prr), 

(4.2) 

The Poisson brackets of the Ii' both classically and 
quantum mechanically, have the value (3.10) and thus 
these observables are the generators of Lie Algebra 
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of a group SP(2) as well as groups isomorphic to itt 
such as SU(I, 1). 

From 11 and 12 we can construct the operators 

(4.3) 

and we easily check that for the f# (rl of (2. 4a) we 
have 

I±f~(r) = [(n + /1 + ~ ± ~)(n + ~ ± ~)]t/2f~±1 (r). (4.4) 

Thus I± are raising and lowering operators for the 
index n and the set of f ~ (r), n = 0, 1, 2, •.. , belong to 
a single unitary irreducible representation of the 
SU(I, 1) group. The lowest weight element of the set 
c~rre~ponds to n ;= 0 and, thus, is an eigenstate of 13 
WIth eIgenvalues 2(/1 + 1). We can use this number or 
more compactly }1 itself to label the irreducible 
representation. If /1 is 0 or a positive integer, the 
representations are part of the discrete series dis
cussed by Bargmann 9: They are single valued on the 
SU(I, 1) group manifold and are characterized by the 
integer or semi-integer numbers 

~(/1 + 1) = t 1, %, 2, %, •••• (4.5) 

When /1 is an arbitrary nonnegative real number the 
representations are multiple valued on the SU(I, 1) 
group manifold and are not discussed in Bargmann's 
paper; but they are as straightforward to obtain as 
those when }1 is integer. In fact, a basis for multi
valued-irreducible representations for arbitrary /1 
is precisely given by the functions f~(r), n = 
0,1,2, ... , with /1 specifying the irreducible repre
sentation and n indicating its row. 

We wish now to characterize r2 k as a linear combina
tion of irreducible tensors of SU(I, 1). When we 
achieve this purpose we can make use of the Wigner
Eckart theorem to express the matrix elements of 
r2k in terms of the Wigner coefficients of SU(I, 1) 
determined by Ui.15 To reach our objective we notice 
from (4. 2) that 

(4.6) 

Thus r2 k can be expressed as a polynomial in the 
generators Ii of the dynamical group. To develop 
this polynomial in terms of irreducible tensors of 
SU(I, 1), we first introduce the auxiliary generators 

(4.7) 

The SU(I, 1) Casimir operator can then be written as 

(4.8) 

so we can deal formally with the Ii as generators of a 
rotation group. In order to express ~2 as a lowering 
operator in SU(2) we rotate the generators by 71 /2 
around the axis 1, i.e. 

1'1 = 11, 
and thus 

~2 = 13 + ill = i(Il' - iI2). 

As the rank 1 irreducible tensors in SU(2) are 

(4.9) 

(4.10) 

(4.11) 

we can build the rank k and projection - k irreducible 
tensor in the I i as 

(~r2)k = ik(I'1- iI2)k = ik2k/2(I.!llk == i k2 k/2<{3k(I"). 
(4.12) 

We can now express y2 k in terms of I' undoing (4.9) 
through the rotation matrices :D-;;'l>n I (Ci{3y), Le.,16 

(~r2)k = i k 2 k/2 "6 <{P(I'):Di- k(71 /2,71/2,- 71/2) 
T • 

="6 (- W2-k / 2[(2k)!]1/2 
T 

x [(k + T)! (k - T)!J-1/2<{P(II). (4.13) 

Now in order to pass from the SU(2) irreducible ten
sors <{f(I') of (4.13), to the SU(I, 1) irreducible ten
sors <{P(I), we notice that the former are defined by 

II~ = Ii ± iIz, [I~, <{P(I')] = [(k 'f T)(k ± T + 1)]l!2<{f±1(II) 
SU(2) ! 

tlb = 13, [Ib, <{P(l')] = T'T';(I'), 

while the latter are characterized by12.15 

From these relations and (4.7) we see that 

'T'!;(I') = iT<{!j(I). (4. 16) 

Carrying the corresponding substitution in (4.13), we 
finally obtain, using the Wigner-Eckart theorem, 

J~Vn == .r fA'f(r)(;-r2)kf~(r)dr 
_'>' I" J-l,n, ,TJ-l,n)n.c. r( ('<,1)2 )112(' k I f\ ] 

-7L (l? + T)! (1?- T)! (J-l, 0, k, 0 I /1, O>n.c. 
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(4.14) 

(4.15) 

00 x.b f6(r)(~2)kfb(r)dr. (4.17) 

The brackets (I) n.c. stand for the Wigner coefficients 
of the noncompact group SU(1, 1). These coefficients 
were given by Ui15 for integer J-l; but this formula is 
still valid for arbitrary J-l. As the last integral is 
trivial to determine, we get from the explicit expres
sion of ( I) n.c.' and the selection rule 15 n + T = n f, 
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[kJl = (_l)n+nf k!r(k + J1 + 1) (n!nf!r(n f + J1 + 1»)1/2 
n'n 2k (k + n' -n)! r(n + J1 + 1) 
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min~ k+n-n'}0 (k + n' - n + p)! ) 
X LJ (4.18) 
p~max(O.n-n') !(k + n -n' - p)!(n -p)!(n' -n + p)!r(n'-n + J1 + P + 1) • 

The relation - k :S T :S k implies the selection rule 
In - n'l :S k. 

B. Matrix Elements of pk for the Pseudo-Coulomb 
Problem 

For the pseudo-Coulomb problem we need to calculate 
the matrix elements 

f; F~(p)pk F~,(p)p-1dp, (4.19) 

as we are using the normalization condition (3.8). 
Taking then (3. 22a) and (3.31) into account, we imme
diately see that the integral is identical to (4. 17) and 
thus is given by the l~~nM of (4.18). 

C. Matrix Elements of rk for the Coulomb Problem 

For the Coulomb problem the states are normalized 
according to (3.7) and thus we are interested in the 
integral 

JkM == (AC lAP )(Ac lAP) t' FM(rlv)rkFM(rlv')dr nn' nM nM n'M n'M 0 n n' , 

(4.20) 

where A~ z, A~ I are given by (3. 7b) and (3. 8b), respec
tively, and v, v' and n,n' are related by (3.5). As be
fore the functions F~(p) are normalized in the sense 
(3.8). Introducing then the variable p = (rlv), we can 
write 

J~~, = [nn'(n + M + t)(n' + M + -m-1 / 2 

x vk +1 Ioco F~(p)pk+1F~,(vplv')p-ldp. (4.21) 
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