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Abstract

This work presents an implementation of a fast method for simulating
acoustic pressure in conventional and novel acoustic levitation devices.
The implementation is coded in python, using numpy for matrix opera-
tions, matplotlib for the visualization and tkinter is used to develop
a graphical user interface. This implementation provides a fast and re-
liable way to simulate acoustic forces with a user-friendly graphical user
interface, broadening the accessibility to this kind of simulation to those
in lower levels of education. The software is published as open source to
promote independent development. The results of the implementation are
validated qualitatively with schlieren imaging and 4 different acoustic lev-
itation devices are evaluated. Three of these devices are derivative of the
TinyLev system, a novel device which uses inexpensive components and
a chassi which can be 3D printed to create an avenue for democratization
of acoustic levivation. The fourth device is a combination of conventional
techniques of acoustic levitation, utilizing both a static reflector and a
small array of transducer. It is concluded that the matrix method pro-
vides a reliable and cost-effective way to simulate the acoustic potential
in these kinds of devices.
Keywords: acoustic levitation, the matrix method, TinyLev, schlieren ef-
fect, python

ii



Contents

1 Introduction 1
1.1 Brief History and Applications of Acoustic Levitation . . . . . . 2

2 Theory 4
2.1 Nomenclature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
2.2 Wave Mechanics . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2.2.1 Standing Waves . . . . . . . . . . . . . . . . . . . . . . . . 6
2.3 Fluid Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.3.1 Equation of state . . . . . . . . . . . . . . . . . . . . . . . 7
2.3.2 Equation of continuity . . . . . . . . . . . . . . . . . . . . 8
2.3.3 The linear wave equation . . . . . . . . . . . . . . . . . . 8

2.4 Wave Solution for the Acoustic Pressure . . . . . . . . . . . . . . 10
2.5 Relative Acoustic Potential . . . . . . . . . . . . . . . . . . . . . 11
2.6 Schlieren Effect . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.7 Numerical Methods for Simulating Acoustic Pressure . . . . . . . 14

2.7.1 Matrix Method . . . . . . . . . . . . . . . . . . . . . . . . 14
2.7.2 Lattice Boltzmann Method . . . . . . . . . . . . . . . . . 16
2.7.3 Far-Field Piston Model . . . . . . . . . . . . . . . . . . . 17
2.7.4 Finite Elements Method . . . . . . . . . . . . . . . . . . . 18

3 Method 19
3.1 Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3.1.1 Matrix Method . . . . . . . . . . . . . . . . . . . . . . . . 19
3.2 Acoustic Levitation Device . . . . . . . . . . . . . . . . . . . . . 20

3.2.1 MicroLev . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.2.2 MATBig, MATMed and MATSma . . . . . . . . . . . . . 22
3.2.3 Design and Circuitry . . . . . . . . . . . . . . . . . . . . . 23

3.3 Schlieren Imaging . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.4 Application Development . . . . . . . . . . . . . . . . . . . . . . 24

3.4.1 Rudimentary Implementation . . . . . . . . . . . . . . . . 24
3.4.2 Replicating the Geometry of TinyLev . . . . . . . . . . . 25
3.4.3 Developing the Graphical User Interface . . . . . . . . . . 25

4 Results 26
4.1 Generating different geometries . . . . . . . . . . . . . . . . . . . 27
4.2 Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

4.2.1 Comparing MATLAB results with the python implemen-
tation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

4.2.2 Simulation results (Python) . . . . . . . . . . . . . . . . . 31
4.3 Schlieren imaging . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
4.4 Graphical User Interface . . . . . . . . . . . . . . . . . . . . . . . 38

iii



5 Discussion 42
5.1 Matrix Method Implementation in MATLAB and Python . . . . 42
5.2 Validation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
5.3 Error factors in schlieren imaging . . . . . . . . . . . . . . . . . . 46
5.4 Poor alignment in the MicroLev system . . . . . . . . . . . . . . 50
5.5 Bad geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

6 Conclusion and outlook 52
6.1 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

References 53

A Code i
A.1 Main file . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . i
A.2 GUI . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . i

B The matrix method xv
B.1 matrices.py . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xv
B.2 geometries.py . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xvii
B.3 computation.py . . . . . . . . . . . . . . . . . . . . . . . . . . . . xxi
B.4 MatrixMethod.py . . . . . . . . . . . . . . . . . . . . . . . . . . . xxiii

iv



1 Introduction

Free and easily accessible software (freeware) enables students, researchers and
startups to be productive without committing to any financial risk. Open source
projects play and important role in the development and maintenance of free-
ware by enabling any developer to copy and branch off from the original project
in order to find novel solutions. Open source projects can also provide great
learning opportunities for students by showing concrete real-world examples
of how solutions in a particular programming language can look. Python is
a suitable entry-level language because it is very high-level but can accomplish
complex tasks with very easy-to-read code, relative to for example Java. Python
has also become very popular in recent years because of accessibility and high
usability when it comes to developing prototype applications.

In recent years, due to the high availability of inexpensive electronics a new
device has been invented which can be easily build with the help of a 3-D printer
- the TinyLev system is a multi-emitter device which can trap various objects
along a single axis in multiple focii [1]. The TinyLev system was developed with
the motivation to democratize acoustic levitation. This thesis will follow this
motivation to democratize simulation software for systems like the TinyLev.

Following the release of the TinyLev system the Ultraino project was launched
by Marzo, Crockett and Drinkwater[2]. It is an open platform for phased-array
acoustic levitators with the aim to make available to researchers a tool to simu-
late phased array systems for ultrasonic applications such as levitation. Phased
arrays are collections of multiple elements (transducers) which emit sonic signals
at different delay times (phase). The software which they developed is intended
for integration with an Arduino board to control the amplitude and phases for
an ultrasonic device.

The Ultraino software has a few designs which have been integrated into the
program and any other designs has to be imported in the form of 3-D models.
To improve accessibility in this regard, this work presents software which has
native support to generate some types of geometries which the Ultraino software
cannot. These geometries can be flat or concave arrays of transducers with up
to 8 ”rings” of transducers, with user-specified radius of curvature and flat or
concave reflectors which do not emit any signal.

Andrade et. al have formulated a matrix method for acoustic levitation
simulation [3] which will be used in this thesis to compute acoustic pressure.
The method builds on a work done by Ibáñez and colleagues who formulated
a monochromatic transfer matrix (MTM) to address non-linear effects involved
in the propagation of waves through different media [4]. The MTM method is
formulated from the Rayleigh integral which has been used to accurately model
the acoustic field between a transducer and a reflector by Kozuka et. al [5, 6].
The matrix method has been characterized by comparison with experimental
data from a microphone inside a tube, which was placed inside the cavity of a
vibrating sonotrode and a reflector [7].
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1.1 Brief History and Applications of Acoustic Levitation

Acoustic levitation is the technique of using acoustic radiation forces to coun-
teract gravity to suspend objects in mid-air. Many variations of the technique
exists, and it has many modern applications and recent advances have made it
possible to manipulate the acoustic �eld to translate and rotate many di�erent
objects in three dimensions [8{12]. One example of stability analysis of an ob-
ject trapped in an acoustic levitation device was carried out by Baer in 2011
[13].

The history of standing wave acoustic levitation dates back to 1866 with
August Kundt [14] who made the observation that �ne dust particles accumulate
at the pressure nodes of a standing wave which he created in a transparent tube
with a resonating rod at one end. With this he demonstrated the acoustic
radiation force on small particles due to a standing wave �eld. Standing wave
acoustic levitation is a technique suitable for objects that are much smaller than
the acoustic wavelength and can be used to levitate liquid drops and solid objects
alike. The �rst real example of acoustic levitation in a standing wave �eld
came in 1933 by B•ucks and Miller [15], they found that alcohol droplets can be
suspended in the air if placed at the pressure nodes between a vibrating rod and
a re
ector. Since its inception, contributions and progress has been plentiful and
many variations of acoustic levitation devices have been demonstrated. Some
conventional, single-axis methods of acoustic levitation are presented in �gure
1.

Transducer
a) b) c) d)

Re
ector

Transducer Transducer Transducer

Figure 1: a) Standing wave acoustic levitation, b) Single beam acoustic levita-
tion, c) Far-�eld acoustic levitation, d) Near-�eld acoustic levitation. The red
dots represents a particle and the red rectangle represents some 
at object, real
world examples of these levitation techniques can be found in the review by
Andrade from 2018 [8].
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Array of Transducers

Array of Transducers

Figure 2: Simpli�ed schematic of a multi-emitter single-axis acoustic levitation
device.

Compared to other levitation techniques such as optical, aerodynamic, elec-
tronic and magnetic levitation, acoustic levitation is not very restrictive on
particle size, state of aggregation or physical properties [16]. A setup of single
axis standing wave acoustic levitation device with concave re
ector has been
of particular interest as they produce a greater axial and radial forces on the
object in the trap [17]. This type of setup has been thoroughly studied in
terms of particle stability at the nodes [18]. The deformation of droplets in
acoustic levitation devices have also been studied [19, 20]. Further, it has been
demonstrated in some works that acoustic levitation in general can be used for
chemical analysis [21{23]. The TinyLev system speci�cally has been used for
spectral analysis of water droplets containing Cu, Mn, Pb and Ni [24].

Typical acoustic levitation systems found in literature create a trap using
a resonant cavity. Such systems require very precisely engineered components
and require very high voltages to operate. The TinyLev addresses this problem
because it is made of inexpensive materials without compromising on the stabil-
ity of the levitated object. This is referred to as democratization of technology,
where a technology becomes more accessible to more people. The objective
of this work is to develop a computerized analytical tool in order to further
democratize acoustic levitation.
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2 Theory

This section will cover the theoretical principles that govern the interaction
between a particle or an object and a gaseous medium (air) which enables us to
use an array of sonic emitters to levitate almost any kind of object. The air will
be considered to be inviscid, meaning a 
uid with no viscosity. Inviscid 
uids
have fewer constraints on deformations.

This section will also cover methods for computer-simulations of this scenario
and how to use an optical e�ect called the schlieren e�ect to visualize the acoustic
�eld.

2.1 Nomenclature

Air is considered to be gaseous 
uid, therefore kinematic equations of 
uids
will be set up the to describe the motion of an in�nitesimally small volume
dV referred to as a 
uid element or particle which is large enough to contain
millions of air molecules yet small enough that density, pressure, the speed of
sound etc. are uniform throughout the element. Its position is given in Cartesian
coordinates by the vector r = xî + ŷj + zk̂ and its velocity by u � _� = r �.
Here � is some displacement from the equilibrium, � is the velocity potential
of a spherical wave propagating through the medium andr is the gradient
operator. Some quantities that are dealt with will in this section are;

� = instantaneous densityat (x; y; z)
� 0 = equilibrium density at (x; y; z)
s = condensation at (x; y; z)
s� 0 = ( � � � 0)
p = acoustic pressureat (x; y; z)
c = thermodynamic speed of soundof the 
uid
� = velocity potential of the wave
TK = temperature in kelvins (K)
TC = temperature in Celsius
T = TC + 273:15
f = frequency of the sound emitted from some source
! = 2 �f : angular frequency
� = f=c: wavelengthof the sound, propagating through

a medium with thermodynamic speed of soundc
j =

p
� 1: imaginary number

2.2 Wave Mechanics

Consider a string which is stretched out but at rest. If a portion of the string
with length l is displaced from its equilibrium position and released it is known
that the disturbance will break up and form two separate disturbances which
will propagate in opposite directions, see �gure 3.

This type of disturbance is referred to as a transverse traveling wave and is
described by the one-dimensional wave equation
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Figure 3: The creation of a transverse wave by displacing a small segment of
the string.

@2y
@x2

=
1
c2

@2y
@t2

(1)

with

c2 = T=� L ; (2)

whereT is the tension in the string and � L is the linear density of the string.
The general solution for eq. 1 is given by two arbitrary but twice di�erentiable
functions

y(x; t ) = y1(ct � x) + y2(ct + x); (3)

where ej! ( t � x=c ) is an example of such a function. The complex solution for
a monochromatic wave on a string is given by

y(x; t ) = A ej ( !t � kx ) (4)

where A = jA j is the amplitude of the sinusodial wave. Thus, a solution for
two waves travelling in opposite directions become;

y (x; t ) = A ej ( !t � kx ) + B ej ( !t + kx ) : (5)
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2.2.1 Standing Waves

Consider a string which is �xed in one end and driven in the other. A wave
then emanates from the driven part and is re
ected at the �xed part. The left
end of the string is considered to be the driven part and the relation between
the driving force and the amplitude of the wave is given by

Fej!t = � T(� jk )A ej!t ; (6)

where F is the driving scalar force. The boundary condition at the left side
of the string becomes

Fej!t + T
�

@y
@x

�

x =0
= 0 : (7)

The substitution of eq. 5 into the boundary condition 7 gives

F + T(� jk A + jk B ) = 0 : (8)

The string is rigidly supported at x = L where the displacement is always
zero giving

A e� jkL + B ejkL = 0 : (9)

Solving eq. 9 for A and B leads to the following observation; the wave
which emanates from the left side is re
ected and because the emanating wave
and the re
ected wave have the same period but are out of phase and traveling
in opposite directions they coincide in such a way that no single wave can be
seen propagating in a single direction but the entire string is in constant motion.
Such a motion is known as a standing wave and is characterized as having nodes
where the string remains at rest, around which the string oscillates. Nodes come
at the discrete, even spacingxn :

xn = L � n�= 2 n = 0 ; 1; 2; : : : ; � 2L=�; (10)

where xn is the distance from the driver and L is the length of the string
between the driver and the point where the string is �xed [25].
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Figure 4: Illustration of standing waves on a string.

2.3 Fluid Dynamics

2.3.1 Equation of state

The equation of state for an ideal gas at constant temperature is given by,

P =
n
V

RTK = �RT K ; (11)

where � is the density at a location r . P is the total pressure and can be
broken into its constituents P = p + P0 where P0 is the equilibrium pressure
and p is the acoustic pressure. Thus

p = P � P0 (12)

where P � P0 is found from the Taylor expansion of P:

P = P0 +
�

@P
@�

�

� 0

(� � � 0) +
1
2

�
@2P
@�2

�

� 0

(� � � 0)2 + ::: (13)

discarding higher order terms, it is obtained

P � P0 �
�

@P
@�

�

� 0

(� � � 0) = � 0

�
@P
@�

�

� 0

(� � � 0)
� 0

(14)

with B = � 0(@P=@�) � 0 the adiabatic bulk modulus and s = ( � � � 0)=� 0 the
condensation, the acoustic pressure [25] is obtained:

p � Bs =
�

@P
@�

�

� 0

(� � � 0): (15)

Thus from eq. 15 the acoustic pressure in terms of the 
uid density has been
obtained.
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2.3.2 Equation of continuity

The equation of continuity is a device to establish a relationship between the
velocity of our 
uid particles in euclidean space and its compression and expan-
sion (momentary density, � ). Consider a volume elementdV = dxdydz which
will be �xed in space and have continuous 
ow of 
uid particles through it. The
equation of continuity is given by,

@�
@t

+ r � (� u) = 0 : (16)

By eq. 16 the mass of the 
uid is conserved. Furthermore, the gravita-
tional �eld can be neglected and the 
uid is considered to be inviscid so the
conservation of momentum as can be written as follows [8, 25],

�
�

@u
@t

+ ( u � r )u
�

= �r p: (17)

Eq. 17 is also known as Euler's equation.

2.3.3 The linear wave equation

In order to �nd a solution to the system of equations 15, 16 and 17, some sim-
pli�cations will be made. First, expand each term to �rst order approximations
by perturbation,

p = p0 + p1; (18)

u = u0 + u1 = u1; (19)

� = � 0 + � 1: (20)

The terms p0; � 0; u0 refers to an unperturbed system where there is no acous-
tic wave. In the absence of a wave, the medium is unperturbed and thusu0 = 0,
in the case of small amplitude waves can be simpli�ed further by considering
jp1j << p 0 and j� 1j << � 0 so when the expanded terms are inserted into the
continuity equation the following is obtained;

@(� 0 + � 1)
@t

+ r � (( � 0 + � 1)u1) =
@�1
@t

+ r � (� 0u1) = 0 : (21)

Since the unperturbed �eld is constant, @�0=@t= 0. Because the �eld is
perturbed everywhere at once the velocityu will change rapidly. Further, the
following assumption can be madej(u � r )uj << j@u=@tj and by taking the
divergence of eq. 17, eq. 22 is obtained.

r � 0

�
@u1

@t

�
= �r 2p1 (22)
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The term on the left hand side can be retrieved by taking the time derivative
of eq 16;

@2� 1

@t2
+ r � 0

�
@u1

@t

�
= 0 : (23)

At this point, recall that from table 2.1 and equation 20 that � 1 = � � � 0 =
s� 0, thus eq. 23 becomes

� 0
@2s
@t2

� r 2p1 = 0 : (24)

From 15 s = p=B and sincep0 is the equilibrium pressure its derivative w.r.t
time can be neglected. At this point the subscript is dropped so thatp1 = p.
Then, by introducing isentropic speed of sound in the mediumc2

0 = B=� 0, eq
25 is obtained.

1
c2

0

@2p
@t2

= r 2p (25)

Eq. 25 is the acoustic pressure on the form of the linear and lossless wave
equations. Furthermore, since the curl of a gradient must vanish, by eq. 16;

� 0
@(r � u)

@t
= �r � r p = 0 ) r � u (26)

which shows that u can be expressed in terms of a scalar function as such;

u = r � (27)

which was previously identi�ed as the velocity potential. Physically, this
means that the acoustic excitation of an inviscid 
uid does not involve any
rotational 
ow.

Furthermore, the requirement that r � 0 6= 0 can be introduced and when eq.
27 is combined with eq. 17 an expression of the acoustic pressure as a solution
to the wave equation is obtained

r
�

� 0
@�
@t

+ p
�

= 0 ) p = � � 0
@�
@t

: (28)

Eq. 28 shows that � satis�es the wave equation under the approximations
were asserted while treating air as an inviscid 
uid [8, 25].
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2.4 Wave Solution for the Acoustic Pressure

As was seen in eq. 25 the pressure which comes as a result of acoustic excitation
can be put in terms of a function. A solution to eq. 25 can therefore be on the
complex form, as was shown in section 2.2

p = A ej ( !t � kx ) + B ej ( !t � kx ) (29)

the particle velocity associated with p is, by extension of 28 is

~u = ux̂ =
�

A
� 0c

ej ( !t � kx ) �
B

� 0c
ej ( !t + kx )

�
(30)

which is parallel to the direction of propagation. p can be split into its
constituent parts, using the subscripts +=� to denote waves traveling in positive
and negative direction along thex-axis respectively,

p+ = A ej ( !t � kx ) ; p � = B ej ( !t + kx ) (31)

u � =
p �

� 0c
: (32)

When dealing with a plane wave traveling in some arbitrary direction, a
solution on the following form is possible

p = A ej ( !t � k x x � k y y � k z z) (33)

for a plane wave with kz = 0 and with ~k = kx x̂ + ky ŷ, ~r = xx̂ + yŷ + zẑ gives
~r~k = kx x + ky y. There are surfaces of constant phase parallel to thez-axis,
their equation is given by

y = � (kx =ky )x + constant: (34)

Because the wavelength� in the plane can also be broken into� x ; � y with
� z = 0, the relationship � = 2 �=k and � 2 = � 2

x + � 2
y gives following form for ~k

~k = k cos' x̂ + k sin ' ŷ (35)

where ' is the angle between thex-axis and the normal to the surface line
by eq. 34. Substitution with eq. 35 yields the form for the acoustic pressure
from plane waves

p = A ej ( !t � kx cos ' � ky sin ' ) : (36)

The form of the acoustic pressure from spherical waves is [25]

p =
A
r

ej ( !t � kr ) : (37)

10



2.5 Relative Acoustic Potential

In his paper from 1977 [26], Beyer recounts the history of the study of waves and
motivates the existence of acoustic radiation pressure by the similarity between
sound and light. His opening argument is that if there is a radiation pressure
resulting from the wave-nature of photons, there must be an acoustic radiation
pressure as a result of a sound wave. Beyer concludes that the Rayleigh radiation
pressure is entirely non-linear. To obtain a solution which takes non-linearity
into account an expansion of equations 1.8-1.10 is needed:

p = p0 + p1 + p2; (38)

u = u1 + u2; (39)

� = � 0 + � 1 + � 2: (40)

From here, Andrade [8] derives the force on an object in an acoustic pressure
�eld to be

F rad = �
Z

S0

hp2i ndS �
Z

S0

� 0h(n � u1)u1i dS; (41)

with n being the normal vector to the surface elementdS of a particle in the
acoustic �eld. Equation 41 can be expressed in terms of a potential according
to Gor'kov theory

F rad = �r U; (42)

where

U = 2 �R 3
�

f 1

3� 0c2
0

h(pin
1 )2i �

f 2� 0

2
hu in

1 � u in
1 i

�
(43)

which is the same term that is being used in the matrix method for acoustic
levitation [3]. This term is the primary objective of the simulations presented
in this report. From eq. 43 the relative acoustic potential may be obtained as
follows,

~U =
U

2�R 3 : (44)

2.6 Schlieren E�ect

The e�ect of schliere (german for streaks or striae) is a phenomena whereby light
is de
ected in the presence of a non-zero gradient of the refractive indexn over
the cross-sectional area through which the light is passing. Air is considered
to have a refractive index of 1 so any medium is either more refractive or less
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refractive than air, having a refractive index greater or lesser than 1 respectively.
Phenomena of this kind has been studied since the 17th century since its formal
origination by Robert Hooke. Schlieren e�ects can be an aid in the study of the

ow and heat transfer in gases by visualizing the changes in refractive index. A
fundamental relationship in the schlieren e�ect is the Gladstone-Dale relation
between the density of a gas and the refractive index [27]:

n � 1 = k�: (45)

The Gladstone-Dale coe�cient k is mostly constant for visible light, with
an approximate value of 2:3 � 10� 4 m3/kg for air. Snell's law determines how
many degrees a beam of light is de
ected from it's original path when crossing
the boundary between two medium with di�erent refractive index:

n2

n1
=

sin � 2

sin � 1
: (46)

Snell's law is appropriate for situations where light travels through two dis-
tinct media with di�erent density but in the case of an acoustic levitation device
the medium is the same and the density in the cavity changes gradually in some
regions. Consider instead the following relation,

� = kL
d�
dx

: (47)

� is a small deviation from the original pathway of a light-beam, after it has
traversed a region where the gradientd�=dx is non-zero, k is the Gladstone-
Dale coe�cient, L is the span of the of the disturbance on the optical axis and
the x-axis is perpendicular to the optical path. The sensitivity of the schlieren
imaging technique is known in terms of how much of the unrefracted light is
blocked. If more light is blocked the background becomes darker and the schliere
are easier to discern. An approximate relation for the sensitivity is given by:

� A
A

=
� I
I

=
3�L f

h
: (48)

In equation 48 L f is the focal length of the mirror, � is the de
ection angle,
A and � A are the areas of the image which is unobstructed and the area of the
image which is being blocked respectively.
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h

c

� A

A

Figure 5: Geometry of the image that is projected from the spherical mirror.

Figure 5 shows the geometry of the image of the mirror where light is par-
tially obstructed, the red area represents the area of obstructed light. Figure 6
illustrates the full geometry of the schlieren setup.A and � A are approximately
A = (2 =3)ch and � A = cd.

Region of interest

Camera

Light source

Spherical Mirror

Light stop

Figure 6: Schematic over the schlieren setup used in this work.
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2.7 Numerical Methods for Simulating Acoustic Pressure

This section investigates and reviews di�erent techniques that can be used to
compute pressure in an acoustic levitation device.

2.7.1 Matrix Method

The matrix method for acoustic levitation simulation combines Gor'kov theory
[28] with a method of computing transfer matrices to compute the acoustic
potential �eld by simulating propagation of a sound wave as it is emitted by a
transducer, excites a medium, re
ects once from a re
ector then re
ects again
on the transducer and so on [3].

The pressure matrix P = [ p1; p2; :::; pM ]T according to the matrix method
which is schematically displayed in �gure 7.

Figure 7: Schematic of the geometry of the matrix method.
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The transfer-matrices areT (T M ) , T (RM ) , T (T R ) and T (RT ) are given by

T (T M )
mn = sn

exp(� jkr nm )
r nm

; (49)

T (T R )
in = sn

exp(� jkr in )
r in

; (50)

T (RT )
ni = si

exp(� jkr in )
r in

; (51)

T (RT )
mi = si

exp(� jkr im )
r im

: (52)

Where n denotes the discretized elements of the transducer with areasn ,
i denotes the elements of the re
ector of areasi , m denotes the index of each
point in the plane where the acoustic potential will be calculated (measurement
plane). r nm , r im and r in are elements of the matrices which contain the dis-
tances between points in the measurement plane and transducer, measurement
plane and re
ector and transducer and re
ector respectively. The expression to
calculate P is given by;

P = A � T (T M ) U + A � C � T (RM ) T (T R ) U

+ A � C2 � T (T M ) T (RT ) T (T R ) U

+ A � C3 � T (RM ) T (T R ) T (RT ) T (T R ) U

+ A � C4 � T (T M ) T (RT ) T (T R ) T (RT ) T (T R ) U + :::

(53)

with

A =
!�c
�

;

C =
j
�

;

Ui = exp ( � j!t i )

A term out of the expression for P could look like

A � T (T M ) U =
!�c
�

2

6
6
6
6
4

T (T M )
11 T (T M )

12 : : : T (T M )
1N

T (T M )
21 T (T M )

22 : : : T (T M )
2N

...
...

. . .
...

T (T M )
M 1 T (T M )

M 2 : : : T (T M )
MN

3

7
7
7
7
5

2

6
6
6
4

U1

U2
...

UN

3

7
7
7
5

: (54)

When the pressure has been calculated, the real partp = Re ( P) is used and
Gor'kov theory is applied to compute the acoustic potential;
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V = 2 �R 3

 
p2

3�c 2 �
� _u2

2

!

(55)

with p = p=M with M being the number of points in the measurement plane
so p is the mean amplitude and p2, _u2 are the mean squared amplitudes. The
velocity �elds are obtained by

� = �
p

j!�
(56)

_u = r �: (57)

The relative acoustic potential becomes

~V =
V

2�R 3 :f (58)

This expression enables us to calculate the acoustic potential without the
dependence of an object inside the cavity. Note that eq. 55 is the same as eq.
43 with non-linearity terms, i.e. f 1; f 2 = 1. Therefore can be concluded that
the method presented in this subsection does not account for non-linear e�ects.
We can also conclude thatp is the same aspin

1 which is the incident pressure
on an object in the acoustic �eld. Finally, the quantity which will be examined
in this work is referred to as the acoustic radiation pressure and was derived by
Wang [29],

prad =
p2

4� 0c2 : (59)

2.7.2 Lattice Boltzmann Method

The lattice Boltzmann method (LBM) has previously been applied to 
uid
streaming [30], forces on a cylinder in a sound �eld [31] and the dynamics of
an acoustically levitated particle [32]. In a lattice Boltzmann model, particle
motions are simulated by letting them move on a grid. Di�erent grid-models
exists throughout the literature on LBM.

f i (x + ei � x; t + � t) = f i (x ; t) + 
 i (f (x ; t)) (60)

Equation 60 is the lattice Boltzmann Equation with the lattice gas automa-
ton (LGA) 
 i , which is the collision operator and represents the rate of change
in the particle velocity, f i from collisions [33]. The LGA is a type of cellular
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automaton which can be used to derive the macroscopic Navier-Stokes equa-
tions [34]. Readers who are unfamiliar with cellular automata are referred to
the following videos for a short introduction [35{37]. In short, cellular automata
are generative algorithms which produce binary sequences according to a cer-
tain rule-set with respect to a neighbourhood of sites, such as the von Neumann
neighbourhood [38]. This type of neighbourhood is also present in the LBM and
the direction to adjacent cells is denoted in eq. 60 byei .

The collision term in eq. 60 can be approximated as


 i � �
1
�

h
f i (x ; t) � f (eq)

i (x ; t)
i

; (61)

where f (eq)
i (x ; t) is the local equilibrium distribution function and � is the

relaxation time for each site on the grid. The local equilibrium distribution
function is given by:

f (eq)
i (x ; t) = ! i �

�
1 + 3ei � u� x +

9
2

(ei � u� x)2 �
3
2

u2
�

; (62)

where ! i is the angular frequency at the site, � and u are the density and
velocity de�ned by

� (x ; t) =
8X

i =0

f i (x ; t); u(x; t) =
1
�

8X

i =0

f i (x ; t)ei � x: (63)

In the case of an acoustic levitator, the term 3! i Pciy is added to eq. 60 at the
sites of the surface of the transducer. In a report from 2008, Barrios and Recht-
mann use LBM to simulate the dynamics of a particle in two di�erent acoustic
simple levitation devices, one having a 
at re
ector and the other having a con-
cave re
ector [32]. A principal �nding of theirs was that a concave re
ector is
more e�cient than a 
at re
ector, with the price for this e�ciency being that
the particle exhibits more complex dynamics. Furthermore, who conclude that
the LBM can be extended to work with more complicated geometries.

2.7.3 Far-Field Piston Model

A far �eld piston model is relatively simple and does not account for non-linear
e�ects and re
ections but is an appropriate model for real-time calculations.
The complex acoustic pressure is given by

P(r ) = P0A
D f (� )

d
ej ( ' + kd ) ; (64)

wherer is the distance from the piston-source which is emitting a soundwave
with frequency f . P0 is a constant which de�nes the transducer amplitude
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power, A is the peak-to-peak amplitude of the excitation signal andd is the
propagation distance in free space where the term 1=d accounts for divergence.

D f =
2J1(ka sin � )

ka sin �
(65)

is the far-�eld directivity function of a cirular piston source. In eq. 65 a
is the radius of the transducer, k is the wave number andJ1 is the �rst-order
Bessel function of the �rst kind. For con�gurations with multiple sources, the
complex pressure is simply calculated by summing one term per acoustic source.

The Gor'kov potential is used to compute the acoustic force where the po-
tential for the Gor'kov eq. F = �r U is given by

U = 2K 1(jpj2) � 2K 2(jpx j2 + jpy j2 + jpz j2) (66)

with

K 1 =
1
4

V
�

1
c2

0� 0
�

1
c2

s � s

�

K 2 =
3
4

V
�

� 0 � � s

! 2� 0(� 0 + 2 � s)

�
:

Here, V is the volume of a spherical object which is being levitated,! is the
particle of the emitted waves, � is the density and c0 is the speed of sound in the
medium while cs is the speed of sound through the material of the particle. An
example of the values for these parameters can be found in the Ultraino-report
[2]. p is the complex pressure andpx , py , pz are the spatial derivatives of p in
the respective directions.

2.7.4 Finite Elements Method

Finite elements method (FEM) is a numerical method for solving systems of
non-linear partial di�erential equations that cannot be solved analytically. The
computations are usually carried out by some commercially availiable software
such as COMSOL or ANSYS. Users have to determine what functions they want
the program to solve and which boundary conditions to use so the application
will vary on a case by case basis. The main idea of FEM is that to solve the
system, constituent parts of the system (e.g. surfaces, bodies and interfacing
medium) are discretized into very small, �nite parts. FEM has been used to
solve the acoustic radiation force on an arbitrary particle and planar re
ector
[39, 40] and the potential inside a Langevin-type acoustic levitation device [41].
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3 Method

3.1 Simulations

3.1.1 Matrix Method

In this work the matrix method has been chosen to simulate the acoustic radi-
ation pressure. It is a convenient choice because it does not simulate a speci�c
particle in the acoustic trap. The implementation was coded �rst in MATLAB
and then in Python. The initial implementation in MATLAB was validated by
comparing the results with experimental results found in the literature. The
results of the Python implementation was then compared to those of the MAT-
LAB implementation.

The results of the simulations were validated by using schlieren imaging to
visualize the acoustic potential and then counting the number of nodes present
in the schlieren images and in the simulation of the acoustic radiation pressure
to see if they match.

In this work the matrix method presented in section 2.7 was modi�ed to bet-
ter approximate the geometry of the TinyLev system. The arrays of transducers
are considered to be completely non-re
ective as their shape is very un-even,
albeit symmetrical so the wave will scatter and its energy will dissipate rather
than re
ect. Therefore in the case of two arrays, only the �rst terms of eq. 53
will be considered

P T = A � T (T M ) U ; (67)

and

P B = A � T (RM ) U : (68)

The superscripts T and B stands for top and bottom, respectively. Thus P
becomes

P = P T + P B : (69)

In the case where the top or bottom component is a re
ector and the other
component is an array or a transducer, the expressions forP T and P B are also
di�erent. An example, with T an array and B a re
ector P T and P B become

P T = A � T (T M ) � U + A � C � T (RM ) T (T R ) U (70)

P B = ; : (71)

The wave from the array re
ects once and then scatters on the array and
the re
ector does not actively contribute to the total pressure in the trap.
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3.2 Acoustic Levitation Device

All of the acoustic levitation devices used in this work operate at and excitation
frequency of 40KHz. The acoustic levitation devices used in these experiments
were assembled according to publicly available instructions [42]. The electrical
components were inexpensive and are commercially available.

3.2.1 MicroLev

The MicroLev is very small acoustic levitation device which features an array
of 17 transducer and a concave re
ector. The structural parts of the MicroLev
which hold the transducers in place were machined by the on-site CNC-mill at
the ICF-UNAM. Plans for the structural parts were provided by Alan Reyes,
fellow student at UAEM. The re
ector was constructed at Gothenburg Univer-
sity.
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Figure 8: Drawing of the MicroLev array, credit to Alan Reyes of UAEM.
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Figure 9: CAD-drawing of the MicroLev re
ector, credit to Jan- �Ake Wiman of
University of Gothenburg.

3.2.2 MATBig, MATMed and MATSma

The construction of these devices are completely credited to Johan Jellstam
[43] who worked on a similar project in the months prior. The devices were
nicknamed in order of size MATBig, MATMed and MATSma and they were
made with the 3D printer at Chalmers University: A sketch of these devices are
shown in �gure 10 and their features such as cavity length, radius of curvature
and number of transducers are given in table 1.
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Figure 10: Schematic of the MATs, made by Johan Jellstam.

Cavity Length (mm) Radius of curvature (mm) Number of transducers
MATBig 205 102.5 120
MATMed 128 64 70
MATSma 117 58.5 36
MicroLev 66 35 / 33 17

Table 1: Characteristic parameters of each of the acoustic levitation devices
used in this work. For the MicroLev system 35mm radius of curvature refers to
the array of transducers while 33mm refers to the re
ector.

3.2.3 Design and Circuitry

The circuitry of the acoustic levitator has three necessary components: an array
of transducers, a power supply to drive the transducers and a controller for the
power supply. In this work an Arduino nano was used as a controller, running
a script which can be found here [42].

The design of structural part of the MicroLev which holds the transducers
was obtained by numerous trials made by prof. Victor Contreras of The National
University of Mexico (UNAM). There are fewer transducers (17) than most other
designs which has been seen in demonstrations of acoustic levitation and features
a re
ector on the bottom. This setup has less instability partially because there
are fewer transducers which each provide some degree of instability because they
are imperfect, in other words they are not ideal circuits and they are bound to
have a phase di�erence between them.
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3.3 Schlieren Imaging

The schlieren setup for imaging consisted of the following items: 1) DSLR-
camera, 2) spherical mirror with a focal length of L f = 1 (m), 3) a db = 600
(� m) diameter wire used for blocking the incoming light from the mirror, 4) a
�ber-optic cable with a core diameter of dl = 400 (� m). In order to capture
schlieren images of the acoustic potential, the acoustic levitation device was
placed in front of the mirror and the light blocker placed in parallel with the
focal plane of the mirror, at a distance l = 2L f from the mirror. The light
blocker was attached to a translation-stage which enable micrometer adjustment
of its position in the parallel and perpendicular directions to the focal plane.

The setup was con�gured by �rst adjusting the mirror so that the image of
the mirror in the area of the light blocker. The light blocker is then adjusted
so that the image falls directly on it thereby blocking the maximal amount of
light. Figure 11 shows the principal geometry of the setup.

Region of interest

Camera

Light source

Spherical Mirror

Light stop

Figure 11: Schematic over the schlieren setup used in this work.

3.4 Application Development

The development cycle of the simulation script and the graphical user interface
to control the simulation script was broken into several parts, as explained
below.

3.4.1 Rudimentary Implementation

Many researchers have previously examined the acoustic potential inside acous-
tic levitation devices, most commonly using Langevin-type devices. Modelling
of the acoustic potential has been performed both numerically and experimen-
tally by other researchers. After writing a rudimentary script of the matrix
method for simulating acoustic potential the results of the script were com-
pared to previous work by other researchers to verify that the implementation
was correct.

The geometries that were simulated at this stage were of a 
at transducer
with a 
at re
ector and a 
at transducer with a concave re
ector. This imple-
mentation could handle variations on the radius of the transducer and re
ector
separately and the radius of curvature of the re
ector alone.
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3.4.2 Replicating the Geometry of TinyLev

A script was coded in MATLAB to generate points which were organized to
replicate the surface of each transducer in a TinyLev-system. This script was
then evaluated and modi�ed according to compatibility with general speci�ca-
tions. The goal was in principle to produce a script which could take a number
of highly relevant parameters, speci�ed by the user which determine the size
and shape of the acoustic levitation device which they wish to simulate.

The most relevant parameters were deemed to be radius of curvature on
the assembly of transducers, radius of the structural aperture which houses the
array, distance from the the zero position, the number of transducers in the
arrangement by �rst determining how many rings the array should have and
then how many transducers should be in each ring.

3.4.3 Developing the Graphical User Interface

Beyond the parameters mentioned above the script that runs the simulation
should be able to handle the output-frequency and phase of the transducers.
The design of the graphical user interface should be intuitive to use and of a
"what you see is what you get"-nature.
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4 Results

In this section results are presented which were obtained by running the matrix
method, the schlieren images that were taken to validate the results of the sim-
ulations and the graphical user interface which wraps the simulation algorithm.
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4.1 Generating di�erent geometries

The algorithm for evaluating the matrix method includes a method for gen-
erating speci�c geometries of di�erent varieties. Some of those geometries are
presented here.

Figure 12: A variety of sample geometries that the program can generate.
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4.2 Simulations

This section presents results which were obtained by running the simulation for
the parameters de�ned by the MATBig, MATMed, MATSma and the MicroLev
systems as well as the schlieren images that were taken to validate the results
of the simulations. The results of running the matrix method in python were
exported to a text �le and subsequently imported in MATLAB to produce the
plots in �gures 13 to 18. Section 4.2.2 shows the results that are generated by
the GUI, the graphics in �gures to are generated usingmatplotlib with default
settings, hence the di�erence in background and aspect ratio from earlier �gures.

4.2.1 Comparing MATLAB results with the python implementation

This section presents a comparison between the implementation of the matrix
method using MATLAB and Python respectively to show that the Python li-
braries are able to generate results that are qualitatively identical to MATLAB.

Figure 13: Side by side comparison of the result of simulating the "MATBig"
with the matrix method implemented in MATLAB and python (left and right
respectively)
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Figure 14: Side by side comparison of the result of simulating the "MATMed"
with the matrix method implemented in MATLAB and python (left and right
respectively)

Figure 15: Side by side comparison of the result of simulating the "MATSma"
with the matrix method implemented in MATLAB and python (left and right
respectively)
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Figure 16: The normalized pro�le curves of the plots show in �gure 13 with
MATLAB in red and python in blue.

Figure 17: The normalized pro�le curves of the plots show in �gure 14 with
MATLAB in red and python in blue.
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Figure 18: The normalized pro�le curves of the plots show in �gure 15 with
MATLAB in red and python in blue.

4.2.2 Simulation results (Python)

Figure 19: Acoustic radiation pressure simulated inside a MATBig, using the
python-implementation of the matrix method.
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Figure 20: Acoustic radiation pressure simulated inside a MATMed, using the
python-implementation of the matrix method.
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Figure 21: Acoustic radiation pressure simulated inside a MATSma, using the
python-implementation of the matrix method.
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Figure 22: Result of simulation of a novel device using with an array of trans-
ducers, and a concave re
ector, nicknamed "MicroLev".
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