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Summary. — We study the construction and action of certain Lie alzebras
of second- and higher-order differential operators on spaces of solutions
of well-known parabolie, hyperbolic and elliptic linear differential equa-
tions. The latter include the N-dimensional quadratic quantum Hawil-
tonian Schrodinger equations, the one-dimensional heat and wave equa-
tions and the two-dimensional Helinholtz ecquation. In one approach.
the usual similarity first-order differential operator algebra of the egua-
tion is embedded in the larger one, which appears as a quantum-mechanical !
dynamic algebra. In a second approach, the new algebra is built as the {
time evolution of a finite-transfurmation algebra on the initial conditions.
In a third approach, the inhomogeneous similarity algebra is deformed to
a noncompact classical one. In every case, we can integrate the algebra
to a Lie group of integral transforms acting effectively on the solution space
of the differential equation.

1. - Introduction.

The last fifteen years have scen a renewed interest in the Lie theoretical
treatment of partial differential equations, both linear and nonlinear (3).
From the method of construction of the similarity algebra, however, it is clear

() L. V. OvsJaxNIgOV: Gruppovye Svoystea Differentsialnikh Urarnyeni, Academy of
Sciences of the USSR (Siberian Branch) (Novosibirsk, 1962) (translated by G. W.
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150 S. STEINEBERG and K. B. WOLP

that only algebras of first-order differential operators in the independent and
dependent variables will appear. During the same period, theoretical physicists
have been working with « hidden » symmetry and dynamical algebras for
Schrodinger systems. These usually turn out to be differential operators of
order Lizher than the first. The quadrupole operators in the harmonic-oscillator
S, «lgebra (!) and the step operators of the &7, dynamical algebra
(%), Chapter 20) are of second order in the space derivatives; for the Kepler
svstemy, the Runge-Lenz vector components in &C, are of second order (%7),
while the generators which are noncompact in the %C,, dynamical algebra
—conformal transformations of the Fock sphere in momentum space—are
integral operators in configuration space ((**), (*) Chapter 21). (Sce, how-
ever, (1°).) Other cases of symmetry algebras also involve operators of infinite
order expressible as integral transforms (1%22). These algebras have been used
in order to find transition operator matrix elements and expectation values
in nuclear shell theory ((*), (®) Chapter 20) and hydrogenic physics ((3*4),
(1) Chapter 21), extending the techniques of the angular-momentum Racah
algebra to these fields.

Both in differential equations and in dynamical-algebra physics, the study
of the associated Lie group seems to have been of secondary importance,
exception taken of the rotation, Galilean, Lorentz and Poincaré transformations.
The work of Moshinsky and collaborators (15-2°) has shown, however, that,

Bruaax).”

* G. W. Brryax and J. D. Core: Similarity Methods for Differential Equations.

~Applied Mathematical Sciences. Vol. 13 (Berlin, 1974). ’

3y W. MILLER jr.: Symmetry and Separation of Variables. Encyclopedia of Mathematics
and itz Application, Vol. 4 (New York, N. Y., 1977).

(*) M. MosHINSKY: Group Theory and the Many-Body Problem (New York, N. Y., 1967).

*) B. . WyYBOURNE: Classical Groups for Physicists (New York, N. Y., 1974).

¢y V. A. Fock: Zeiis. Phys.. 98, 145 (1935).

() V. BarGMaxN: Zeits. Phys., 99, 576 (1936).

(®) M. Baxper and C. Irzyksox: Rev. Mod. Phys., 38, 330, 346 (1966).
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(*") C. QueaNeE and M. MosHINSEY: Journ. Math., 12, 193 (1971).

(*%) M. MosHIiNskY: SIANM Jowrn. Appl. Math., 235, 193 (1973).

(**y M. Mosmssky, T. H. Seniguax and K. B. Wovur: Journ. Math. Phys., 13, 901
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at least regarding the harmonic-oscillator Sp.yvc group, finite transformations
result in a semi-group of integral transforms which represent canonical trans-
formations for a quantum system., and thus suggest a host of interesting
problems both in quantum mechanies and in group theory. This semi-group
and associated ones include, as particular cases of finite group elements, the
integral transforms of Fourier, Bergmann, Mellin, bilateral Laplace, Gauss-
Weierstrass, Hankel and Barut-Girardello ((****), (**) Part. 4) and have led
to what seems to be a significant integration of various developments in group
theory, special functions and partial differential equations of parabolic
type ((*+%), (**) Chapter 10). In the mathematical literature, it has been
shown that every N-dimensional real Lie algebra has a realization in second-
order differential operators in N variables, with no first-order part (*7).

Consider n-th order differential operators in one independent variable
written as

n dx
11 P => P,(q) —
( ) go k(q) dq‘ ’

where d°/dg°= 1. We are interested in the exponentiation of (1.1), exp [ixP"],
and that of analogous versions in more than one independent variable. The
original work of Lie (*3) dealt with the cases (1.1) for » =1 and P,(q) = 0.
These can be called point transformations, mapping a function f(¢) on f(q (¢, x)).
The present work with similarity groups in differential equations entails coun-
sidering the solution f as an independent variable. If the equation is linear,
all similarity operators involving f appear as fc ¢f, which is equivalent to 1
acting on f(g). This remark brings in operators (1.1) with a P,(g) term whose
exponentiated action is

d

(1.2) falg) = exp [iz [P;(q) T + Po(q)” fla) = nlg, 2)f{q' (7, 2)) ,

where a multiplier function u(g, x) thus appears. Groups generated out of
operators of this kind seem to have been first applied by BarGy NN (*%). The

(*Y) K. B. Worr: Journ. Math. Phys., 15, 1205 (1974).

(*?) K. B. Worr: Journ. Math. PhLys., 15, 2102 (1974).

(**) K. B. Worr: Integral Transforms in Science and Engineering (New York, N. Y.
1979).

(2%) C. P. Bover and K. B. Worr: Rev. Jex. Fis., 25, 31 (1976).

(*) K. B. Worr: Journ. Math. Phys., 17, 602 (1976).

(**) K. B. Worr: Journ. Math. Phys., 18, 1046 (1977).

(*?) R. YA. GraBovskava and S. G. KreiN: Math. Nachr., 75, 9 (1976).

(*8) Sophus Lie’s 1880 Transformation Group Paper (translated by M. ACKERMANY,
commented by R. HeErMANN) (Brookline, Mass., 1977).

(**) V. BarGMANN: Aan. Math., 48, 568 (1947).
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152 S. STEINBERG and K. B. WOLF
action (1.2, will be called geometric as the value of f_(g) at some ¢ depends on the
value of f74') at a single point ¢'. Of course, when Py(q)= 0, u(g, )= 1. The
next step, » = 2, has been solved completely for P.(g) = ¢y, Py(g) = €,9 + €16
and Pylyi== ¢e(*— ¢4 ¢y With ¢, constant (*223) and when P,(g) = ey,
Pilq) = g — ¢ 107 Polg) = €02q* + €o2q7% ().
action is that of an integral transform

In these cases, the group

(1.3) f.(q) = exp [iaP®]f(q) =qu’ fla) K(g, ¢'; )
1

over an interval I which is R and R+, respectively. The kernel K(g, ¢'; @)
is a Gaussian, exponential and or Bessel function. As a—0 (or as ¢,,—0)
this kernel becomes a Dirac 4.

The present article is devoted to explore some groups generated by oper-
ators of the kind (1.1) in more than one independent variable, acting on spaces
of functions which satisfy a linear partial differential equation. In doing so,
we must emphusize several points. First, that for one-parameter groups, the
kernel in (1.3) involves only the Green’s function of the equation, so it is actually
the case of finite-dimensional groups we are interested in. Second, if f(q, ?)
belongs to the space of solutions of a given partial differential equation
(1.4) (H—¢)f(q,1) =0,
and the group action is required to map this space onto itself, the algebra of
operators (1.1) must satisfy the well-known condition
(1.3) [(H—2), P} = Ry(H—2),
where the operator R, is determined by P;”. Now, if X is an operator indepen-
dent of ¢, then it is easy to verify that

(1.6) XY= exp[tH]Xexp[—tH]

satisfies (1.5) with R = 0. This only means that any transformation of the
initial conditions will produce a transformation in the solution space of (1.4).
Although this remark would appear to trivialize the search for symmetry trans-
formations, it rather directs us, as for the dynamical groups of quantum
mechanics, to search for finite algebras of operators which include H or under
which H transforms in a simple way. Thirdly, for hyperbolie or elliptic equa-
tions, the form (1.4) still applies, if we consider H to be a matrix with operator
entries and f as a column vector composed out of a function and its ¢-derivative,
The group of transforms (1.3) will require likewise a function matrix kernel
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on which the group identity « = 0 in (1.3) only requires that it reduces to the
reproducing kernel of the space of solutions—not neeessarily a Dirac d.

Rather than embark here on a general theory of hyperditferential operators
(for these, see (*9)), it seems to us that it is relevaut at present to give various
specific examples of partial differential equations of parabolie, hyperbolie
and elliptic type: the free-particle Schrédinger, heat, wave and Helmhboltz
equations, in which algebras of second- and higher-order differential operators
appear, and where the remarks listed above apply one at a time.

In sect. 2 we follow the « dynamical algebra » construct of quadratic quan-
tum Hamiltonians in N space dimensions: « noninvariance » algebras, properly
containing the similarity algebra of the differential equation. This algebra is
exponentiated to a group WySp.yr. The Schréodinger similarity algebra (31:22),
Felin= Wy N[Z/ g @ O] contains all and only first-order operators in space
and time, while %5 S,y » contains all up-to-second-order ones. The integral
transform kernels are given explicitly and related to the algebra ceunerators.
As the time evolution operator need not be in a given group when the latter
maps solutions of an equation into solutions of the same. in sect. 3 we develop
one such case: conformal symmetry operators acting on the initial conditions
of a (Schrodinger-invariant) parabolic differential equation. For arbitrary time
we find that this group evolves into an isomorphic group of integral transforms.
In sect. 4 we produce a complementary Schrédinger symmetry group for the
(conformal invariant) wave equation. Lastly, in sect. 3. we deform (3933
the symmetry algebra of the Helmholtz equation {JC, = 5(C,,} and examine
the resulting integrated process in terms of the Green's function and
boundary data.

Each of the three approaches listed here. dynamical algebras (sect. 2),
transformation of initial conditions (sect. 3 and 4) and algebra deformation
(sect. 5), seem extensible to wide, overlapping classes of partial differential
equations, linear as well as nonlinear. Indeed, as will be clear, infinite-dimen-
sional algebras can be produced in every case and the problem is rather to
be able to reduce oneself to finite-dimensional ones. In the concluding sect. 6
we offer some comments on this situation.

2. — Symplectic symmetry in a class of parabolic equations.

In this section we give a detailed account of the Lie algebra 7% F )y rs the
corresponding Lie group and its action on a space of functions on R™; this

(®®) 8. SteiNBERG and F. TrEVES: Journ. Diff. Eq., 8, 333 (1970).

(3t) C. P. BoYER: Helv. Phys. Acta, 47, 389 (1974).

(**) U. NIEDERER: Helv. Phys. Acta, 45, 802 (1972).

(3%) J. G. NAGEL: dAnn. Inst. I. Poincaré, 13 A, 1 (1970).

(*¢) C. P. Bover and K. B. Worr: Journ. Math. Phys., 14, 1833 (1973).
(**) K. B. Worr and C. P. BoYER: Journ. Math. Phys., 15, 2006 (1974).
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is with the purpose of fixing the notation for subsequent sections, present
results which have not appeared explicitly before, and show how this algebra
appears as a symmetry algebra for the free-particle Schrodinger equation
in particular.

Consider the operators defined through their action on a suitable space of
functions on R¥:

(2.1a) Q.f(q) = ¢.f(q), gekR”,

(2.1b) P.f(q) =—1if(q)/iq. , myn=1,2,..,N,

and the unit operator 1. These 2N - 1 operators form a basis for (%) a real-
ization of the Heisenberg-Weyl algebra ¥ with commutation relations

(2.2) [Q., P.]l=1ibml, [@.,11=0, [P.1]=0.

We shall consider g to be a row vector and g7, its transpose, a column vector.
The Lie algebra exponentiates to the Heisenberg-Weyl group W, whose elements
Wix, y. 2), parametrized through row vectors x, y € R¥ and z € R act on suitable
functions of g as ’

(2.3)  W(x, y,2)j(q) = exp [i(}: T @~ 2 YuPo+ z1)]f(q) =

R

= exp[i(xq” + x¥72 + 2)1f(qg + ¥) .

We shall reserve Roman lower- and upper-case letters for N-dimensional row
vectors and matrices, and corresponding Greek letters for 2V -dimensional ones.
Let thus § = (x, ). The group composition rule for W, can be found
from (2.3) or directly from (2.2) to be

(2.4a) WE,, 2) W(E., 2) = W(E, + By 2+ 2+ 1EQE]),
where

o 0 —1

(2.40) Q = . ol

1 being the N x XN unit matrix.
Out of the universal enveloping algebra 6f % we can now build the second-

(**) K. B. Worr: The Icisenberg-Weyl ring in quantum mechanies, in Group Theory
and its dpplications, Vol. 3, edited by E. M. LoesL (New York, N. Y., 1975).
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order operators and their associated 2¥ 2N matrices

(2.50) Cow = @, @, > T(C,n) = = i( 0 0)
o Smn 0 4

(2.5D) B, — P,P, «<T(B,.) = i(o S)
n mn 0 0 3

LS| -t

(2.5¢) A=

.

(Em 0
(Qm Pn + Pn Qm)H r(A’"'l) =1 0 — E:;m ?

where we have used the ¥ XN matrices

(2.54) E™ = [ER"] W BBy S = Em L Em™= 8",
which have, respectively, one and two nonzero elements. There are N2} —1)
of these operators. They ean be shown, morcover, to satisfy the commutation
relation of the 2V-dimensional symplectic real Lie algebra Sy r. Similurly,
one can verify that the commutation relations of the operators and their asso-
ciated matrices are identical. These matrices —and linear combinations thereof—
satisfy TQ - QIT= 0. TUnder exponentiation, X = exp [ixT] will satisfy
TQSr— Q. This property defines the 2N x2N real symplectic group. We
write = in four ¥ x XN Dblocks:

A B
(2.6) z=(c D), ABT— B4, CDT=DC*, AD'—BC*=1.

The exponentiation of the individual matrices in (2.3) is easy as all but
T'(A.,) are nilpotent. The exponentiation of linear combinations is relatively
more complicated, but can be handled by using various subgroup decomposi-
tion. In particular, the A-operators have a sublagebra & Cy generated by

(2'7) an - Amn— Anm )
for which the representation matrices exponentiate to orthogonal ones.

The adjoint action of Spay e ON the generators of #% can be written in
2N -vector form as

Q DT — B\ (@ Q
es s()e=laTH)E) =)

the composition law holding accordingly as

(2.9) Sz.5r,= ¢S5z,
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and §, = 1, where ¢ is a possible sign factor (sce below). From (2.8), in a manner
entircly analogous to ((**) sect. 9'1), one can find the action of this Sp,y»
group of operators on a suitable space of functions of g € ¥ as an (in general)
integral transform

S r N ’
(2.10) flg) ==+ Sz1l@) = [0°q'f(q") C=(q, q)
B.V
with kernel

(2.11) Czlq, q') = exp [— iN=a[4]([22]" det B)-i-
-exp [i(}q'B*Aq'"— q'B-1q” + 1¢gDB-g7)].

This class of imtegral transforms has been termed canonical. The sign factor ¢
in (2.9) turns out to be given by sign{det(B,B,) det (B,) det (B,)] so that the
adjoint action (2.8) is faithful., but (2.10) yields a 2:1 ray representation of
Sp,vp- When the group parameters are allowed to go complex, (2.11)
still holds for a subsemi-group and ¢ is still only a sign. The analysis follows
that of ref. ((**) appendix B) for the N’ = 1 case, with det B in place of . The
case det B = 0 will be analyzed next.

Since any Sp,y r matrix with det 4 =0 can be decomposed into elements as

>

o ‘4 B 1 o‘(A 0\t 4B
ik (c p| = \c4-: 1) o a-iflo 1 )

we can look separately into each of the subgroups in this product. The action
of the first two can be found independently of (2.10)-(2.11) and yields

a) Gaussian multiplication

1 0 1.
(2.13) S (C 1\) flg) = exp [3 'quT] flq),

b) linear transformation

A 0
(2.14) Slo  gr1) (@ = (det A)if(gA™),

¢) pure integral transformation ((1) l:’) .

These particularize the transform (2.11). Their behaviour as det B—0
can be analyzed noting that, from (2.7), B is a symmetric matrix in this
case, which can be brought to diagonal form through an orthogonal matrix R.
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When B =|b,,8..], the kernel (2.11) is a product of N Gaussians of the form
s S I \a; "

(2=b,)tespli(g,— q,)%20,], m=12,.,%N,

for which the b, —- 0 limit can be ascertained as in ((**) sect. 9'1) where the
one-dimensional case is shown to become a Dirac §(q,— ¢,,). It follows that
when B is a matrix of rank r and R is such that B = RB'RT with B’ diagonal
(bybg ... 5,0 ... 0), then the kernel (2.11) is

(2.15) [(27) bybs ... b, exp [— irz/4]*

eS| [ st om0,

n=r+1

and the transform (2.10) effectively only involves r integrations.
The Wy and Sp.ys groups can be now composed as

(2.16) I{Z, €, 2} = S;W(E, 2)

As the generators of Wy transform among themselves under the adjoint action
of Sp.v g, the composite operators (2. 16) will be elements of the semi-direct
product WiASp.yz, with Wy normal. We call this the W evl-wmpleatu group
Wy Sp,y.s- The group composition reads

(2.17) '{zu By 31} '{23. B2 zz} = ’{2122, gxz:+ B+t %ELZ:Qgg >

as can be found from (2.16), (2.8) and (2.4). The identity element is 11,0, 0}
and I{Z, §, z2}-' = I{Z~}, —EZ-, —zj. (We note that EQET =

A particularly important subcrloup is that of purely ceometmc trans-
formations

A 0
(2.18) ! [(C AT—I) y Xy Y 2} f(CI) =

= (det A)~texp[i (}qCA~'qT +- q4™ a7 + 1 yxT 4 Z)J flgd™ = ¥),

where recall £ = (x, y). Here the value of If(gq) depends only on. the value
of f(g’) at one point, and (2.18) is the subset of all transformations with this
property.

Consider now the time evolution of a function f(q) as dictated by the
N-dimensional free-particle Schrédinger equation

(2.194) (é S P, P.)f(q, 1) = i6.f(q, 1)
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This ix a canonical transform of the initial condition f,(q) given by

(2-191-") f(q-l) = eXp [tEx']f(Q7 t,);t'-o =

1. 1 t1
= C¢X] [_Eltzpnpﬂ] /o(‘]) =1 0 1 105070 fo(g)y

where the last transform is the evolution operator of the system. Now, if the
initial condition f,(q) is subject to a WySp,vr transformation and becomes
a new g,(q), f(g,t) will change correspondingly as

7 1 o
(2.20a)  glg.t) =11y :0,0,0¢9(q) =

Pl ol B -

A+-tC B-<+1tD
=’ C D 2x7 )-12 fo(‘])-

We now write the last group element as the product of one geometric trans-
formation times an evolution operator for the free particle in a transformed
time ¢, here a N XN matrix T', as

A-1C 0 | 1 T '
(2.200) l{ C (4 +tC)™1 y 2,y —xT', 21l 0 1 +0,0,0¢1fu(q),

where
2.200) T' = (4 + tC)(B - tD).

The most obvious difference with the one-dimensional case is that here in
general T will not be a sealar multiple of the unit matrix. Let us consider then
the question: when is T'= t'1 for all ¢{? Clearly, this happens when the four
submatrices of £ are multiples of the same N XN matrix. Conditions (2.6)
then further require that this matrix be orthogonal—eall it R—so that
A=aR, B=0VIR, C=cR and D = dR with ad— bc = 1. The set of all
WySp.y z elements of the form -

a b\ 3 a b
(2.21q) I . d M RE, 21, & d €8par, REOI,

constitute the Schrodinger group

(2.21b) Schy = W\'/\[Sl’:,n Q Oyl c W, SP:.V_R,
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which is regarded (231) as the similarity group for the free-particle Schrédinger
equation, -as well as that of the associated harmonie and repulsive oscillator
and the free-fall (linear potential) equations (°'). When Z belongs to this sub-
group, cgs. (2.20) can be further manipulated to yield the result

2 00 (a +tc)R 0 ' _ ’

(2.22a) g(q,t) =1 ¢R (a + te)'R x,y +txzf(qt) =
=@+ e [i (Gearg+ farg + Jr—rafs+ 5 ra,

(2.22b) i = (dt + b)/(a + ct),

(2.22¢) g = (@ + et (qR + [dt + b]x) + y.

In this form, f(q, t) is shown to have undergone a geometric transformation
in the (q,t)-space, to a function g(q,t) which is a multiplier function times
flq’y t'), the original function in the transformed variables (q’, t"). Schy is gen-
erated by the Heisenberg-Weyl operators (2.1), the angular-momentum gen-
erators (2.7) and by the «isotropic » SO, , generators of Gaussian multiplication,
dilatation and time evolution:

(2'23a) H: == %E Qm Qm '17 S C'um ’
(2 230) H, =13(Q.P,.+~P,Q,]=1YA,.,
(2.23¢) H,=1YP.P,=1Y B,..

The time-¢ Schrodinger algebra is obtained from this through application of (2.8)
on the time-0 Schrodinger algebra, Sy given by the time evolution operator
in (2.19b): '

2.24a Q¥ =@, —tP, PY = P, M) =M,,.
’ ?

The three « dynamical » group generators (2.23) are, for time ¢,

(2.24d) ® = H_,—tH,—it:0,,
(2.24¢) JHY = H, + 2ite,,
(2.244) HY = H,=—iq,,

where the second-order operator H, on the initial conditions has been replaced
by — ic, on the space of solutions of (2.194). The generators (2.24, of Nehy
are those of Bluman and Cole (?) in the notation used by MILLER ((3) scct. 272, (¥7)).

(*) E. G. Kauxins and W. MILLER jr.: Journ. JMath. Phys., 15, 1728 (1974).
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For N =1 this is indeed the full symmetry algebra as W,Sp, p=~ Sch,. For
N =1 however, Wy Sp,yp contains extra generators which remain of second
order on the space of solutions of (2.1%«) at time ¢. These can be written out
explicitly through (2.5) and (2.24a). The operator — ic¢, is present as in
(2.24h)-(2.24d), but not elsewhere. The assignment (2.24d), of course, holds
ounly for the free-particle Schrodinger-equation case written out here. For
the harmonic and repulsive oscillators, the free-fall system or, in fact, any
system whose time evolution operator lies in the #% S jesx r @lgebra, this con-
tinues to be the full dynamical algebra, containing properly the similarity
algebra of first-order differential operators (**). In fact, the similarity group
is even smaller than Schy in the cases where the Hamiltonian rotational in-
variance is broken, as for the anisotropic oscillator (1:%), where #y #/ya con-
tinues to be the dinamical algebra of the system. In every case the generators
of Wy Npay g Which are not in the similarity group, generate an integral trans-
form action on the time-? solutions of the corresponding equation.

3. — Conformal symmetry for parabolic equations.

A function f(q.t) which is a solution to a linear evolution equation

(3.1a) Hf(Q) t) = atf(% t)

-

with initial conditions

(31b) j(Q7 f)l(-o=f0(q)

can be found from the latter through a formal evolution operator

(3.2) fla, ) = exp (tH) fula) = 44’ u(a)6(q, ¢'5 1) -

For simplicity we shall work here with only one space dimension. The general
case, although not identical, follows basically the same line of argument. The
system characterized by H is elearly independent of the initial condition fy(g).
As long as this gives rise to a unique f(q, t), the latter can be traced back to
its initial condition f,(q).

If we effect a transformation T on fy(¢), a transformation T* will be induced
at the time-? solution, given by '

(3.3) T = exp[tH]Texp[— tH].

(3%) C. I’. Boyer and K. B. Worr: Jowrn. Math. Phys., 16, 2215 (1975).

\
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We would like to particularize our considerations to geometrie transformations
generated by operators of the kind

(3.4) Pt = Bwéq) ¢+ oPolq) , ceC.

These form an infinite-dimensional .lIgebra, as can be easily verified seeing that
linear combinations and commutators of operators of this class lie again in
the same class. Another operator relevant to the transformation of the initial
conditions is H itself. The commutator of H and (3.4), when H contains second-
derivative terms, will lie in general outside the class of geometric transforma-
tions. The one-parameter transformation group generated by (3.4) can be
found through the standard techniques of Lie theory and lead to a mul-
tiplier action

(3.5a) fa(fl) = -!fo(Q) = exp [1{P1(’l) S+ UPO(Q)}] .fo({I) = [.”(Q? 1)]"!0(()’,(’[))-
(3.8b)  @.lq) = FY(F(g) —a), wulg,2) = G(Q)/G(r.()=1/u{g.(0). — ),

= = _[ 4 = 1 Dol
(3.5¢) F(q) = J.Pulq)’ Glg) = QXPUMPX(Q,‘»]’

where, in order that ¢ (q) be one-to-one, F(q) must be strictly monotonie.

A Lie algebra of operators generated by (3.4) on the space of initial condi-
tions will generate a corresponding Lie algebra on time-t evolved solutions
of (3.1a)

(3.6) P18 = exp [tH][P,(q) ¢, + oPy(q)} exp [— tH]

and the exponentiated operators will map solutions of this equation into
solutions. As we assume f(g, t) can be traced back to its f,(¢), then

(3.7)  falg, t) = exp [xP¥]f(q, t) =
= exp [tH] exp [zP‘”]fdv(q’)j(q’, )G(g,q'; t)* =

= exp [iH]fdv(q’).f(q', (g, 2)°G(ralq), ¢ 5 t)* =

D
=_| dq”ffh(q')f(q', t)u(q"y 2)°G(rx(0), 45 )*Glg, "5 1)
2 L

In the preceding formulae we have written the inverse time evolution as an
integral with a measure dw(q’) over a region D in the complex plane, with the
complex conjugate of the direct time evolution kernel. When the evolution
operator is unitary on Z#*(R), dv(¢') = dq¢’ and D is the real line itself. When

|
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the process is diffusive as for the heat or «radial » heat equation, an integra-
tion over the ¢’ complex plane C is necessary with an appropriate measure
given below ((2222), (22) section 9°2). The expression of f (g,?) in terms of
flg, t; is thus that of a double-integral transform

(3.8a) falg, 1) =J dq"J dv(¢) (¢, ) E®(g, 4’5 ¢ 585 %)
— D
(3.3b) E2g,q,q¢"5t;2) = ulq", 2)°G(ga(q"), 5 1)*G(g, ¢"; 1) .

The order of integration in (3.8a) can be exchanged only when both integrals
are finite and well defined. When this is possible, we can write

(3.9a) falg, 1) =fd”(q')i(q', 1)K (g,q';t; ),
D
(3.90) KYg,q'3t; 2) = qu” K9(g,¢'yq";t; ) .

We should point out clearly that the single-integral form (3.9) is not always
possible. When H is a diffusion operator, (3.9) would imply that K®(q, ¢'; ¢; «)
itself is a solution of the evolution equation (3.1) in ¢ and ¢ corresponding to
a Dirac d-distribution. As this is not regressible in time at all, it cannot be the
subject of the first step in (3.8). These steps can be applied, however, when
fig, ty = G'(q, c: 1), corresponding to f,(¢) = d(¢ —¢). In this case f (q,0) is a
Dirac 6 centered at ¢ = ¢__(¢), and with a modulation factor which can be
obtained as

(3.10)  fa(g. 0) = u(q, 0)°6(g4(q) — €) = 1(q, 2)°0(q — ¢-.(0) /g2 (@-al€)) =
= 1(g-s(¢), 2)° [Py (q-1(0))| (g — ¢-a(0)) [|Pr(e)]

where we have assumed that ¢'= ¢_,(¢) has only one solution and used the
identities '

(3.11a) d(g(r)—x') =|g'(g72(x) |2 o(r — g¥(2"))
(3.112) giy) = F'()/F (F-(F(x) — a)) = Py(g.(y)/Ps(y) -
4

It follows that under geometric transfor nations of the initial conditions,
G(q, c; t), the Green's function « centered%-on ¢ is transformed into

(3.12) Ga(g,c31) = n ((f—.x(")y “)UIPI((F—a(('));G (ﬂb §—(€); t)/IP!(c)! ’

which is only a recentered and rescaled function.
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We would like to give a more detailed account of the generating operators
in (3.6) for the ease when H is a Hamiltonian or diffusion operator which belongs
to the class of W&p, z-similar systems. In this case, the transformations one
can implement on P® are given T\IY the Weyl-symplectic transformations of
the last section:

Q d@ — bP -+ y1
(3.13) I{Z, §, 2} P Z, & 1 =

The operators which generate symmetry transformations at time ¢ are then
(3.14) P = Py(dq + tbC, + y)(— ieq + al,— ix) + oPy(dq +— by — y)

with a, b, ¢, d, x and y given functions of ¢{. Time derivatives will appear in
(3.14) whenever H is reconstituted by ¢ and ¢,.

In order to be specific, let us consider the three-dimensional Lie algebra
of conformal transformations of the real line generated by

(3.13a) C.=28, G=d¢, Co=¢d,
with commutation relations
(3.150) [Coy Cuul = = Cy, (€, C..] =2G,.

The generators (3.15) will correspond, respectively, to translations, dilatations
and pure conformal transformations obtained from (3.5) and locally generate
Spsr= 80,, through the subgroups given in (2.12). When the time evolution
of the system is governed by the heat equation (eq. (3.13) with a =1 = d,
¢=0, b=—2it and r =y =z = 0), then (3.14), as applied to (3.13a), reads

(316a) CY =29,=C_,,

Lk

(3.165) €O = (q + 22,8, = C, + 22 = g7, - 213, ,

H
(3.16c) C¥ = (g + 2t3,)28, = Cy, + 2t¢, + 4tqct + 128 =

H a -
= (Qt "I' q’) a'z _I_ 4qt8t "' 4¢° CaCts

the symbol £ meaning that the two operators are equivalent when applied to
the solution space of the heat equation. One may check easily that (1.5) holds
for (3.16). The operator (3.16a) generates translations ¢ —q + «, t—-t, (3.165)
generates dilatations ¢ — exp([lg, t —exp{23]¢, while the action of (3.16¢),
which for ¢ = 0 is the conformal transformation q — ¢ (1 + »¢q), for general ¢
requires a double integral transform of the type (3.8). From ((2!), (2*) sect. 9'2)
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we set

(3.17) drlg) = 22ty texp[— (Img)? 2t]d Reqd Img.

Correspondingly, we find the kernel

n *2
(3.18) K, q,54 513 7) = (dat)~exp [— {(1—_—37 = q') —(¢— a”)ﬁ}/H] )

ald D to be the complex plane. As expected, the first integral over ¢’ can be
performed only if f(¢’,t) is an entire analytic function of growth (2, 1/4%).
The double-integral process (3.8)-(3.17)-(3.18) can be explicitly verified for
Gaussian functions of appropriate growth. Finally, it is interesting in itself
to note that the procedure followed here will yield a continium of conformal
“(,, algebras built out of the enveloping algebra of the original #C,, algebra
(3.15a;: the commutation relations (3.156) continue to hold for the operators
{3.16), whether one or both operators in the commutator assumes either of
the forms separated by the £ sign. As we can again easily verify, the algebra
generators (3.16) coustitute a particular case of a deformation induced by (3.13)
on ¥C,,. The general case is

(3.29a) D.,=aC,, a#0,
(3.290) D, =C,— ayC_, - paC%,, v, feR,
(3.180) D, = a C_,+2yCy+ (B + ay?) €, + 26C, €y +

+ 2aByC2, + af? C,.

The case (3.16) corresponds toa =1, g = 2t, y = 0.

These will be up-to-third-order differential operators in the underlying space
co-ordinate (¢ in this case, but the circle co-ordinate, for instance, in Bargmann’s
realization () of 80,,). If we wish to reduce the action of this algebra to the
solution space of a parabolie differential equahjon with a quadratic Hamiltonian
operator H. the H operators present in the extended algebra (3.19) will be
replaced by ¢,. yielding up-to-second-order differential operators in a two-
dimensional space (g,f). All of these conformal algebras for the differential
equation, will be symmetry algebras of operators of second order in the
derivatives.

4, — Point and Schrodinger symmetries for the wave equation.

We now turn to the problem of finding symmetry operators for a class of
equations of the form

(.1) E:f(ﬂ: t)+fatf(!b 1) + Dj(Qyt) =0, A

N2
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which include the wave equation (for D =— ¢, ¢ = 0), the damped-wave
equation (¢>0) and the Klein-Gordon equation (D = — ¢} + u?, & = 0).
Although the method of solution may apply also for elliptic equations, as the
Helmholtz equation (D = + ¢} + k%, £ =10), we reserve next section for an
alternative treatment of the latter. In fact, we shall present the results ex-
plicitly only for the wave equation in one space dimension. Other cases and
dimensions lead to less transparent formulae.
For the wave equation, ({.1) can be written as

o) = 6) =)

where the first row defines f,(q,t) = cf(q, t)/ct and the second reproduces (4.1).
Now, whereas the similarity algebra of the Klein-Gordon equation is the
J0,, algebra of space and time traunslations (generated by ¢, and ¢,) and Lorentz

rotations (generated by ¢, -+ ¢¢,) and the same holds for the damped cases

(4.2)

ENEY

i
when we replace ¢, by ¢, ¢2, the wave equation has a larger symmetry
group. To display this we can pass to the characteristic co-ordinates =g —1.
n = ¢—1t, so that the equation now reads c?*f c5fcy = 0. Any point trans-
formation generated by (3.4) with P,= constant in £ or » will leave this
equation invariant. If ]

(4.3) X = A(§)2,+ Bipe,~ e,

its 2 X2 matrix representative will be

A+ B)3, 4
(4.4) x=C + Bot e

A—B
ac(A - B) e« aw(A "T' B) + C)
with A = 4(¢ +¢) and B = B(¢—t) and ¢ constant. We can check that
[W—2.1,X]=0. ‘

Since infinite-dimensional algebras are not very informative, one restricts
A(&) to be 1, & or &%, and similarly for B(n), following (3.153). The ¢ element
trivially multiplies the solutions by a constant. The similarity group of this
equation can thus said to be the conformal algebra

A NDIEL, 3D S L = DS s

This algebra contains time translations (4 = } = — B), space translations
(4 = } = B), hyperbolic rotations (4 = £;2, B = — /2), dilatations (4 = § 2,
B = 7/2) and two pure conformal transformations (4 = §*2, B = +£7%/2)

e > W——— e ek - — . —
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all with ¢ = 0. In addition, as with any lincar equation, we have scaling
(4 =0=DB,c=0). We can now apply an approach similar to that used in
sect. 3, namely, the time evolution operator will translate the transformation
of the initial conditions to a transformation of the ensuing solution. Here,
the time evolution operator is the operator matrix

G G
(4.5a) exp[tW]=(c-,: é),

(4.50) G = ¢;'sinh (i), G = cosh (i), G = ¢,sinh(43,),

where we note that only nonnegative powers of ¢, are involved. In fact, on a
suitable space of functions,

(4.6a) cosh (12.) h(g) = }[h(g + 1) + h{g—1)],
(4.60) &' sinh (18,)h(g) = %qu’h(q’).
o+t

Now, the most general transformation of the initial conditions is not only the
most general operator X in (4.4) evaluated at { = 0, but includes all 2 X2 ma-
trices with operator entries. The diagonal elements- of this matrix operate
separately on the initial function and its time derivative, while the oﬁ-dingdnal
elements effect linear combinations between them. Again, in order to curtail
the excessive freedom, we can resort to the one-dimensional ¥ 5%, p =~ 2/,
aleebra of sect. 2, spanned by P2 }(PQ — @QP), @, P, Qand 1. The 2x2
matrices ean be built considering the direet sum composition, whereby inde-
pendent Schrodinger operators are placed in the diagonal entries and zeroes
of the off-diagonal ones. A subalgebra of this is obtained when the two operators
are equal. We shall eall it ¥¢/; . A second possibility is that of the tensor
sum of the Schrodinger algebra with a 4.2, » algebra of 2 X2 matrices with
constant coefficients. The latter isolates the linear combinations between the
two initial conditions. Again, Y%/, is contained as a subalgebra when the

¢ Y, p element is zero. In concentrating on the %%/, p, algebra of diagonal’

matrix operators, we note that, out of the six generators of this algebra,
1(QP — PQ), P and 1 belong to the & (.. sinf "arity algebra (4.4) and generate
dilatations, space translations and sealing, r¢ pectively. The P2 operator gen-
erates integral transformations of the difti.ve or free-particle Schrodinger
type (eq. (2.13)) with » = 1 = N'). Since P* commutes with the time evolution

operator Win (4.3), the action of this operator is the same for all time ¢t. We
- are thus left to explore t-h_e action generated by @ and @3 On the ¢ = 0 con-
ditions this is just multiplication by an exponential or Gaussian factor. In
order to study the time evolution of their action and the corresponding integ-
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ration to the group, let us consider the time evolution of a function F(Q), i.e.

F(a)® 0 F(Q) 0
4.7) 0 @) = exp [IW] 5 F@) exp [—tW] =

GF(Q)G— GF(G)G GF(Q G— GF(@QG
“\GF@G-Gr @G GF@G—GF@G)/"

When we replace G and its derivatives by (4.55) and use their action (4.6),
we obtain, for the first row,

(4.8) F(@)“f(q,t) =
= [eosh (¢,) F(q) cosh (t¢,) — ¢;' sinh (¢2,) F(q) ¢, sinh (¢2)]1f(q. t) +
+ [8;*sinh (£8,) F(q) cosh (¢¢,) — cosh (¢¢,) F(q) ¢;* sinh (1¢,)]f.(q. t) =
=HF(@+O)f(g+2t,t) L [Flg+1t) + F(q—1)]fj(g. 1) + F(g—t)flg —2t. 1)} —

att

+ 3fag F@)fg + t,0) + fg' —t, 0] —
a—t
¢~!:2¢ a att q"'—t ¢
- %{F(q + t)J dg'flq'.t) + F(g— t)J dq'fdqy t)} —|g FigH|dg g 0.
q a2t —t q'.:—t

The second row only involves differentiation of (4.3) with respect to f.

“When F(q)= q and ¢3, (4.8) represents the action of the algebra operators
which can be thought of as intinite-order differential operators. Together
with the differential operators P, P3, ¢c,—t7. and 1, they constitute a Schro-
dinger symmetry algebra for time-t wave equation solutions. Although @7
and Q“* are thus integral operators, their exponentiation to the group is well
defined by (4.3) itself for F(gq) = exp[ixg] and exp[iFg?], respectively. These
transformations, together with Schridinger free-particle diffusion, translation,
dilatation and scaling constitute the symmetry group for time f. Note that the
first two transformations are time independent, whereas the other are not.
Moreover, time translation is not an element of this Schrodinger Seky p-group.
If W were included in the algebra, we would immediately generate an infin-
ite-dimensional one.

5. — Deformation of the symmetry algebra of the Helmholtz equation.

In this section we examine in some dctail the deformation of the similarity
algebra of the two-dimensional Helmholtz equation

(5.1) H:f(q) = (— Pi— P; + k) f(q1,2.) = 0.
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In this context. the deformation of an algebra is the following: out of the
universal enveloping algebra of a given Lie algebra, we search for finite-
dimensional subalgebras. This was done for #°(,, in (3.19) and yielded another
S,y aleebra. Here, the known two-dimensional Euclidean similarity algebra
FC, for {5.1) will be subject to a similar process: S0, = ¥@,,. Although this
deformation is representation dependent (329%), it turns out that the solution
space of (5.1) exactly fits the necessary requirements. In principle, the contents
of sect. 2 and 3 can be seen also as the deformation of #%, and so will the re-
sults of this section in terms of ¥5. The method of deriving results, however,
seems to indicate that here #C, is the natural starting point.

It is well known ((3) Chapter 1) that the similarity algebra of the two-
dimensional equation (5.1) is a vector space & spanned by the four operators
(3.2) P:upzy M3=Q1P2—92P1v1
satisfying [H,. X] = 0. (See egs. (2.1).) This algebra is &/, @ S ., direct sum
of the one-dimensional algebra generated by 1 and the Euclidean algebra S0,
generated by the rest of (3.2). As the former acts trivially—the subgroup gen-
erated by it multiplies the solutions of (5.1) by a constant, as is always permis-
sible in a linear equation—we shall work with the factor algebra and space
F=¢, /= FC,. The JC, operators can be exponentiated to a Euclidean
symmetry group 10, of geometric transformations. This manifest similarity
group iz actually the full symmetry group, in contradistinction to the free-
particle Schrédinger equation of sect. 2. The Helmholtz equation has thus a
rather poor symmetry.

We can construet further operators commuting with the operator H, in (5.1)
through considering the universal enveloping algebra of (5.2). The elements
of thiz which are at most quadratic in (5.2) form a ten-dimensional space which
we call &,. with a vector basis given by (5.2) plus Pi, P;, P,P., M3, {M,, P,}
and {M,. P,}, where {A, B} = AB - BA is the anticommutator of A and B.
On the space of solutions, the operator P} 4 P; is equivalent to %21, which
suggests that we work with the eight-dimensional space &, = &,/(H:, 1). The
adjoint action of 10, on &; then divides it into five orbit families, whose rep-
resentatives we choose as

(5.3a) S,= P! +aM,,

(5.30) S,= P} + bP, + cP,,

(3.3¢) Sy= M; + dM,+ ¢P,,

(5.3d) Si= {M,, P} + M, + gP,+ kP,
(5.3¢) S;= M; + wP} + aM, + yP, + zP,,

—— e s
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where a, b, ..., = are real constants (*?). If we let all coefficients of first-order
terms (in &) be zero, orbits (5.3a) and (5.3b) coalesee and we recover the results
of Miller (3) pertaining to the operators which serve to find the separating
co-ordinates of (5.1), namely P}, M,, {M;. P,} and M-+ «* P}, corresponding
to Cartesian, polar, parabolic a’ elliptic systems. It should be noted that
none of the operators (5.3), wh 1 second- and first-order terms are present,
leads to new separable co-ordinate systems. This seems reasonable, since we
know independently ((*) p. 493-504) that the purely second-order ones yield
the only four orthogonal separating systems. A supporting computation ()
shows that this is the case, including the known nonorthogonal separating
systems associated with the Cartesian and polar orbits. This result should
not be surprising as is known that the correspondence between second-order
operators and separating co-ordinates is not one to one. (Another example can
be found in (*%) on the separating co-ordinates of the Klein-Gordon equation.)

The vector space %, does not close into a finite-dimensional Lie algebra,
yet a subspace of it does. It has been shown that out of the enveloping algebra
of Sy (33335) one can produce a set of operators which are at most quadratie
in the generators and an ideal under Lie brackets with the generators of the
semi-simple subalgebra. This method, sometimes called the Gell-Mann formula.
consists in commuting the second-order Casimir operator of & (y with the N
normal generators and adding multiples of the same. In the case of (5.2} for
N = 2, we can define the operators

i

(5.42) M;l'n = — 2_k

[Mg, Px] ‘r‘ ‘l.’l"1 =
1 . 1 ‘ o
=°—l‘:{M3’P=} +."":.lzzt‘qitpzf(":;—._--—_)Ply
(5.4D) M =— = [M3, P,] + P, =

1 1 ' o b
=—;)-];{M;,P,}~I—TP,=—ZM3P1+(T‘, )Pu

BT
which are Hermitean, when 7 is real, in Z#?(R?). Direct computation yields

(5.50) [M37 M?")] = iM‘;’” , [M:? M;l.n] == iM'Ll,r) ;

(s [ME2, M) = — ikt M(P: + P).

2
1

(**) F. Soro, La ecuaciom de Helmholtz y el grupo tridimensional de Lorentz, Tesis
profesional, Facultad de Ciencias UNAM (1977).

(*) P. M. Morse and . Fesusacu: Methods of Theoretical Physics (New York,
N. Y., 1933). o

ol



170 S. STEINBERG and K. B. WOLF
\

Acting on the solution space of the Helmholtz equation, as P} + P} is equi-
valent to k%1, (3.5) closes into a &°C, , algebra. The generators of this algebra
are M,= %, and the two operators (5.4). These are among the orbit family
(3.3d)y in ;. The representation of this &°C,, algebra on the solution space
of (5.1) can be obtained by noting that

(5.6a) MI—MPUI_ MIT= M (1—k-2[P!+ P}]) +

+ ([/2k + 71— [1 2k + <) (P} + P}) = — } — 2k*= A(A 4 1),

where

(5.6b) J=—}+itk.

For t real, this belongs to the principal or continuous series denoted by
BARGMANX (*) as (7,

Thiz is not the only deformation of the Helmholtz similarity algebra.
In (®4) it is shown that, out of an J£,%C, algebra composed of &y in semi-
direct product with an Abelian ideal of second-order symmetric unit trace
components, one can produce a ¥ %y, algebra and a corresponding SLy z-
croup. In the case of the N-dimensional Helmholtz equation, this Abelian
ideal is provided in a natural way by the operators k2P, P, in &%, which on
the space of solutions have unit trace. This deformation follows closely egs. (5.4)
and can be implemented for any N. For N = 2 we can do better: noting that
FE p=S(,,. we construet a generalization of this process through asking
for the Abelian ideal to be built out of arbitrary functions G,, G, of P, and P,,
such that [M,. G;] = ¢G, and [M;, G,] = —¢G,. We define, with appropiate
normalization ¢ = in,

- - | n,T) 1. 2 1 : i
(5.70) M;’)Z_W[M“G‘]_*_TG‘:,;];:MSG:T T+§'E:)G:’

- n,T 1‘_ 2 1 i i
(5.4b) M; T __2":];" [Ma, Gz] -+ TG= = —-“k" Man+ (T T 2k") G:7

: 1
(3.5¢) Mo == M, .

The condition that (5.7) close into a Lie algebra on the Helmboltz solution space
implies that G} + G be a function of P; + *; only. This is satisfied by the
operator polynomial functions

Y
(5.8a) G, = (P} + P)™*T,.(P, [P} + P3}),
(5.8b) G, = (P; + P:)‘"-wz P, T...(P, [P} + P3}Y),
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where T',(r) and U, (x) are the Chebyshev polynomials of the first and second
kind. One can show, as in (3.6), that (5.7)-(5.8) for real 7 belong to the prineipal
series CQa irreducible representation. For n =1, (5.7) reduce to (3.4): for
n =2 it reproduces the general case in ref. (), while the deformation family
presented here appears to be ne % We shall denote the Lie algebra (3.7)-(5.3)
by S0, 0.

Before proceeding to exponentiate (5.7)-(5.8) to the group, we would like
to point out that part of the conclusions of seet. 2 can be applied to the Helm-

holtz-equation case: the Lie algebra with vector basis {P,. P,, Pi, P,P,, Pi, M;}

has the structure (/.= .o/) 2% ¢, (where .o/, is the n-dimensional Abelian
algebra) and maps solutions of this equation into new solutions. The exponen-
tiation of this algebra will yield a group of integral transforms with Gausszian
kernels (2.11) mapping solutions into solutions. This group is generated by the
commutant of #; %, x with H, in (5.1). The ¥C,,. operators in (3.6), on
the other hand, are outside 7%/, p and are of order » + 2 in the genera-
tors of ¥;. Explicitly, for n =1,

I

(5.92) M = 1-1(@,P; — @,P,P,) — (z — i[2k) P,

= k~Y— g, Co, - @2 Toyq,) — i(v + i{2F) Cq

(5.95) M = -y(@,P}— @,P,P,) — (v ~ i2k)P, =

=k~ ¢*Ca, + 01 80e) — (T — {[2R) G, .
The exponentiation of (3.7)-(3.8) can be achieved, nevertheless, due to the cir-
cumstance that a subspace of solutions of the Helmholtz equation can be map-

ped through Fourier transformation onto the space of functions f(pl,p,)=
= 0(p*— k2)¢$(0) with support on the unit circle, with co-ordinate §:

(5.10a)  flq) =2 f f @*p exp[ip-qli(p) =
~ =jdo exp [ik[q; cos0 - g;sin0]]¢(0) = (I3)(q) ,

(5.106)  4(0)d(p*— k?) = (8a3)~! f f d*q exp [—ip[q cosb + g.sinb]]f(q) ,

where we have defined constants, so as ta agree with (?). The space of Schwartz
distributions on the unit circle is then mapped through ! onto the space of
solutions of (5.1). Operators which transform the latter space will have a cor-

- responding realization in the former. The £, generators in (3.2) become

—~— -~

(5.11) P.=kcosO, P,=ksind, M,=—ic,,

\

- ma.:d
{
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while the #C,,. generators (5.7)-(5.8) become

(5.12a) MM = —i[n-tsinnfz,+ (1 4 irk*) cosnb],
(5.128) M = —i[— n~tcosn6Z,+ (} + i7k") sinnb],
(3.12¢) M= —in1¢,.

These are self-adjoint in #2(S,). The S0,, . action of (5.12) on the circle is
now easy to find through (3.53). In fact,

(5.13a)  R™"(a, B, 7)¢(6) = [exp [i=M"]exp [if M) exp [i; M"]]4(0) =

= p™(0 + a/n, f)3(O;[6 + a/n] + y/n) ,
(5.13b) O[] = 2narctg (exp[Bltg[nZ/2])
(5.13¢) ©™"(Z, B) = [sin (nf)/sin (O TH.

The action (5.13) is untary on 2£2(S,) as the Jacobian of the transformation is
exactly ofiset by the multiplier factor in (5.13¢):

(5.14) (@70 + a/n] 4 y/n)/d6 = |0 + a/n, ,8)]’ .

In. the Euler angle decomposition (5.13a), M generates rotations of the
circle and M/ corresponding ones in the g-plane. It is thus the action
of M™ and M™* which is of specific interest, since they deform the circle
through (3.135) and (5.14).

In finding integral kernels representing the action (5.13) in the Helmholtz
solution space, we can use the exponential eigenfunctions of P, (and P;) appear-
ing in (3.11a) and used in ref. (3). This set, however useful it has been, is not
completely appropriate since, as eq. (5.10b) attests, integration over the two-
dimensional g-plane is more than required by harmonic analysis in terms of
the generalized eigenfunctions of a single operator. Now, the spectrum of P, in
the space of solutions of the Helmholtz equation is given by % cosb, 0 € (— =, #],
i.e. the interval (— k, k) twice, — k& and &. In order to distinguish between
the two degenerate eigenvalue functions, we can restriet § to the hali-circle
[0, =] and introduce a dichotomic index ¢= -1 for 0 %0 ==, which should be
the eigenvalue of an operator commuting w’ U P,. This can be chosen to be
(symbolically) P,/|P,|, i.e. an operator who o eigenvalue is + 1 (— 1) when
¢(0) in (5.8) has support on the [0, ] ([— ;t‘t, 0]) half-cirele. The two values
6 = 0 and 0 = = are exceptional as the spectrum of P, is simple and no dicho-
tomic index is necessary. Since these constitute a set of measure zero, we may
disregard them for the purpose at hand. Equation (5.8) can be then cast in

GROUPS OF
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the form
(5.15) fg) =3 |40£:(0)Poslq),

a—:‘to
where
(5.16a) Dy 4(q) = exp [ik(q, cosh + oq,sinb)], 6elo0, ],

. [0, =1,

(5.160) Fal£0) = ¢(0), fe { [— =, 0].
Similarly,
(5.17) of(g)[eq: = ik T o|sin6a0fo(0) Poo(q) -

=il

The harmonic coefficients fU(G) can now be found in terms of (5.15) and (3.17)
through a single integral over ¢,, by using

(5.18) qu, exp [ikq, cosf] exp [— ikq, cos0'] = 22d(6— 6')/ksinb ,
as

(5.19) fol0) = (dm)? f dg, [k sinbf(q) — iccf(q)/Cq.]1D, (q)* .

We should note that (5.19) does not depend on g,. This expression for f,(§)
thus substitutes (5.10b) as the transform inverse to (3.10a)-(5.17). The action
of exp[ifM "] on f(q) can be now found through (5.13), (5.15) and (5.19)
as an integral transform—in ¢,—of the « initial conditions » at any point ¢, as

(5.20)  exp[BM1f(q) = 3 |d9u"™" (0, B)fo(O5(0)) Poolq) =

g=i1
0
© ©

=|dg:/(g')cE™"(q, q'; B)cq: — | dqicf(q) /2 K™ (q. q'; B) ,

—_— -0

where the integral kernel representing the group action is

g

(5.21)  EK™q,q';f) = —i(d7)t S qf(10 £7(0, B) Do, olq')* Poolq) =

g=x1
L
n

= (2::)“de [sin (nf)/sin (@5 (1)) J71me"-

-exp [ik(g, cos0 — g1 cos OF(0))] sin [k(gy5in0 — qasin @' (H))] .
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Although we cannot provide a closed expression in terms of elementary fune-
tions for the kernel (5.21) in the general case, we shall proceed to show that
the intecral action (3.20) is quite transparent.

First consider § = 0. In this case,

Em,r)(q’ q'; 0) = Kn(ql— q;, g — q;)

is the Helmholtz-equation Green’s function which provides the solution f(g;, g.)
in terms of the boundary conditions and normal derivative at any line
¢, = constant. In fact, for ¢, = ¢, K (¢, — ¢, 0) = 0, while the derivative can
be integrated as

(&l

(3.22) CE (g, — 41y 9)/C¢)me = 7 sin (g, — ;) (¢, — 4}) -

This function acts in (3.22) as the reproducing kernel for the space of solutions
of the Helmholtz equation: if we Fourier transform with respect to ¢, the eon-
volution of f(¢,.4.) and (5.22), the result is the Fourier transform f(pl, qz),
which Las support on p,e[— k, k] times the Fourier transform of (5.22),
which is a rectangle function with the same support.

For values of 5 =0, the integral transform (5.20) is no longer a convolu-
tion for ¢,= ¢.. yet it expresses the transformed f(q,, ¢.) in terms of the
boundary conditions f(g;. g.) and its normal derivative ¢f(q,, ¢.)/¢q, integrated
along ¢,. This is due to the fact that M™" is a differential operator of seeond
order in g,. while only of first order in g,—all higher derivatives in ¢, correspond,
due to (5.1), to higher derivatives in ¢, times a first-order derivative in g,. The
value of the transformed f(q,. ¢») depends thus only on the values of the original
function and normal derivative along a line g, = constant. The action of any
other one-parameter subgroup conjugate to (3.20) will clearly involve only
integrations along lines in the g-plane at an angle determined by the conjugating
rotation group element. As expected, the kernel K™"(q, q'; f) is a solution
to the Helmholtz equation (5.1) both in the g and in the g’ variables. The
composition and associativity properties can be verified by making use of the
reproducing property of (5.22) and the measure transformation (5.14). The
latter also shows that

E(n,r)(q’ q'; _ ﬂ) = K("”’(q', q; ﬁ)‘ .

(5.23)

Lastly, one can verify that the infinitesimal integral transform action (5.20)
for §/—0 is correctly given by the (n - 2)-th order operator (5.7a)-(5.8).
Indeed, using

(5.34a) cOP(0)/cf = n2sin[2OF(0)],
(5.240) cu™(6, B)/Cf = (3 + 1TE")u™"(6, B) cos[nOF(6)] ,

s e p——
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one can apply ¢ 'cf on (5.20). Differentiating the kernel (5.21) and evaluating
at f =0, one finds

(5.25) CKE™"(q,q'; p)[cBls=0 =

1 i refe rele ! i ~(n,T ’ )
= ‘{—E(QXC/C%“‘%C/C’Il)Gz” (I_W) G,} K ’(q, q';B8) -

On the left-hand side, extra trigonometric factors in O7'(6) enter, while on
the right-hand side the Chebyshev polynomials in P, and P, only produce cor-
responding factors in sin#f and cos #f. Since the kernel at 3= 0 is a fune-
tion of ¢,— ¢; and ¢,— ¢., derivatives with respect to g, become derivatives
with respect to — q;. which can be integrated by parts by noting that only first
derivatives in ¢, appear and that (5.20) is independent of these variables.
If we exchange M, and G, in the final operator acting on the boundary darta.
the — 1/2k» factor in (5.25) is replaced by a correct - ¢ 2k as in (3.7«
and we are left with an expression analogous to (5.20) with iM/""fiq ) in
place of f(g'). Since the remaining kernel is the Helmholtz kernel, we can finally
set ¢, = q; and use the reproduction property of (5.22) to conclwde that the
generator of the transformation (3.20)-(3.21) is indeed M. It must be noted
that this procedure has been rather more laborous than the corresponding
one for Lie geometric actions (°) which are basically Taylor expansions. and
that of one-variable integral transforms (322}, where the Dirac o appears
at § = 0.

Even though the S0,,, action (2.21)-(2.22) is an integral one, it should not
obscure the fact that certain solutions to the Helmholtz equation are self-
reproducing under it. Thus, for example, a plane wave @,(g) directed along
the ray 0 given in (3.16¢) (letting / run over the whole cirele for simplicity so
as to disregard o) will become, under the action of R™"(«,3,v) a plane
wave directed along 0"_"’;(6—-,',"71)—1_'11, and be multiplied by a factor of
u™?(0—y/n, f)*. Similarly, eigenfunctions of a subgroup generator of NSOz 1n
will transform among themselves as the rows of the (.. irreducible representa-
tion matrices decomposed with respect to that subgroup. The decomposition
with respeet to the compact SO,-subgroup yields the polar partial waves
((®), eq. (3.19)). Self-reproducing solutions under M. "-transformations are
given by the eigenfunctions of M™¥, which can be found in principle rhrough
obtaining the cigenfunctions of M and then performing (5.16). For 7 =10
these are given by the separated products of parabolic cylinder functions in
parabolic co-ordinates ((®), eq. (3.33)). If 7 is arbitrary (*?), no such analytic
expression can be given, however.

The similarity algebra deformation sketched here applies to hyperbolic
and elliptic equations in any number of dimensions, which possess an inho-
mogeneous classical similarity algebra where the equation itself appears as
the restriction of the Abelian ideal to a nondegenerate conic surface.

oo g —re S - s ——a——— - e vav— ¢ . —— -
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6. — Conclusion.

The examples we have treated in this paper have in common the quest
for finite-dimensional « higher » symmetry algebras for certain common dif-
ferential equations using various strategies. We have not set out to find a
«universal» symmetry group, as have AXDERsoN and collaborators (4°#3), which
show that all completely integrable N-dimensional dynamical systems posses
the global symmetry group of the Newtonian free particle SLy,, r. (Sce also
ref. (#1).) We are also aware of the fact that the very productive applications
of Lie algebras to separation of variables by MILLER, BOYER and KALNINS
(zee (*) and references within) do not make essential use of finite group prop-
erties and in fact do not require nor need that the second-order differential
operators form an algebra. The first approach would seem to trivialize the
study of particular examples and, in the extreme, the second would argue to
obviate the introduction of Lie structures. It is our point of view that the treat-
ment of integral transforms from a group-theoretic point of view needs at
present concrete examples given in classical language. There are indications
that the proper mathematical framework for the group -action produced by
hyperdifferential operator Lie algebras may well be the theory of Lie-Backlund
contact transformations in the infinite-dimensional tangent space of Ibragimov
and Anderson (). In this brief survey of algebras and groups associated with
some representative linear differential equations, we hope to have pointed out
that the theory of integral transforms may be the first to benefit from the
extension of Lie-theoretical methods to operators of higher degree.

* k %

One of us (KBW) would like to thank Mr. F. SoTo, now at the Instituto
de Fisica, UNAN, for continued interaction on the material of sect. 5, as well
as the Department of Mathematies and Statisties, University of New Mexico,
for the hospitality extended during the first semester of 1978.
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(*) R. L. AxpErsoxn, S. Kvner and C. E. W LrMax: Rer. Mexr. Fis.,, 21, 1, 35
(1972). {k
(**) R. L. AxpErsoxN, S. Kunmer and C. E. Wyrraan: Phys. Rev. Leit.,, 28, 988
(1972).
(**) R. L. AxpErsox and D. PETERsON: Nonlinear Anal., 1, 481 (1977).
(*9) P. Cuaxp, C. L. Menra, N. Mukuxpa and E. C. G. Suparsuax: Journ. Math.
Phys.. 8. 2048 (1967).
(**) N. II. Inrscivov and R. L. AxpERrsox: Journ. Math. Anal. Appl., 59, 145 (1977).
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@ RIASSUNTO ()

81 studia la costruzione e I'azione di certe algebre di Lie di operatori differenziali del

secondo ordine o di ordine pit alto su spazi di soluzioni di ben note equazioni ditferen-
ziali lineari paraboliche, iperboliche ed ellittiche. Quest’ultime comprendono le equa-
zioni di Schrodinger hamiltoniane quantiche quadratiche a N dimensioni, equazioni
d’onda e di calore ad una dimensione e 'equazione di Helmholtz bidimensionale. In un
primo approccio la solita algebra dell’operatore differenziale del primo ordine di similarita
dell’cquazione & immersa in quella pin grande. ehe compare come un’algebra dinamiea
quantomeccanica. In un secondo approccio si costruisce la nuova algebra come evo-
luzione temporale di un’algebra a trasformazione finita sulle eondizioni iniziali. In
un terzo approccio 'algebra di similarita inomogenea e deformata in una classica non
compatta. In ogni caso, si pud integrare I'algebra ad un gruppo di Lie di trasformazioni
integrali che agiscono effettivamente sullo spazio delle soluzioni dell'equazione ditic-
renziale.

(*) Traduzione a cura della Redazione.

I'pynnel neTerpaashsiX npeodpa3osanuii, 06pazosanubie aaredpar JTit anddepennna ibubix
OIEePaTOPOB BTOPOro M 00.1€€ BbLICOKHX MOPHAIKOB.

Pesroye (*). — Mot uccneayeM KOHCTDHDOBaHHE H JeiiCTBHE HEKOTODPBIX aiaredp .lu
muddepeHUUATBHBIX ONCPATOPOB BTOPOTrO H 00:1ee BHICOKMX NOOPAIKOB HAa MpPOCT-
PAHCTBAX PSUICHHI XOPOUIO H3BECTHBIX Napalo.THYeCKHX, THNEPOOTHYSCKHX M I T.THMIOTH~-
YeCKHX MHHelHbIX IuddepeHuuanvHbiXx ypaBueHuit. ITocieaHue BrIro4aroT N-yepHble
KBaApaTHYHBIC KBAaHTOBble ypaBHeHHs LUpsInuHrepa, OIHOMEDHBIE YpaBHEHHS Ta-
IUIOMPOBOJHOCTH M BOJHOBbiE YpaBHEHIA M JIBYMepHOe ypaBxeHiie [eipMmroisua. B
nepBoM noaxone, anredpa aud@epeHUHATIbHBIX ONepaTOPOB NEPBOrO MOPSAIKA BHe-
npsieTcs B 00.1b1IyI0 aarebpy, KOTOpas BLICTYNAET KaK KBAHTOBOMCXAHIYECKAA JHHAM -
yeckas anrebpa. Bo BTopom noaxcie, moBas airedpa CTPOMTCH, KaK BPeMEHHas 3BO-
JIIOLHS afredphi KOHEYHbIX NPe0OpPA30BaHITT, HCX0IS U3 Ha4a IbHBIX YCIO0BI. B TpeTheM
noaxoae, anredpa 1ehopMHPYETCA B HEKOMNAKTHYIO KIZCCHYECKYIO aaredpy. B kaxIoM
Ci1y4ae MBI MOKEM MPOIHTErpHPOBATh aiaredpy B rpynny JIu HHTerpajbHbIX NMpeodpa-
30BaHii, ACHCTBYOWHX 3PPCKTHBHO HA MPOCTPAHCTBE pelueHuit JnddepeHUHaILHOIO
YpPaBHCHIIA.

(*) IMepesedeno pedakyuei.
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