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Apple gravity tree (M. Espinosa 2014)

2



Occult fluids and Descartes’ vortices.

Le Monde (1677) presents a corpuscu-

larian cosmology in which swirling vor-

tices made of an “occult fluid” explain,

the creation of our solar system and

the circular motion of planets about the

Sun.
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Kepler’s third law

Kepler’s 3rd law written on the Harmonices Mundi Libri V (1621): T 2 ∝ a3/M . For

a circular orbit: v = vϕeϕ only and vϕ = rϕ̇. Since ϕ̇ := 2π/T it follows that the

orbital velocity :

v := vϕ ∝
»

M
r
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Newton’s gravity

Newton derived his law of gravitation on his “Philosophia Naturalis Principia

Mathematica” (1687) book using Kepler’s 3rd law of planetary motion, requiring

centripetal balance:

a = v2

r = −GM
r2 ,

where the proportionality constant G is Newton’s gravitational constant and the

minus sign shows the attractive nature of gravity.
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Preface to the 2nd ed. of the Principia Mathematica (1713)
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d Mas cuando se toman la libertad de imaginar a placer figuras y magnitudes desconocidas, aśı como

situaciones y movimientos de las partes inciertos, suponiendo además flúıdos ocultos que invaden

libremente los poros de los cuerpos y están dotados de una sutileza que todo lo realiza, se entregan a

sueños y quimeras y abandonan la verdadera constitución de las cosas que sin duda no ha de

derivarse de conjeturas falaces, siendo aśı que dif́ıcilmente podemos descubrirla mediante las

observaciones más ciertas. Quienes aceptan hipótesis como primeros principios de sus especulaciones,

por más que a continuación procedan con la mayor exactitud a partir de dichos principios,

construirán ciertamente una fábula ingeniosa, si bien núnca dejará de ser una fábula.

d La última clase profesa la filosof́ıa experimental. Estos de hecho derivan las causas de todo a partir

de los principios más sencillos posibles; pero luego no asumen nada como principio, que no haya sido

suministrado por los fenómenos. Ellos no proponen hipótesis, ni las reciben en la filosof́ıa sino como

asuntos cuya veracidad puede ser disputada. Ellos proceden por lo tanto en un doble método,

sintético y anaĺıtico. A partir de algunos fenómenos selectos ellos deducen por análisis las fuerzas de

la naturaleza, y las más simples leyes de fuerzas; y de ah́ı por śıntesis muestran la constitución del

resto. Esta es incomparablemente la mejor manera de filosofar, que nuestro renombrado autor

jústamente abrazó antes que el resto; y que estimó exclusivamente digna de ser cultivada y adornada

por sus excelentes trabajos. De ésto él nos ha dado un muy ilustre ejemplo. Mediante la explicación

del Sistema del Mundo muy afortunadamente deducida de su Teoŕıa de la Gravedad.
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d Alexis Bouvard (1821) published tables of the position of the planet Uranus. He

showed that the anomalous motion of Uranus was not possible to describe using

Newton’s theory of gravity:

“These irregularities or residuals, both in the planet’s ecliptic longitude and in

its distance from the Sun, or radius vector, might be explained by a number of

hypotheses: the effect of the Sun’s gravity, at such a great distance, might differ

from Newton’s description; or perhaps Uranus was being pulled, or perturbed,

by an as-yet undiscovered eighth planet; or the discrepancies might simply be

observational error. ”
d Adams & Le Verrier (1845) independently predicted the location of Neptune.

d Le Verrier is remembered as “ the man who discovered a planet with the point of

his pen.”
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Perihelium’s precession of Mercury.

d Mercury’s precession took Le Verrier to postulate the existence of an unknown

solar system inner planet: Vulcan.

Eddington (1914) wrote a letter to Einstein asking him

whether his relativistic theory of gravity would be

capable to reproduce the anomalous movement of Mercury.

Einstein does it!
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Perihelium’s precession of Mercury.

d Mercury’s precession took Le Verrier to postulate the existence of an unknown

solar system inner planet: Vulcan.

Eddington (1914) wrote a letter to Einstein asking him

whether his relativistic theory of gravity would be

capable to reproduce the anomalous movement of Mercury.

Einstein does it!

Le Verrier died in 1877 be-

lieving in the existence of

Vulcan since an amateur

astronomer (Lescarbault,

March 26th, 1859) repor-

ted the transit of Vulcan

across the Sun.
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Aether, another occult fluid

d According to medieval science: “Aether is the material that fills the region of

the universe above the terrestrial sphere”.

d Christian Huygens: light travelled in the form of longitudinal waves via an

”omnipresent, perfectly elastic medium having zero density, called aether”.

d Michelson & Morley experiment and Einstein’s hypothesis
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En México: Andrés Guevara y Basoasabal (1748-1801).

d Pasatiempos de cosmoloǵıa o entretenimientos familiares acerca de la

disposición del universo (1789)

d Instituonum Elementarium Philosophiæ(1796)”

Ref: S. Galindo (2012) RMF, 58-2.
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Fritz Zwicky (1933) postulates the existence of “missing matter on the Coma

cluster due to large velocities of the internal galaxies.
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Vera Rubin (1970) concluded that the explanation for the anomalous rotation

curve on spiral galaxies was due to missing dark mattter.

Newtonian gravity works in the inner region (where a & a0 ∼ 10−10m s−2).

Outer region (where a . a0 does not follow a Kepler’s third law: (v2 ∝M/r),

but a Tully-Fisher relation: v4 ∝M .
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¡Wide open binaries do not follow Kepler’s 3rd law!

Hernandez et al. (2012)
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Outer regions of Globular Clusters obey the Tully-Fisher law!

Interior is Kepler’s

3rd law: σ ∝
»
M/r Exterior is Tully-

Fisher law :

σ ∝M1/4

Hernandez et al. (2012)
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Newtonian non-relativistic gravity

(based on Kepler’s 3rd law)

m Rotation curves (Kepler’s third law):

v ∝ M1/2

r1/2
.

m Centrifugal balance a ∝ v2/r.

m Acceleration force is then:

a = −GN
M

r2
.

m Calibrate with observations:

GN = 6.67× 10−11 m3 s−2 kg−1.

Extended non-relativistic gravity

(based on Tully-Fisher’s law

m Rotation curves (Tully-Fisher law):

v ∝M1/4.

m Centrifugal balance a ∝ v2/r.

m Acceleration force is then:

a = −GM
M1/2

r
.

m Calibrate with observations:

GM ≈ 8.94× 10−11 m2 s−2 kg−1/2.

m Simplest form of MOND found since:

a0 :=
G2

M

GN
.

Milgrom (1983) obtained result requiring Newton’s 2nd law to be modified. Since
(v2/r) = a = GM/r2, then: (v2/r)2 = a2 = a0 GM/r2, i.e. MOdified Newtonian Dyn.
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A new theory of gravity?

d Gravitational phenomena needs to be relativistic.

d Can space-time allow for a relativistic Tully-Fisher structure?

d Assume the Einstein Equivalence Principle to be valid.

d Allow for geodesic motion of particles.
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Relativistic Kepler’s 3rd law

m Weakfield geodesic motion (massive

particles):

g00 = 1 +
2φ

c2
= 1 +

2GNM

rc2
.

m Isotropic coordinates:

ds2 = g00dt2−
Ä
1 + 2γφ/rc2

ä
δkldx

kdxl.

m Spherical coordinates:

grr = −1− 2γGNM

rc2
.

Lensing observations imply γ = 1.

Schwarzschild solution of Einstein’s

field equations also imply γ = 1 .

Relativistic Tully-Fisher law

m Weakfield geodesic motion (massive

particles):

g00 = 1+
2φ

c2
= 1−2GMM

1/2

c2
ln

Å
r

r?

ã
.

m Isotropic coordinates:

ds2 = g00dt2−
Ä
1 + 2γφ/rc2

ä
δkldx

kdxl.

m Spherical coordinates:

grr = −1− 2γGMM
1/2

c2

Lensing observations imply γ = 1.

Mendoza et al. (2013)

Mendoza & Olmo (2014)
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m Lensing on elliptical, spiral and galaxy groups can be modelled using total

matter distributions with isothermal profiles (MT = v2r/G and DM profiles

obey the same Tully-Fisher relation of baryonic matter of spirals: v ∝Mb.

m Take GR -Schwarzschild- + DM.

g00S = 1/g11S = 1− 2rg

r
= 1− 2GMT(r)

c2r
= 1− 2

(v
c

)2

.

m The deflection angle βGR = F (g00S, g11S, ri) can thus be calculated.

m This deflection angle is THE SAME for any metric theory of gravity and so

βGE = βExt.

m Last relation is valid for all ri and so, it is possible to find g11Ext at O(2).

In short, Tully-Fisher law + lensing observations, at O(2) yield:

g00 = 1− 2GMM
1/2

c2
ln

Å
r

r?

ã
, grr = −1− 2GMM

1/2

c2
.

Hence: γ = 1 as in relativistic Kepler’s 3rd law

Mendoza et al. (2013), Mendoza & Olmo (2014)
19



Extended Newtonian gravity (Mendoza et al. 2011)

d Assume that a0 is a fundamental constant of nature.

d Gravitational acceleration a experienced by a test particle is characterised by

M, r,G, a0.

d Since there are three independent dimensions m, l, t Buckingham’s Π theorem of

dimensional analysis implies that:

a = a0 f(x),

where

x := lM/r, (1)

and the mass-length lM given by

lM :=

Å
GM

a0

ã1/2

. (2)
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d E.g. f(x) = xα, a power law.

f(x) =


x2, Newton

x, MOND

x+ x2, Bekenstein (2004)

d Hernandez, Mendoza et al. (2010) showed that Bekenstein’s formula is useful for

dwarf galaxies, but fails at large distances in the solar system. Famaey &

Binney (2009) showed that it is also not useful for our galaxy.

d The natural limits of the dimensionless function f are:

f(x) −→

x2, when x −→∞,
x, when x −→ 0.

d An object with a size much grater than lM behaves MONDianly (x� 1) and an

object with size much smaller than lM is in the Newtonian regime of gravity.
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x ∝ M1/2/r: (1) Solar system at Earth’s orbit. (2) Solar system at Jupiter’s orbit.

(3) Solar system at the Kuiper belt radius. (4) Globular clusters. (5) Elliptical galaxies

and bulges of spirals. (6) Dwarf spheroidal galaxies. (7) Outer regions of spiral galaxies.

(8) Galaxy clusters
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Transition function f(x)

d Mathematical approximations about MONDian and Newtonian limits lead to a

good Postulate: Å
a

a0

ã
±

:= f(x) = x
1± xn+1

1± xn
.
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d Extreme case occurs when n =∞ (different astronomical fits imply n & 8− 10).Å
a

a0

ã
e

=

x, when 0 ≤ x ≤ 1 (MONDian ).

x2, when x ≥ 1 (Newtonian).
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Relativistic approach to an extended theory of gravity:
dimensionality

d Extended relativistic gravity means that the following parameters have to be

introduced into the theory:

U M . Mass of the object producing gravitational field

U G. Newton’s gravitational constant

U c. Speed of light

U a0. Milgrom’s acceleration constant.

=⇒ possible to build two characteristic lengths:

Mass length scale lM :=

Å
GM

a0

ã1/2

,

Gravitational radius rg :=
GM

c2
.

( Bernal, Capozziello, Hidalgo & Mendoza 2011 )
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Action and field equations

d Hilbert’s action for the gravitational field:

SH = − c3

16πG

∫
f(χ)

L2
M

√
−g d4x,

where:

χ := L2
MR,

and LM is a “characteristic length” of the theory.

d Matter action has its usual form:

Sm = − 1

2c

∫
Lm

√
−g d4x,
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d Null variations of complete action (i.e. δ (SH + Sm) = 0) give field equations:

f ′(χ)χµν −
1

2
f(χ)gµν − L2

M (∇µ∇ν − gµν∆) f ′(χ) =
8πGL2

M

c4
Tµν ,

d Trace of field equations:

f ′(χ)χ− 2f(χ) + 3L2
M ∆f ′(χ) =

8πGL2
M

c4
T.
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Einstein’s general relativity

m Trace of Hilbert-Einstein equations

for dust:

R = −8πG

c4
T = −8πGρc2

c4
.

m Since (2)R = −(2/c2)∇2φ, so

Poisson’s equation is obtained:

∇2φ = 4πGρ.

m At order of magnitude ∇2φ ≈ a/r
and so, since ρ ≈M/r3 then

a ≈ GM/r2.

Newton’s gravity is the weak field limit

of General relativity

Extended relativistic gravity

m Assume f(χ) = χb To order of

magnitude, trace equation is:

χb (b− 2)+3bL2
M

χ(b−1)

r2
≈ 8πGML2

M

c2r3
.

m At (2)R = −(2/c2)∇2φ, flat rotation

curves (i.e. a ∝ 1/r) when b = 3/2

m The choice L2
M ∝ lMrg ensures c does

not appear on the resulting equation:

a ≈ (a0GM)1/2

r
.

MOND’s acceleration is the weak field

limit of f(χ) = χ3/2
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“..one should not be surprised if some of the commonly accepted notions, even at the

fundamental level of the action require generalisations and rethinking. (Sobouti 2007,

Mendoza & Rosas-Guevara 2007, Bernal et al. 2011)”

SH = − c3

16πG

∫
f(χ)

L2
M

√
−g d4x, χ := L2

MR,

LM =
2
√

2

9

Ç
rg lM

å1/2

, rg :=
GM

c2
, lM :=

Å
GM

a0

ã1/2

.

f(χ) =

χ =⇒ general relativity

χ3/2 =⇒ extended relativistic MOND

=⇒ Field’s action depends on the mass/energy.
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F (R, T ) gravity connection

d Harko et al. (2011) have developed an F (R, T ) gravity theory, with T := Tαα and

so:

F (R, T ) := f(χ)/L2
M , and “mass-energy” M :=

4π

c2

∫
T r2dr

d FT (R, T ) = 0 implies Euler’s relativistic equation of motion (which is derived

from ∇µTµν = 0), i.e. geodesic motion.

d When p→ 0 then equations are geodesic.

d In any case one must search for solutions that follow geodesic motions.

d Note that the function

f(χ) = χ3/2 1± χb+1

1± χ3/2+b
−→

χ3/2 when χ� 1 (Ext. Rel. MOND)

χ when χ� 1 (Gen. Rel.)

for b ≥ −1.
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Cosmological dust model (Carranza, Mendoza & Torres 2013)

d Take a FLRW universe with no cosmological constant and with no dark matter

components, but assume that F (R, T ) := f(χ)/L2
M and the “observable (causally

connected with us) mass-energy” is:

M := 4π

∫ rH

0
ρ r2 dr

Evaluation of Friedmann’s equation today for f(χ) = χb gives:

a0 =
9

2
ζ4 (1− q0)

2
(bZ)

2
b−1

Ä
Ω(0)
m

ä 3b−5
b−1

cH0 ≈ cH0

(in agreement with Bernal et al. 2012) where,

Z = Z(q0, j0, α) ≈ 1

a (t) = a0

Å
t

t0

ãα
, ρ (a) = ρ0

Å
a

a0

ãβ
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d Take SNIa cosmological data and find the best fit to the above to to find:

b = 1.57 ≈ 3/2 .

d This is coherent since lM/r ≈ “a few” for the universe and it must be in the

relativistic extended regime.

d f(χ) = χ3/2 ⇒ h0 = 0.6409, q0 = −0.2642 , j = −0.1246, s = 0.15.

Redshift-magnitude plot. Blue line is concordance ΛCDM, red is best χ3/2 fit.
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Gravitational lensing (Mendoza et al. 2013)

d For this we developed a free (GPL’d) Maxima code: Metric EXtended-gravity

Incorporated through a Computer Algebra System (MEXICAS)

www.mendozza.org/sergio/mexicas, Copyright c© 2013 T. Bernal, S. Mendoza

and LA Torres.
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Clusters of galaxies (Bernal, Lopez-Corona & Mendoza 2014)

d Mercury’s anomaly explained (mainly) by relativistic corrections using

v ∼ 48km/s⇒Γ ∼ 1.4× 10−4. For a cluster of galaxies

v ∼ 1000km/s⇒Γ ∼ 3.3× 10−3.
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Acceleration from the geodesic equation at O(4):

a = −c
2

2

î
g

(2)
00,r + g

(2)
11 g

(2)
00,r + g

(4)
00,r

ó
;

a = − [GMb(r)a0]1/2

r
+

23GMb(r)

c2r
− 2GMb(r)a0

c2r
ln

Å
r

r?

ã
+
Ar2

c2G
+

B

c2G
,

 1e+13

 1e+14

 1e+15

 100  1000

M
(M

s
u
n
)

r(Kpc)

Mass profiles for A133

Blue line is the observed mass, the dashed lines are the uncertainties and the red line is our theoretical mass model. The

constants are A = 10−30c2, B = 0.6 × 10−26c2.
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Hilbert-Einstein

S = −
∫ (

c3

16πG
R+

1

2c
Lm

)√
−gd4x

Non-relativistic limit:

S = −
∫ (
− c2

8πG
∇2φ+ ρφ

)√
−g dtd3x

For the first term use −g = 1 + 2φ/c2 &

∇ · (φ∇φ) = φ∇2φ+ |∇φ|2 to get:

S = −
∫ ( |∇φ|2

8πG
+ ρφ

)
dtd3x

Variations of this yield Poisson equation

and so:

a = −GM
r2
. (3)

f(R)

S = −
∫ (

c3

16πGκ
f(R) +

1

2c
Lm

)√
−gd4x

Non-relativistic limit:

S = −
∫ (

c4

16πGκ
f

(
∇2φ

2c2

)
+ ρφ

)
dtd3x

=⇒ Nothing, even when f(R) = Rb.

AQUAL

S = −
∫ (

a2
0

8πG

f
(
|∇φ|2

)
a2

0

+ ρφ

)
dtd3x

Variations of this yield AQUAL’s field

equations and the choice f(y) = y3/2

gives MONDian regime of gravity:

a = − (GMa0)
1/2

r
.
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It is not possible to use a full f(R) that can converge to MOND’s acceleration

regime unless the energy-momentum tensor appears on the gravitational action.

Simplest form use the f(R, T ) theories by Harko et al. (2012)

d Possible to find MONDian solutions when (T = ρc2 -dust)

F (R, T ) =
f(χ)

L2
M

, with f(χ) = χ−3

and LM ∝ r5/4
g l

−1/4
M ∝ a−1/4

0 G−3/8c5/4ρ−3/8

rg :=
c√
Gρ

, lM :=
a0

Gρ
.

d SNIa best fit yields: f(χ) = χ−3, LM ∝ ρ−0.37 ≈ ρ−3/8 and h = 0.75.

d Currently developing gravitational lensing and dynamics of clusters of galaxies

with this approach.

Mendoza (2014), Carranza, Lopez-Corona & Mendoza (2014) -In prep.
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S = − c3

16πG

∫
F (R, T )

√
−g d4x− 1

2c

∫
Lm

√
−g d4x = Sg + Sm,

with: δSm = − 1

2c
Tαβ δg

αβ , and T := Tαα.

F (R, T ) =
f(χ)

L2
M

, with f(χ) = χ−3

and LM =
3

4
r5/4
g l

−1/4
M =

3

4
a
−1/4
0 G−3/8c2T−3/8

rg :=
c2√
GT

, lM :=
a0c

2

GT
.

f(χ) = χ−3 1± χb+1

1± χ−3+b
−→

χ−3 when χ� 1 (Ext. Rel. MOND)

χ when χ� 1 (Gen. Rel.)

for b ≥ 3.
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